A roadmap to the appendices®

The appendices of the paper contain background on tensor decompositions and neurovarieties, the
proofs of the technical results, as well as a discussion on the changes between the originally submitted
and final version of the paper. They are organized as follows:

» Appendix A presents background on neurovarieties for homogeneous PNNs. This is a crucial
part for understanding the link between finite identifiability of an hPNN, the dimension of
its neurovariety and the rank of the Jacobian of its parametrization map.

* Appendix B contains the main technical tools used in the proof the localization theorem and
follows the structure of Section 4. In particular, it presents the proofs of necessary conditions
for uniqueness (Section 4.1), background on tensor decompositions and Kruskal-based
sufficient conditions for the identifiability of 2-layer hPNNs (Section 4.2).

* Appendix C presents the proof of the localization theorem (Theorem 11) and its conse-
quences for several hPNN architectures, as well as some supporting technical results.

* Appendix D presents the proofs for the case of PNNs with biases. Appendix D.3 discusses
the idea of truncation, an alternative approach to tackle the PNNs with biases.

» Appendix E discusses necessary and sufficient conditions for the identifiability of hPNNs,
as well as changes between the originally submitted and the final version of the paper which
were done to correct a mistake in the proof of one of the main results.

A Homogeneous PNNs and neurovarieties

hPNNSs are often studied through the prism of neurovarieties, using their algebraic structure. Our
results have direct implications on the expected dimension of the neurovarieties, as explained in this
appendix.

A.1 Neurovarieties and dimension

An hPNN architecture (d, r) defines a map hPNNg ,.[-] from the weight tuple w = (Wy,..., W)
to a (polynomial) function space ¢

LPNNg,|]: w s hPNNg,.[w]
R dede—1 7.

The space 7 is the space of length-d;, vectors of homogeneous polynomials of degree 7101 =
71Ty ...7T_1 in dg variables:

. xdr, .
H = (%O,Tmml) ’
thus 7 is a finite-dimensional vector space of dimension

dO + Ttotal — 1)

Ttotal

N = dim(#) = dL(

which follows from the fact that dim (745 ) = (d‘”—l).

The key observation is that hPNNy ,.[-] is a polynomial-in-the-parameters map, which has important
implication on the space of networks with a given architecture. The image Im(hPNNg ,.[-]), called a
neuromanifold, is a semi-algebraic set’. The properties of Im(hPNN ,.[-]) are tightly linked to the
properties of the neurovariety 7 ,. defined as the closure of Im(hPNNg,.[-]) in the Zariski topology,
i.e., the smallest algebraic set® containing Im(hPNN .[-]). The key property is the dimension of the
neurovariety’ which is equal to the dimension of the neurovariety [89, Prop. 2.8.2].

The properties of neurovarieties depend on the field (i.e., results can differ between R or C), and we
focus on the real case. However, most of the results can be translated to the complex case as well. We

*The appendices have been reorganized and reworked for better readability.

5[89, Def. 2.1.1]: a set cut out by polynomial equations and inequalities.

589, Def. 2.1.4]: a set cut out by polynomial equations.

"roughly defined as the dimension of the tangent space at general point, see [89, §2.8] for more details.
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mostly follow [90, Section 4], and an overview on semialgebraic sets can be also found in [91] (see
[89] for a detailed account).

The following upper bound on dim ¥, ,. the bound was presented in [7]:

L L-1
dim ¥, < min (Z dedy_1 — Z dy, dim 7 > (8)
=1 =1 output space dimension

degrees of freedom

If the bound in (8) is reached, we say that the neurovariety has expected dimension. There are two
fundamentally different cases when the expected dimension is reached.

Expressive case. If the right bound is reached, i.e., the neurovariety:

dO + Ttotal — 1)

Ttotal

dim ¥, = dim () = dL<

the hPNN is expressive, and the neurovariety ”I/d’r is said to be thick [7], as it fills the whole function
space 7 (and thus the neuromanifold is of positive Lebesgue measure). In particular, this implies
that (see [7, Proposition 5]) any homogeneous polynomial vector from 7 (i.e., of degree riy¢q; With
dy inputs and dy, outputs, with degrees fixed as r; = ro = --- = rp_1) can be represented as an
hPNN with layer widths (do, 2d4, . .., 2d,—1,dr,) and the same activation degrees.

Identifiable case. The left bound (Zle dedy_1 — 5;11 dy) follows from the presence of equiva-
lences defined in Lemma 4 (i.e., the size of the vector w minus the number of independent rescalings)
and defines the number of effective parameters of the representation (this is explained in the following
subsections). Moreover, the left bound is reached if and only if the hPNN architecture is finitely
identifiable:

Proposition 10 The architecture \PNNg .[-] is finitely identifiable if and only if the dimension of ”//d,r
is equal to the effective number of parameters, i.e., dim ”//dﬂ, = ZZL:l dede_1 — Zf;ll dy. In such
case, ”Vdm is said to be nondefective. Equivalently, the rank of the Jacobian of the map hPNNg .[-]
is maximal and equal to Zngl dedo_1 — Zf;ll dy at a general parameter w.

Proposition 10 is central to the proof of the main results of paper. The proof Proposition 10 relies
on properties of fibers of polynomial maps and is reviewed in the next subsection, together with the
Jacobian of the parameterization.

A.2 Polynomial maps and fiber dimension

We recall some key facts on the polynomial maps and their images. We begin by highlighting the link
between dimensions of semialgebraic sets and the Jacobian of the polynomial maps.

Lemma A.1. Let ¢ : R™ — R" be a polynomial map, and denote by J,(0) the n x m Jacobian
matrix. Let

o 1= Mmax rank{J,(0)}.
Then we have that:

1. rank{J,(0)} = ro for generic O (i.e., for all @ € R™ except a set of Lebesgue measure
zero, where the rank of the Jacobian is strictly less than ).

2. 1g is equal to the dimension of Im(y) and its (Zariski) closure:
ro = dim (Im(p)) = dim (Im(ep)).
The proof of Lemma A.1 is given in [90, Theorem 4.7] and the preceding paragraph (in [90] rg is

called generic rank of the parameterization ¢). It mainly follows from semicontinuity of the rank of
a matrix.
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Remark A.2 (On genericity). Due to the algebraic structure, the genericity statement in Lemma A.1
is much stronger: in fact, the set of points @ where rank{J,(0)} # rq is a semialgebraic subset of
R™ of dimension strictly less than m. The same holds for all generic statements and definitions in
the paper (such as finite identifiability, global identifiability, etc.), see the definition of genericity in
[90, Definition 4.1].

Remark A.3. The right bound in (8) follows essentially from Lemma A.l: indeed, in the case
©(-) = hPNNg .[-], rank{.J,, } does not exceed the dimension of the ambient space of ¢ (equal to
dim (7).

The following lemma is key for linking finite identifiability to the dimension of the neurovariety.

Lemma A.4 (Fiber dimension). Let ¢ : R™ — R"™ be a polynomial map, so that ro = dim(Im(yp)).
Then the dimension of its generic fiber is equal to m — r, that is, for generic @ € R™, the preimage
0 1(p(0)) is a semialgebraic set with

dim ¢~ (¢(8)) = m — ro.
Lemma A.4 is well known to specialists, but in the literature it is mostly formulated for the complex
case (see [90, Theorem 4.7]). For the real field it follows from [90, Theorem 4.9].

A particular case is when ¢y = m, in which case Lemma A.4 implies finiteness of the fiber:
Corollary A.5. The following two statements are equivalent:

* For general @ € R™, rank{J,(0)} = m;

e For general @ € R™, the fiber (i.e., the preimage ¢~ ((8))) consists of a finite number of
points.

Corollary A.5 follows simply from the fact that O-dimensional semialgebraic sets are collections of a
finite number of points.
Finally we make the following remark that is very commonly used.

Corollary A.6. If there exists 0y such that rank{J,(0¢)} = m, then the rank{J,(0)} = m for
generic 6.

Proof. This follows from Lemma A.1 as ry from Lemma A.1 is equal to m. O

Remark A.7. Corollary A.6 implies that finding a single point with full column rank Jacobian implies
finitieness of the generic fiber.

A.2.1 The case of neurovarieties
The first implication of Lemma A.4 is the left upper bound in (8). It is based on the following lemma
from [7], for which we provide a short proof for completeness.

Lemma A.8 ([7, Lemma 13]). For a general parameter w = (W1, ..., W ), the set of equivalent
hPNN representations in Lemma 4 is semialgebraic and of dimension Zf:_ll dy.

Proof. First, note that the set of equivalent representation is of dimension at most ZZL:_ll dy (by
the number of parameters). Consider a general w, so that the first column of each W, for ¢ =
1,...,L —1,equal to v, € R%, does not have zero elements. Now take any collection of vectors
v eRY . D € RéL having elementwide the same signs as v,. Then there exist matrices

— - S _ ]
D, so that the equivalent weight matrices W, = DgWngfi " have vy exactly as their first
columns. Thus the set of equivalent representations is exactly of dimension ZeL:_11 dy. [

Remark A.9. The left upper bound in (8) simply follows from Lemma A.8 (as written in [7,
Lemma 13]): indeed, the dimension of the fiber of hPNNg ,.[-] must be at least ZZL:_ll dp. This
implies, by Lemma A.4,
L L—1
rank{J,(0)} < Z de_1dy — Z dg, ®
=1 =1

which is exactly the right dimension bound in (8) by Lemma A.1.
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Note that Proposition 10 will exactly consider the case when the equality is reached in (9) for
generic 6. Similarly to Corollary A.6, the following corollary of Lemma A.1 implies that for the
case of neurovarieties it suffices to find a single set of parameters w where the Jacobian of the
parameterization is of maximal rank to guarantee finite identifiability of hPNN architecture. This will
be used in the proofs to give a certificate of finite idenitifiability

Corollary A.10. Ifthere exists a particular point 6 such that equality is achieved in (9), then the
equality in (9) is achieved for generic 6.

Proof. Since there exists such a 0, then the ry defined in Lemma A.1 satisfies

L L—1
ro >y dpadg— Y dp. (10)

(=1 (=1
But from (9), o must be bounded from above by the same number. Therefore the equality for rg is
achieved in (10). O

A.3 Proof of the proposition

Proof of Proposition 10. We denote (-) = hPNNg ,.[-] for simplicity (so that m = ZzL:1 dedy_1
and n = dim .7#’) and consider separately the “only if”” ((=]) and “if” (<) parts.

Assume that for a generic w the fiber ¢~ (p(w)) consists of finite number of equivalence
classes, thus it is a finite union of non-intersecting semialgebraic subsets of dimension Zf;ll dy.
Therefore, by [89, Theorem 2.8.5] the whole fiber o~ (;o(w)) has the dimension equal to ZEL:_ll dy
as well, hence dim 7, ,. = S dedey — S0 do.

The proof follows a similar argument as in the proof of [90, Theorem 4.9]. We consider a
(Zariski open) subset of parameters without zero values Z = (R \ {0})™. It can be shown that

the preimage of the image of its complement 2 := ¢~ (p(R™ \ %)) is a (semialgebraic) set of
measure zero. Therefore for the set %' := % \ Z the preimage of the image is contained in % :

o) cu.
Note that any w € % can be brought (by diagonal scaling and permutation) to the equivalent form:

1 ...

W(: |:W[

1} 7 W@ c R(defl)xdg_l (11)

forall £ = 2,..., L where the reduced W, parameterize the classes of equivalent parameters in %
up to permutation. Now denote w = (W1, W, ... , W) and

W > hPNNg . [w] .

If we can guarantee that the generic fiber of ¢ is finite, then this will imply that on %, the fiber of
the map ¢ contains finitely many equivalence classes. For this we note that the Jacobian of 1) is just a

submatrix of the Jacobian of ¢ with exactly m — ZL,L:_ll dy columns. We will show that it is full rank
at a generic point w.

Consider the following map
g: (W17W27"'7WL5D17"WD2) = (W17W2a"'7ﬁ}L)
defined as
= TR | R
WZ—D[|:W£:|D£ =t
for £ =2, ..., L (with the convention that D = I 4, .

Consider a particular w constructed as above (by normalization of a w € 7). Then for a neighbor-
hood % of Wy and a neighbourhood ¥ of (I4,,...,14,_,), the map & is a diffeomorphism from
9 x ¥ to an open neigbourhood of the corresponding wy (defined by (11)).
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Consider the composition ¢ o £. Then at the point (W, W, ..., W, I4,,...,14, ), we have
that (i) the derivatives with respect to D, at identity matrices are zero and (ii) the Jacobian of
@ o & with respect to w coincides with the Jacobian of v, hence it must have full column rank

(m — Zf;ll dy) equal to the dimension of the neurovariety. Hence, the fiber of v is finite, which
implies finite identifiability of ¢. O

B Main tools for the proof

This appendix contains the main technical tools used in the proof the localization theorem. It is
organized in three subsections, following the same structure as in Section 4:

* Appendix B.1 presents the proofs of necessary conditions for uniqueness corresponding to
Section 4.1 in the main body of the paper;

* Appendix B.2 presents background on tensor decompositions and the proof of Proposition 34
from the main body of the paper, which shows the link between 2-layer hPNNs and partially
symmetric tensors;

* Appendix B.3 presents Kruskal-based sufficient conditions for the identifiability of 2-layer
hPNNs (Propositions 35 and 12 in the main paper).

B.1 Necessary conditions for uniqueness

In this subsection we prove the key lemmas stated in Section 4 (Lemma 30 and Lemma 31). These
results give necessary conditions for the uniqueness of an hPNN in terms of the minimality of an
unique architectures and the independence (non-redundancy) of its internal representations.

Lemma 30. Let p = hPNN,.[w] be an hPNN of format (do,...,dys,...,dr). Then for any ¢
there exists an infinite number of representations of hPNNs p = hPNN,.[w| with architecture
(doy...,d¢+1,...,dr). In particular, the augmented hPNN is not unique (or finite-to-one).

Proof of Lemma 30. Let (W, --- , W 1) the weight matrices associated with the representation of
format (dy, ...,dy,...,dr) of the hPNN p = hPNN,.[w]. By assumptions on the dimensions, the
two matrices W, € R4 *de-1 and Wy, € R%+1%d read

Wi =[w1 -+ wg,], where, for each i, w; € Rée+1 ,
T :
W;=[v1 --- wgq,] , where, foreachi, v; € R
Without loss of generality, let us assume that w; are nonzero, and set
o T
Wy=1[0 vi - wvg] € R(detD)xde1

in which we add a row of zeroes to W . In this case, we can take the following family of matrices
defined for any u € R%+1:

Wéi)l =u w; -+ wg]€ R+1 % (det1)

Then, we have that for any choice of u and for any z,

= (u)

Wy i1pr,(Wez) = Wepip,(Wez).

—~— (0 —~
The matrices Wé +)1 and W;fr)l for u # 0 have a different number of zero columns and cannot be a

permutation/rescaling of each other, constituting different representations of the same hPNN p. In fact,
every choice of u’ that is not collinear to w and w;, ¢ = 1,. .., d, leads to a different non-equivalent
representation of p. Thus, we have an infinite number of non-equivalent representations

= ()
(W()a vy Wffly WE7WZ+17 ey WL)
of format (dy,...,d¢ +1,...,dy) for the APNN p = hPNN,.[w]. O

21



Lemma 30 can be seen as a form of minimality or irreducibility of unique hPNNs, as it shows that a
unique hPNN does not admit a smaller (i.e., with a lower number of neurons) representation.

Lemma 31. For the widths d = (dy, . .., dy), let p = hPNN,.[w] be a unique L-layers decomposi-
tion. Consider the vector output at any (-th internal level { < L after the activations

Q@) = pr, o W00 py, 0 Wi().

Then the elements q,(x) = [qe1(x) - Gea, (m)]T are linearly independent polynomials.

Proof of Lemma 31. By contradiction, suppose that the polynomials ¢; 1 (), . .., qs,q, () are lin-
early dependent. Assume without loss of generality that, e.g., the last polynomial g 4, () can

expressed as a linear combination of the others. Then, there exists a matrix B € Rdex(de=1) g6 that

qe,1 (x)
p=Wropr, , O 0 Prppy oW, B )
qe.de—1(x)
i.e., the hPNN p admits a representation of size d = (dp,...,de — 1,...,d) with parameters
(W1,...,Wy1B,...,Wp). Therefore, by Lemma 30 its original representation is not unique,
which is a contradiction. O

Using Lemma 30 and Lemma 31, we can prove the conditions on the Kruskal ranks of weight matrices
that are necessary for uniqueness. These conditions are based on the notion of Kruskal rank which
we recall from [15].

Definition 32. The Kruskal rank of a matrix A (denoted krank{ A}) is the maximal number k such
that any k columns of A are linearly independent.

Note that the following two cases of particular interest also have simple equivalent interpretations:

» krank{A} > 1 is equivalent to saying that matrix A has no zero columns;
» krank{ A} > 2 is equivalent to saying that no pair of the columns of matrix A are collinear.

Proposition 33. As in Lemma 31, let the widths be d = (dy, . . .,dr), and p = hPNN,.[w] have a
unique (or finite-to-one) L-layers decomposition. Then we have that forall ¢ =1,..., L — 1

krank{Wz} > 2, krank{Wy1} > 1,

where krank{W 11} > 1 simply means that W 411 does not have zero columns.

Proof of Proposition 33. Suppose that krank{ W;} < 2. Then we have that at level ¢, the vector
q,(x) of internal features defined in (5) contains linearly dependent or zero polynomials, which
violates Lemma 31.

Similarly if krank{W 1} = 0, then the neuron corresponding to the zero column can be pruned to
obtain a representation with (dy — 1) neurons at the ¢-th level, which implies loss of uniqueness by
Lemma 30 and thus leads to a contradiction. O

B.2 Background on tensors

In this appendix, we first present a background on tensors and the CP tensor decomposition, and
demonstrate the link between hPNNs and the partially symmetric CPD (Proposition 34 in the main

paper).
B.2.1 Basics on tensors and tensor decompositions

Notation. The order of a tensor is the number of dimensions, also known as ways or modes. Vectors
(tensors of order one) are denoted by boldface lowercase letters, e.g., a. Matrices (tensors of order
two) are denoted by boldface capital letters, e.g., A. Higher-order tensors (order three or higher) are
denoted by boldface Euler script letters, e.g., X.
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Unfolding of tensors. The p-th unfolding (also called mode-p unfolding) of a tensor of order s,
T € R™ XXM ig the matrix T of size my X (mymsg -« Mp_1My11 - - - M) defined as
s n—1
[TP], = Tirivrins Where j =14 (in = 1) [] me.
n=1 {=1
n#r b#£r
We give an example of unfolding extracted from [14]. Let the frontal slices of X € R3*4*2 be

1 4 7 10 13 16 19 22
X1<2 5 8 11>,X2<14 17 20 23).

3 6 9 12 15 18 21 24
Then the three mode-n unfoldings of X are
1 4 7 10 13 16 19 22
xXW=1[2 5 8 11 14 17 20 23
3 6 9 12 15 18 21 24
1 2 3 13 14 15
x@ _ 4 5 6 16 17 18
7T 8 9 19 20 21
10 11 12 22 23 24
X3 — 1 2 3 4 5 6 --- 10 11 12
~\13 14 15 16 17 18 --- 22 23 24
Symmetric and partially symmetric tensors. A tensor of order s, 7~ € R™t X" *™s jg gaid to be
symmetric if m; = --- = m; and for every permutation o of {1,...,s}:
Tiuiz,'“ s T Tio(l)aiU(Z)a'“via(s) :
The tensor T~ € R™1 %" %™ ig said to be partially symmetric along the modes (r + 1,...,s) for
r < sif m,4; = -+ = mg and for every permutation o of {r + 1,...,s}

J 01,8250y lpg 1,000 y0s ] Uyl lo(rgb1) s lo(s) *

Mode products. The r-mode (matrix) product of a tensor T~ € R™M1XM2X"X"s ijth a matrix
A € R7*™r is denoted by T e, A and is of size m1 X - -+ X My_1 X J X Myppq X --- X my. Itis
defined elementwise, as

m,
° — ) A
[T r A] U1yeeeylp— 1,504 150l Z T“""’ZSAJ’“‘

ir=1

Minimal rank-R decomposition. The canonical polyadic decomposition (CPD) of a tensor T is the
decomposition of a tensor as a sum of R rank-1 tensors where R is minimal [14, 15], that is

R
=Y ale oal)
=1

where, for each p € {1,--- s}, az(»p ) e R™r, and ® denotes the outer product operation. Alterna-
tively, we denote the CPD by

T =[AW, 4% AW,
where A®) = [agp) e ag)] e Rme xR,

When T is partially symmetric along the modes (p + 1,...,s), for p < s, its CPD satisfies

AP — A2 — .. — A The case of fully symmetric tensors (i.e., tensors which are
symmetric along all their dimensions) deserves special attention [79]. The CPD of a fully symmetric
tensor T~ € R XM ig defined as

R
T:ZUiai@)"'@aia
i=1

where u; € R are real-valued coefficients. With a slight abuse of notation, we represent it compactly
using the same notation as an order-(n + 1) tensor of size 1 X m X - -+ X m, as

T: [[’LL,A,"' 7A]]a
where u € R'*™ is a 1 x m matrix (i.e., a row vector) containing the coefficients u;, that is, u; = u;,
i=1,...,R.
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B.2.2 Link between hPNNs and partially symmetric tensors

Recall that 77, . denotes the space of dy-variate homogeneous polynomials of degree < r. The
following proposition, originally presented in Section 4 of the main body of the paper, formalizes the
link between polynomial vectors and partially symmetric tensors.

Proposition 34. There is a one-to-one mapping between partially symmetric tensors F €
Rd2xdoxxdo gnd polynomial vectors f € (4, )< %2, which can be written as

F e f(x)= FWz®,

with FV) € Re2%d5 the first unfolding of FF. Under this mapping, the partially symmetric CPD

F= [[WQ’W-II—"" 7W-1r]]
is mapped to hPNN W op,. (W 1x). Thus, uniqueness of hPNN 4, a, a4, [(W1, W2)] is equivalent
to uniqueness of the partially symmetric CPD of F.
Proof. We distinguish the two cases, d; = 1 and d2 > 2. We begin the proof by the more general
case do > 2.
Case dy > 2. Denoting by u,; € R% the i-th column of W and v; € R% the i-th row of W1, the

relationship between the 2-layer hPNN and tensor F can be written explicitly as
f(x) = Wap,(Wix)
dy
= Z w;(v] )"
i=1

dy
S )T
=1

— Wy(W]o--oWw]) 2%,

—F)

where © denotes the Khatri-Rao product. The equivalence of the last expression and the first unfolding
of the order-(r + 1) tensor F can be found in [14].

The special case do = 1. When dy = 1, the columns of W, € R'*41 are scalars values u; € R,

1 = 1,...,d;. In this case, (WI ORERNO) WDW; becomes equivalent to the vectorization
of F, which is a fully symmetric tensor of order r with factors WI and coefficients (W3] ;,
1=1,...,d. 0

B.3 Kruskal-based conditions for the uniqueness and identifiability of 2-layer networks
B.3.1 Sufficient conditions for uniqueness

The direct links between 2-layer (L = 2) hPNNs and partially symmetric CPDs in Proposition 34
allows us to obtain sufficient conditions for their uniqueness by means of Kruskal-based uniqueness
results for the CPD, which we recall in the following lemma.

Lemma B.1 (Kruskal’s theorem, s-way version [82], Thm. 3). Let T = [[A(l)7 A(2), e ,A(S)]] be
a tensor with CP rank R and AW € R™ >R such that

> krank{A"} > 2R + (s - 1). (12)
i=1
Then the CP decomposition of T is unique up to permutation and scaling ambiguities, that is, for any
~(1) ~(2 ~ (s
alternative CPD T = [[A( ), A( ), e ,A( )]], there exist a permutation matrix I1 and invertible
diagonal matrices A1, Ao, . .., A such that
A" = A0,
fori=1,... s.
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Now we prove Proposition 35 giving sufficient conditions for uniqueness in the case L = 2.

Proposition 35. Let p,(x) = Wap,, (W 1) be a 2-layer hPNN with W1 € R4¥% and W €
R%©*1 and layer sizes (dy, dy, dz) satisfying do,dy > 2, do > 1. Assume thatr > 2, krank{ Wy} >
1, krank{W 1} > 2 and that:
S 2d; — krank{W,}
krank{WI} -1

b

then the 2-layer hPNN p,,(x) is unique (or equivalently, the CPD of FF in (6) is unique).

Proof of Proposition 35. One can apply Proposition 34 to show that the 2-layer hPNN p,, () is in
one-to-one correspondence with the order r + 1 partially symmetric tensor

F=[Wy W], ,WJ], (13)

thus, the uniqueness of p,,(x) is equivalent to that of the CP-decomposition of F in (13). From [82,
Theorem 3], the rank-d CP decomposition of T~ is unique provided that

krank{Wy} + rkrank{W} > 2d, +r.

By noting that krank{WI} > 1 and rearranging the terms, we obtain the desired result. O

Note that for the case of dy > 2 (i.e., hPNNs with at least two outputs), Proposition 35 gives
conditions that hold for quadratic activation degrees > 2. On the other hand, for networks with a
single output (i.e., do = 1), it requires r > 3.

B.3.2 Sufficient conditions for identifiability

Equipped with the sufficient conditions for the uniqueness of 2-layer hPNNs obtained in Proposi-
tion 35, we can now prove the generic identifiability result stated in Proposition 12.
Proposition 12. Let dy,dy > 2, do > 1 be the layer widths and r > 2 such that
2d1 — min(dl, dz)
min(dl, d(]) -1

Then the 2-layer hPNN with architecture ((do,dy,ds), (1)) is globally identifiable.

Proof of Proposition 12. For general matrices W € R%>*9 and W, € R%>41 we have

krank{W 1} =min(dy,d;),
krank{W s} =min(ds, d;) .

Moreover, dg, d; > 2, ds > 1 implies that generically krank{WI} > 2 and krank{W} > 1. This
along with (4) means that the assumptions in Proposition 35 are satisfied for all parameters except
for a set of Lebesgue measure zero. Thus, the hPNN with architecture ((do, d1, d2), (1)) is globally
identifiable. O

C Proof of the localization theorem

This appendix contains the main proofs of the localization theorem (Theorem 11) for deep hPNNS, as
well as supporting lemmas and auxiliary technical results. We also provide proofs of the corollaries
that specialize this result for several choices of architectures (e.g., pyramidal, bottleneck) and to the
activation thresholds, discussed in Section 3.2 of the main paper.

Results from the main paper: Theorem 11, Corollaries 16, 19, and 17.
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Roadmap of the proof: The proof of the localization theorem requires some setup. The main idea,
as briefly sketched in Section 4.3 of the main paper, is to construct a recursion for Jacobian of the
parameter map, and to certify that it has maximal rank (generically). This relies crucially on the
properties of the neurovarieties associated to an hPNN as explained in Appendix A, in particular
on Proposition 10 and Lemma A.4, which link the the finite identifiability of the hPNN to the rank
of its Jacobian. The proof of the main result is presented towards the end of this appendix, in
Appendix C.7, and proceeds by induction. However, it requires several technical tools which are
build in the subsections that precede it.

* Appendix C.1 starts with some preparatory results on the rank of the Jacobian of a 2-layer
hPNN, setting the base case.

» Appendix C.2 defines the so-called last layer map (i.e., the map that composes a dy-variate
polynomial with one hPNN layer) and illustrates the structure of its Jacobian by means of a
detailed example.

* Appendix C.3 presents a key proposition which establishes a certificate to show that the
Jacobian of the last layer map has maximal rank, and before proceeding to the proof,
illustrates the result with an example.

* Appendix C.4 introduces some additional notation and setup which will be used in the proof
of the key proposition.

* Appendix C.5 presents the proof of the key proposition for the special case when the number
of input variables dj is equal to the number of variables used in the certificate (equal to the
smallest bottleneck in the network).

* Appendix C.6 gives the proof of the key proposition in the general case when the number of
input neurons dg can be larger then the certificate.

* Appendix C.7 contains the proof of the localization theorem.

* Finally, Appendix C.8 presents the proofs for the results concerning the implications of the
localization theorem to different hPNN architectures.

Simplifying the notation: In the remainder of this appendix we denote the number of input neurons
by m, the number of hidden neurons in the second-to-last layer by d, and the number of output
neurons as n. For two-layer networks, we denote the first- and second-layer weight matrices by V
and W, respectively.

C.1 Preparatory lemmas - rank of Jacobian of a 2-layer PNN

Lemma C.1. Let (m,d,n) and r, so that the 2-layer hPNN with architecture ((m, d,n),r) is finitely
identifiable (resp. the partially symmetric rank-d decomposition of n. X m X - - - X m tensor is unique).
Then for general matrices V., W the Jacobian of the map p(V, W) = hPNN,.[(V, W)], given by

Jp=J (VW)= {Jév) Jéw)} ,

has maximal possible rank:
rank{J,} = (m +n — 1)d, (14)

and also
rank{J{")} = md. (15)

Proof. The first statement follows from dimension of the neurovariety (that is, (m + n — 1)d), and
the second statement follows from the fact that the subset of pairs (V, W) with W given as

_ 1;1 I (n—1)xd
W = { % }, WeR

parameterizes an open subset of the neurovariety (i.e., due to the scaling ambiguity, almost any pair
of V and W can be reduced to such a form). As shown in the proof of Proposition 10 (specialized to
(W1, Wy) = (V,W)), the reduced Jacobian is full column rank:

rank{ {Jév) Jéw)’}} =md+ (n —1)d,
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denotes the Jacobian with respect to W. Note tnis implies that all the submatrices are

where Jéw)

full column rank and, as therefore Jév) is full column rank.
O

Remark C.2. The conditions in Lemma C.1 are satisfied, for example, if the Kruskal-based generic
uniqueness conditions are satisfied (see Proposition 12).

Before giving the elements of the main proof, we provide an example of explicit Jacobian computation
for the map hPNNyg ,.[-] which will be the guiding example for the proof of identifiability.

Example C.3 (Simplest architecture). Consider example (m,d,n) = (2,2,2), r = 2, and denote
the elements of V and W as

|l B _(Wia Wi
V= {az 52] » W= |:W2,1 Wz,z] '
so the hPNN map o(V ;W) = hPNNgq_.[V, W] is given by

e(V,W) = wi (a1 + ﬂ1$2)2 + wo(z + 52332)27
where w1, wo denote the columns of the matrix W :

_ |Wia _ W2
[ A )
The image of ¢ lives in the space of vector polynomials (#4,5)*?, therefore, the blocks of the

Jacobian JSE,V) and JéW) are of sizes 6 x 4. The matrix JSE,V) has as its columns derivatives with
respect to o and B3;, for j € {1,2} which are, respectively:

Iy

da; = 2wjzs(ajar + frag). (16)

P
=2wj;z1 (T + fixa), -
J J aﬂj
Let us choose the canonical basis of (H4.2)*? as e;x2 'z, i € {1,2}, £ € {0,1,2}, where e; are

unit vectors. Then the block Jév) is represented in the matrix form as:

9o 9o 9o 2o
day 9871 ag B2

ele W1710£1 0 WLQOZQ 0
ermize | Wi Wit Wipfs Wisan
Jv) — 2) - e1x3 0 Wi 161 0 Wi ,282
14 exx? W5 101 0 Wo o0 0
eszize | Woifi Waiar Waofa Waoam

exx? 0 Wa 161 0 W2 202
The block J&W) contains the derivatives with respect to W, ;, for i,j € {1,2}, which are:
(% 2
oW, =e;(a;x1 + Bix2)”. (17
In the same monomial basis, the matrix can be expressed as
9 op D¢ Be
Wy 1 W3 1 Doy 982
ela:f Ck% 0 Oé% 0
e|1r1T2 20(1,81 0 20&1ﬁ2 0
JW) _ ea} 57 0 53 0
¥ egmf O Oé% O Oé%
exr1x2 0 2011 0 201 82
szl 0 B? 0 B3

Remark C.4. It is easy to show why (14) and (15) are satistfied for the architecture in Example C.3.
For this example, we choose particular V' and W to be identity matrices, which gives us

{ g JéW)} -

OO ONN
OO OO NO
ONODOOO
NOODOOO
OO OO
OO OO O
SO O+~ OO
— o oo oo



It is easy to see that the left block (matrix Jé,v) ) has rank 4, and the total matrix has rank 6 =
(242 — 1)2. Therefore, by Corollaries A.6 and A.10, (14) and (15) are satisfied generically.

We will also need an explicit form of the Jacobian in the general case, which is a generalization of
the expression in Example C.3.

Remark C.5. Let (m,d,n), r, V and W be as in Lemma C.1. With some abuse of notation we
denote v; € R™ and w; € R"

Vislvy, - vy, W=[w, - wg,
andlet z = [z --- Zm]T be the input variables. Then the hPNN ¢[-] = hPNNg .[-] has the form
d
eV, Wl(z) = ij(v;z)r. (18)
j=1

Therefore, we have that derivatives with respect to the elements of the matrix W can be expressed as

3327- = 8(?11907), = ei(v}z)r, (19)
where e; is the i-th unit vector in R", and, with respect to elements of V, we have
o _ Op
Ve  9(v;)e
Note that Lemma C.1 concerns the dimensions of linear spaces spanned by the sets of polynomials in
(19)—(20). Also, (20) and (19) are generalizations of (16) and (17), respectively.

=rz-wji(v)z) "L (20)

C.2 Jacobian of composition of polynomial maps

The goal of this subsection, is to exhibit the structure of the composition of polynomial NN-like maps
and their Jacobians. Consider an outer layer of an hPNN, which is denoted as

WpT‘(Qla ceey qd)
In order to see what happens when we substitute variables q1, ..., gq by dp-variate polynomials
q(z1,...,74,) € (H5, r)*? we introduce the following definition (which corresponds to (7)):

Definition C.6 (Last layer map). Let W € R"*? be n x d matrix r be a number. We define the map
1 that transforms a vector of R-degree dy-variate polynomial as follows:

w . (%0,R>Xd x Rnxd N (%ijr)X"
(Q(xl, B xdo)a W) — 1/)[(1, W] = WPT((I(JJ"M .. 7xd0))7

and denote the Jacobian with respect to the parameters as
w
Jy(q, W) = [Jff) TS )} ,

where Jff) has d(R*%)_l) columns and JQZW) has nd columns.

Example C.7. Asin Example C.3, we take the case n = 2, d = 2, r = 2, and denote W = [w1  ws].
Then the last layer map becomes

P(q1,q2) = le% + wzq§ .

Consider a special case dy = 2, R = 2 so that 1y maps (q1, q2) € (H%2)*? to a vector polynomial
in (.4)*?, and let the input polynomials be parameterized as

2,0 1,1 0,2 .
qj(xlva) = ]( )J)% + 2q]( )Z‘ll’g +q§ )3337 J S {1a2}a

(ilviQ)

where q; , (i1,42) € {(2,0), (1,1),(0,2)} is the coefficient of q; next to monomial x'' x*. Then
the Jacobian Jy,(q, W) is a 10 x 10 matrix®.

8since dim(J%,4) = 5.
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The block Ji?) is a 10 X 6 matrix, whose columns are the 6 polynomials (similarly to (16)):

it = 2wyl (gyenm). {12 (k) € (20).0LD. 0.2} @D
q,

J

In the canonical basis is given as Jé)q) =

oY oY oY oY oY oY
) 6q§2,2 ) 2a (1D PRCE) 8q§2’s; . PRERY PCEI
et Wl’lqll,l 0 2,0 0 W172q21’1) 0 2,0 0
e13ws W1,1q§ o W1,1q§ 0) 0 W1,2CI£ oW 2Q§ 0) 0
2 1,1 2 2 1,1 2
erzial W1,1q§°’ ) W1,1q§ 1) W1,1(I§ 0w 2Q£0’ bW q( 1) W1,2(I§ 0)
2 1,1 2 1,1
erz17} 0 W1,1Q§0’ ) W1,1(I§ 1) 0 Wy2g3?) W1,2(I§ 1)
(2). e 0 0 Wi 0 0 Wi
eset | Waig?? 0 0 Wa.2¢52" 0 0
eszdes | Wo 1q§1’1) Wo 1(]§2’0) 0 w. 2Q£1’1) w. q§2’°) 0
esxla? W2,1Q§0’2) W2,1Q§1’1) W2,1(J§2’0) w. ,2Q£0’2) W, qél’” W, QQZ’O)
2 1,1 2 1,1
0 Wauq”? Weug™" 0 Wazad? Waog"
ert L0 0 Wa,1qi"? 0 0 Wanqy"? |
The second block, similarly to (17), is a 10 X 4 matrix whose columns are
0
m;jj = eig5(@1,22))%, inj € {1,2}, 22)
(W)

and has similar structure to J,  ’ in Example C.3.

C.3 A certificate of maximal rank for the Jacobian of the last layer

The following proposition gives a condition for when the Jacobian of the last layer map has maximal
rank.

Proposition C.8. Let m < dy,d,n and r,R > 2 be fixed, and the matrices V & RIX™ gnd
W € R™"*? be such that the equalities (14)—(15) are satisfied.

Consider a particular polynomial vector G(z1, ..., Ty) € (5 r)*¢ C (i, r)*? defined as

oy

)
qglxz)=VvV | " |. (23)

Then we have that the evaluation of the Jacobian of v at the particular point (q, W) is of maximal
possible rank, and, in particular,

rank{Jy(q, W)} =d(n—1)+ d<R erRO B 1> (24)
and
rank{J{? (q, W)} = d(R + ;;0 - 1) (25)

(i.e., the first block is full column rank).

Before proving Proposition C.8, we give an illustrative example of the last layer map.

Example C.9 (Example C.3, continued). We continue Examples C.3 and C.7. In this case, the vector
polynomial q from Proposition C.8 reads

. _ @z, 22)| _ [(anad + Bra3)
401 29) = [a;@xiﬂ ~ [@xé + ngg)} ,
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i.e., using the notation of Example C.3, the coefficients of the polynomials are

(a§2,0)) 651’1)7 angQ)) = (ala 07 ﬁl)a

ds

yda

(G20 G 502

»da

) = (042, Oa

B2).

Specializing Example C.7 (and removing factor 2 for simlicity), we get

1
2

I @ W) =

elw§
elx?xz
ejziz)
elmlmg

el

egw%
CQI?IQ
62$§w§
egmlmg

6213

The matrix Jl(bw) then, according to (22), becomes

W)

(@ W)=

a4 a1 X oy oy oy
6q§2'0) aq§1’1> 84(10,2) aqf‘o) 8(]51,1) 8qé°’2>
WLqu 0 0 WLQOQ 0 0
0 W1710q 0 0 WLQOéQ 0
Wi 1814 0 Wiion Wiofs 0 Wi202
0 Wi,161 0 0 Wi 282 0
0 0 W11 0 0 Wi,282
Wz’l()él 0 0 W272a2 0 0
0 W271041 0 0 WQQO&Q 0
Wa 161 0 Waia1 Wa 2B 0 Wa 209
0 Wa.1 51 0 0 Wa 282 0
0 0 Wa 161 0 0 W3,282
s 94 oy 24
oWy 1 OWa3 1 oWy 2 oW1 2
elx‘f i OZ% 0 OZ% 0 T
elm§m2 0 O 0 O
ewie | 2015 0 20232 0
elmlmg 0 O O 0
elwg % O % 0
elméll O Oé% 0 0{%
61w§I2 0 0 0 0
elzfzg 0 20[1/31 0 20&262
81$1$S 0 0 0 O
ewd L0 i 0 gz

The crux of the proof of Proposition C.8 is the following observation. If we stack together matrices

J = [%Ji}(”) JQE)W) and permute the columns as follows, we get the block-diagonal matrix

M ) o4 oy M M 2y 2y 2y M

2a2T 5,07 5,30 5,02 IWiT IWay TWis Wi 20a1T 5g D
elz% M/Llal 0 VVLQQQ 0 a? 0 a% 0
e1zia} Wi1B81 Wiitar Wi aB2 Wisas 20181 0 2a1f2 0
elxé 0 Wi,1681 0 Wi2B2 B 0 B3 0 0
€27 Wa 11 0 M&LQQQ 0 0 af 0 ag

J = e2riz} Wa 181 Wa1a1 Wa B2 Waoaz 0 20181 0 2a1B2

esx; 0 Wsaip 0 WsoBs 0 B; 0 B3
elwi’12 Wii101 Wigas
ejziz 0 Wi,181 Wi,282
esxlzy Wa1a1 Wa 2o
esznzd L W2 181 Wa 282

We see that the top-left block of the matrix J is nothing but the matrix

\% w
L g,

where o is as in Example C.3, thus it has rank 6. The bottom-right block can be viewed as submatrix

%Jév) (taking first and third columns, for instance), and therefore has full column rank 2.

Thus matrix Jy, has rank 10 and Jé}q) has rank 6 = 4 + 2.
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C.4 Extra notation for the proof of the proposition

In order to prove Proposition C.8 we introduce extra notation for the columns of J,. We first let
W =[w; --- wy]asinRemark C.5, so we can express

d
Plg, W)= w;(q)"
j=1

Already this, similarly to (19) gives us

3 9 i
an-lb = 5(wj)iw =ei(q)",

and we denote the linear space spanned by these polynomials (i.e., the range of J, fbw)) as

LW) = span {

n,d
w} = range{]i}w)}.

4,j=1

0
aWIJ
Now we look into details of the structure of the matrix prQ)'
multi-index that runs over

I:{Z = (i17...7id0) ST P 20andi1+--~+id0 :R}
so that the coefficients of a polynomial ¢ € 77, , can be numbered by the elements in Z as

s ra) = g Vel

Let i = (i1,...,%q,) € Z be a

il
Then, the columns of Jq(f) forg(z) = [g1(x) --- qd(w)]T are given by the polynomials
% i i r— . .
Fii(x) = W0 (g, W) = (rat --~xdi°)wj(qj) Loj=1,...,d, i€eT, (26)
q;

which are precisely generalizations of (21). We denote the spaces spanned by such polynomials as
£099 = span{f; (@)},
and their span (the range of Jif’)) as
L@ = span{ﬁ(q’i)}iez = range{J,iq)}.
Example C.10. In notation of Example C.7, T = {(2,0), (1,1), (0, 2)}. In this case, we have

£@(2,0) _ Span{ N } ’

o 0

£@®D) = gpan {811/}1 ; 7811/]1 } )
dai""" dgs"

£(a:(0,2)) — span{ alﬁf 78@[1 }
(0,2)° 0,2) (7
I dq

2
which correspond to columns {1,4}, {2, 5}, {3, 6}, respectively, of the matrix Jl(pq).

Remark C.11. Proving Proposition C.8 (i.e., proving that (24)—(25) hold) is equivalent to showing
that

—1
dimspan{£@, LW = d(n — 1) + d(R +;i? ), (27)
dim £09) — d(R o 1) | 8)

respectively.

The strategy of proving that the dimensions of these subspaces are maximal is to show that the
individual subspaces L% are orthogonal under some conditions (which is similar to bringing J
into the block-diagonal form in Example C.9).
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C.5 Proof of the propesition: case m = d

We first prove the proposition for the case when the number of input variables dj is equal to the
number of variables m used in the certificate.

Proof of Proposition C.8 (case m = dy). Recall that in the notation of the previous subsection we
need to calculate

dim span (C(W), span{ﬁ(q’i)}iez) .

Now let us consider these subspaces for a particular choice of g = g of the form (23). We have that
f ;.4 from (26) have the form

_ i1( mod R) im ( mod R)
L) = () xy sy .
——
po]ynomialinxf,...,xﬁb

fj’(ily'“gim)<xl7 cee

Therefore we get that £(2:%) 1 £(9:4) unless one of the following conditions holds:
i=£ or {i,£}C1I
with Zp := {(R,0,...,0),(0,R,0,...,0),...,(0,0,..., R)}. For the same reasons we get
LW 1 £@D foralli e T\ Zp.
Therefore, we get
rank{Jy} = dim span (E(W),span{ﬁ(q’i)}iez()) + Z dim(£@9).
i€\ Zo
Let us look at those dimensions separately. Denote z = [21 - -- zm]T, with
=zl ..., zn=2zF

so that for q of the form (23) it holds
g = 'UJTz .

Then, for ¢ € 7\ Zj it is easy to see that

dim(£@%) = dimspan ({w;(7;)"'}{=1) = d,
where the last equality follows from Lemma C.1 and (20).
By doing the same substitution, we obtain that

. ryn.d r—114d,m
span (C(W)7 Span{ﬁ(q’z)}ielo) = span ({ei(v]T-z) }i,j=1’ {wjz(v] 2) 1}j7£=1),

which is exactly the set of vectors in (19)—(20). Therefore, by Lemma C.1, we have

dimspan (L"), {£99} ye7,) = (n — 1)d +md, and (29)
dim span{ LT} pez, = md. (30)
Taking into account that
R+m—1
#a=m wa p@ = (T

this proves (27) for dy = m. Equality (28) (for dy = m) can be proved similarly using the fact that

rank{Jé)q)(a, W)} = dimspan{L(99}pcz, + Z dim(£(@9)
i€\ To

= md + d(#(Z) — #(Zo)) = d(#(Z))-
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C.6 Proof of the proposition: extending to the case of more variables

Proof of Proposition C.8 (case m < dy). We denote by Z,,, (with some abuse of notation) the multi-
indices that correspond to the monomials that depend only on 1, ..., Zp,:

T ={8 €T tipppr, ... 0q =0}

and we define ' ]
LD =span{L9};er, . Leg =span{LT};cn 7,

From the first part of the proof (case m = dg), we have already proved that

R -1
dim span (L‘,;‘?,L‘,(W)) :d(n—l)—i—d( +g > (31)
and
R -1
dim £@ :d< tm ) (32)
R
What is left to show is that adding L., to these subspaces does not drop the rank.
Since the particular choice of g = g(x1, ..., Z,,) depends only on the m variables, thanks to (26)
we have ) )
Tm 1d,
fj,(il,...,ido)(‘rlw"7xdo) = ( ) xmill "'xdgo'
polynomialinxy, ...,z

This immediately implies that £(@%) 1 £(@:0) if (Gmt1s---s%dy) # (bmg1s---,Ld,), as well as
LD L L) f (01, ... ig,) # 0. Therefore, we get
L@ = ,c£g> @ Loy and span (E(q), ,C(W)) = span (L'Sg), L'(W)) @S Leowt

and, consequently, we just need to show that L., is of maximal dimension. To show this, we split
T\ Z,, into a direct sum according to the degrees of the last dy — m variables:

dim Lyt = Z dim £(@imt1.viag))

Tmglseeestdg 20
lginz+l +---+id0 SR

where } } A o ‘
L@ (im15007a0)) — Span{ﬁ(q’(“’""Z"“Z’"H""’Zd‘)))}(z‘l,...,im):ikzo, .
i1+...+id0:R
But then, for a fixed (441, --,%d,) SUCh ippy1 + ... + i3, = Ro < R, the dimension of this

subspace is equal to

(@ Kb seiag)) — L gt g (G )T ,
dim £ o)) = dim span{x] T4 w;(@)" Y =14,
i17"';i71L20
i1+...+im=R—Ro
. i G (AT—1
= dimspan{zy' - 277 w;(q;)" " =1,
21y--5tm 2

i1+...+im=R—Ro

im (o\r—1 X
cexmwi(Q) T =14, )
Wi >0
i1+ i =R Ro

— dims Ro-+i
= dim span{z;°™™"

but the latter set of polynomials is linearly independent because it is a subset of the basis vectors

of [ng{), which are linearly independent by (32). Therefore we get L., is of maximal possible
dimension (the spanning columns are linearly independent). O

C.7 Localization theorem

Theorem 11 (Localization theorem) Let ((do, .. .,dr), (r1,...,7—1)) be the hPNN format. For

¢ =0,...,L — 2 denote dy = min{do, ...,d¢}. Then the following holds true: if for all { =

1,...,L — 1 the two-layer architecture hPNN((L—I;dZ7d€+1)77'Z [[] is finitely identifiable, then the

L-layer architecture hPNNg ,.[] is finitely identifiable as well.

5.
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Proof. (Proof of Theorem 11) We prove the theorem by induction.

. The base of the induction is trivial since the case L = 2 the full hPNN

consists in a 2-layer network.

‘Induction step: (L=k—1) = (L=k) ‘Assume that the statement holds for L = k — 1.
Now consider the case L = k.

With some abuse of notation, let @ = (W,..., W _1), so that w = (6, W ) and denote
R:’I"l""f'L,Q.

Let ¢ be as the one defined in Proposition C.8, but given for the last subnetwork, so that
n=dp,d=dr_1,7r =rr_1, W = W . Then we have that

Dy = hPNN(Tlv---J’L—l)[(eV W)l = ¢[h(6), W]

where h(68) = hPNN(,, ., ,)[0].

Therefore, by the chain rule

<q>‘ W)
J JnO) J
Tp, (w) = ( v q—h<e>> wO) Ty e

:Jl(w) :Jz(e)

Now we are going to show that the matrices have necessary rank for generic 6. For this,
note by the induction assumption, for generic 8, we have

L—2 L—2
rank{J,(0)} = > deder1 — Y dy.
£=0 =1
Now we show the ranks for other matrices. Observe that

(9) (W) < R+dy—1 B
rank{[(J¢ ]q_h(a)) J ‘q_h(ej} _dL_l( b )+ =Ddi 33)

due to the essential ambiguities. But then if we find a particular point 6, where rank is

~

maximal for g = h(0), then the rank in (33) will be maximal for generic 6.

But then, let m = d, 1,—1 = min{dy, ..., d;_1} and consider the following matrices:
= I, O = _{Im O
W1:|:O 0:|a---7WL—2_|:0 0:|
and
Wi_1=1[V 0],

for V. € R4 -1X™ generic. Then we get that for 0= (ﬁ\/l, el ﬁ\/L,g)

so exactly as in Proposition C.8. Therefore rank in (33) will be maximal for generic (6, W p,)
and also

R+dy—1
(3] o (47

for generic 0 (i.e., the matrix is full rank).
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This leads to rank{J(w)} = J(8) for generic 6. Finally, we have that

rank{Jp (w)} = rank{J(0)} + rank{Ilp,, J.0), J2 (0)}
> rank{J1(0)} + rank{II

J2(0)}
span (Ji)q) >
a=h(e)/ |

L2 L—2
= dedgy1 — Z de+ (dr — 1)dp—1

=0 =1

L1 L1
= deder1 — Z dg,

=0 =1

where II;; denotes the orthogonal projection onto some subspace /. On the other hand,

L—-1 L-1
rank{Jp, (w)} <> dedpir — Y dy
£=0 =1

due to presence of ambiguities. Hence, an equality holds and therefore the neurovariety has
expected dimension.

O

C.8 Implications of the localization theorem

Corollary 16 (Pyramidal) The hPNNs with architectures containing non-increasing layer widths
do > di > ---dp_1 > 2, except possibly for d;, > 1 are finitely identifiable for any degrees
satisfying (i) r1,...,vp_1 > 2ifdp > 2; or (i) r1,..., 72 > 2, r,_1 > 3ifdy > 1.

Proof. (Proof of Corollary 16) This follows from the following facts:

* For such a choice of dy, gg =dyforall{ =0,...,L —1;

* Network (d¢—1,dy, dps1) with dg—1 > dy is identifiable for:
- r¢ > 2,incase dgyq > 2;
- r¢g>3,incase dpyq = 1.

O

Corollary 17 (Activation thresholds for identifiability) For fixed layer widths d = (dy, . .., dy,) with
d¢ >2,0=0,...,L — 1, the hPNNs with architectures (d, (11, ...,rr_1)) are identifiable for any
degrees satisfying

Ty Z Qd( —1.

Proof. (proof of Corollary 17) We observe that this guarantees that CL > 2. But then the Kruskal
bound for identifiability of (dy—1,ds, dgy1) is
2dg — min(dg, dZJrl)
min(dy, Jg_l) -1

<2d,—1.

therefore, for v, > 2d, — 1 the hPNN (cﬂ_l, dg,dgy1), 70 is identifiable. O

Corollary 19 (Identifiability of bottleneck hPNNs) Consider the “bottleneck” architecture with
do>dy 22> dp <dpy1 <...<dg

and dy, > 2. Suppose that r1,...,r, > 2 and that the decoder part satisfies f—j < dp — 1 for

te{b+1,...,L — 1}. Then the bottleneck hPNN is finitely identifiable.
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Proof. (proof of Corollary 19) This follows from Theorem 11 and the following facts:

* For layers ¢ € {1,...,b} (the encoder part), we have dy = d, and thus identifiability of
(de—1,dp, dgs1) holds for ry > 2 (the same argument as in the pyramidal case).

* Forlayers ¢ € {b+1,..., L} (the decoder part), we have dy = dj, and thus identifiability
of (d¢—1,dys, dgs1) holds for
dg

>
Te_db—l’

rearranging gives the desired result.

D Analyzing case of PNNs with biases

This appendix contains the proofs and supporting technical results for the identifiability results of
PNNs with bias terms presented in Section 3.3 of the main paper. We start by establishing the
relationship between PNNs and hPNNs and their uniqueness by means of homogeneization. We then
prove our main finite identifiability results showing that finite identifiability of 2-layer subnetworks
of the homogeneized PNNs is sufficient to guarantee the finite identifiability of the original PNN.

Results from the main paper: Definition 20, Propositions 23, 24, 27, Lemma 26, and Corollary 28.

D.1 The homogeneization procedure: the hPNN associated to a PNN

Our homogeneization procedure is based on the following lemma:

Definition 20. There is a one-to-one mapping between (possibly inhomogeneous) polynomials in d
variables of degree r and homogeneous polynomials of the same degree in d + 1 variables. We denote
this mapping P4, — Hay1» by homog(+), and it acts as follows: for every polynomial p € P4,
p = homog(p) € H11 , is the unique homogeneous polynomial in d + 1 variables such that

p(x1,...,xq,1) = p(a1,...,24).
Proof of Definition 20. Let p be a possibly inhomogeneous polynomial in d variables, which reads

(e}
p(x1,...,xq) = E bo 1" -z,

o, lof<r
fora = (aq,...,aq). One sets
(1, .. xq,2) = E baait - agil T T
o, e <r
which satisfies the required properties. O

Associating an hPNN to a given PNN: Now we prove that for each polynomial p admitting a PNN
representation, its associated homogeneous polynomial admits an hPNN representation. This is
formalized in the following result.

Proposition 23. Fix the architecture v = (r1,...,r1) and d = (do,...,dr). Then a polynomial

vector p € (Pay rrorn) * admits a PNN representation p = PNNg .[(w, b)] with (w,b) as
in (2) if and only if its homogeneization p = homog(p) admits an hPNN decomposition for the

same activation degrees v and extended d = (do + 1,...,d;1 + 1,d), p = hPNN3 [w],
w = (‘7[71, W, (W bg]), with matrices W/gforf =1,...,L—1givenas

W, = {V‘é’e bﬂ € R(det1)x(de—1+1)
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Proof of Proposition 23. Denote p,(x) = p,, (Wix + by). Letx = {f} € R%*1 Observe first
that
p(12) = [P
We proceed then by induction on L > 1.
The case L = 1 is trivial. Assume that L = 2. Then
W (W1) = Wa [P = W (@) + 270
Specializing at z = 1, we recover
Wpi () + b2 = p(x) = p(z, 1),

hence _ —
Wapr, (W) = p().

For the induction step, assume that g = hPNN(d1+17_..7dL71_A'_l,dL),,,.[(WQ, o W/L)} is the homo-
geneization of ¢ = PNN(g, . a,)»[(Wa,...,WL),(ba,...,br))]. By assumption,

e =a (PG ]) = @) = ato @) = p@).
L]

Proposition 24. [fhPNN,.[w] from Proposition 23 is unique as an hPNN (without taking into account
the structure), then the original PNN representation PNN,.[(w, b)] is unique.

Proof of Proposition 24. Suppose hPNN,.[w] is unique (or finite-to-one), where w is structured as
in Proposition 23. Note that any equivalent (in the sense of Lemma 4 specialized for hPNN,.[w])

parameter vector w’ = (Wll, ce WIL) realizing the same hPNN must satisfy
~ o~ o~ g =T
— P,DW,D, ,'P, ,, (<L,
W, = {J At T (34)
WLDLfl PL717 f = L.

for permutation matrices P, and invertible diagonal matrices Dy, with Py = D = I. We are going
—~/
to show that bringing W, to the form
W, b,
= (< L
W, = [ 0 1] ’
(W, b.], (=L

that does not introduce extra ambiguities besides the ones for PNN (given in Lemma 4).

(35)

Next, by Proposition 33, for £ = 1, ..., L — 1 the matrices satisfy krank{(NW 0)T} > 2 (as well as
—~ —
for any equivalent krank{(W,)T} > 2). This implies that the matrix W, contains only a single row

of the form [0 - - - 0 ] (which is its last row). Therefore in order for ﬁ;; to be of the form (35), the
matrices P; D, must be of the form

= * 0 ~ * 0

S T T
Iterating this process for £ = 2, ..., L — 1, we impose constraints of the form

=~ * 0 ~ * 0

S R T

This implies that (W7, b;) and (W, by) must be linked as in Lemma 4.

Now suppose that hPNN,.[w] is finite-to-one. Then the same reasoning applies to all alternative
(non-equivalent) parameters w that are realized by a PNN, because Proposition 23 holds for every
solution. Since there are finitely many equivalence classes, the corresponding PNN representation is
also finite-to-one. O
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D.2 Generic identifiability conditions for PNNs with bias terms

Lemma 26 Let the 2-layer hPNN architecture ((do + 1,dy + 1,d3), (1)) be finitely (resp. globally)
identifiable. Then the PNN architecture with widths (dy, d1, d2) and degree 1 is also finitely (resp.
globally) identifiable.

Proof of Lemma 26. By Proposition 24 we just need to show that for general (W3, ba, W1, by), the
following hPNN is unique (finite-to-one)

p(&) = (W2 b3 p,, (W1a) (36)
with Wl given as
. Wi b
W= { d 1].

We see that W lies in a subspace of (d1 + 1) x (dp + 1) matrices.

We use the following fact: by multilinearity, both uniqueness and finite-to-one properties of an hPNN

are invariant under multiplication of W on the right by any nonsingular (dg + 1) X (do + 1) matrix
Q. We note that the image of the polynomial map

R(do+1)><(do+1) x Rdl X do X Rdo N R(d1+1)><(dg+1)

(Q,W1,b1) — w,Q,

which is surjective, and its image is dense.

Therefore, identifiability (resp. finite identifiability) holds except some set of measure zero in

R(di+1)x (d0+1), then it also hold for W constructed from almost all (W, by ) pairs. For example,
in terms of finite identifiability this is explained by the fact that there is a smooth point of the hPNN

neurovariety corresponding to the parameters ([Wy  bo], ﬁ/l) O

Proposition 27 Let ((do, - .. ,dr),(r1,...,75—1)) be the PNN format. For { =0,...,L — 2 denote

dy = min{dy, ..., d¢}. Then the following holds true: If forall ¢ = 1, ..., L — 1 the two layer archi-
tecture hPNN(@71+1.d£+1 desr)ore ['] is finitely identifiable, then the L-layer PNN with architecture

(d,r) is finitely identifiable as well.

For the proof of the main proposition, we need the following lemma.

Lemma D.1. Global (resp. finite) identifiability of an hPNN of format ((m,d,n),r) implies (resp.
finite) identifiability of the hPNN in format ((m,d,n + k), r) for any k > 0.

Proof. Let the parameters be such that

W2 — [g:l , A c Rnxd’ B c kad7 W17
so that
_|Pw,,a)| _ |Ac.(Wiz)
Pw,ws) = Pw, B | |Bor(Wiz)|’

But then assume that p(“) is finite-to-one at (W, A) a given parameter. Then by Lemma 31 we
have that the elements of ¢; = o,.(W1x) are linearly independent, hence B has a unique solution
from the linear system

Pw,.,B) = Bo,.(Wix).
Note that for (W1, W), the subset of parameters (W1, A) is also generic, hence global (resp.
finite) identifiability for widths (m,d,n) implies global (resp. finite) identifiability for widths
(m,d,n + k). O

Proof of Proposition 27. We are going to prove that under the condition of the theorem, two hPNN
architectures for degrees r and widths

(d0+1,...,dL_1+1,dL) and (do—‘rl,...,dL_l—l-l,dL—‘rl)
are finitely identifiable.

We proceed by induction, similarly as in Theorem 11.
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. The base of the induction follows is trivial since it is the 2-layer network,

and from Lemma D.1 for the architecture (dy—1 + 1,ds + 1,dp41 + 1).

. ‘Induction step: (L=k—1)— (L=k) ‘ Assume that the statement holds for L =
k — 1. Now consider the case L = k. As in the proof of Theorem 11, we set
0 = (W17...,WL,1), so that w = (5, W/L) and denote R = ry---rr_o. The dif-
ference is that the parameters are now 0 := 0 (), where

0=Wi,..., Wi _1,by,....br_1).

Let v be as the one defined in Proposition C.8, but given for the last subnetwork, so that
n=dr,d=dr_1+1,r=rr_1, W = W. Then we have that

Py (0(6), W) = ¢[h(0(0)), WL],

where h(0) = hPNN(ThMTsz)[fé].
Again, by the chain rule

(q) 01 (W)
_ -Jr(0(0 J -
Jp_(w) = < v ‘q—h(f?(e))) w(6O) Ty ’q:h(G(G)) [J5(0) I

=J1(w) =J2(0)

)

where the matrix in the right hand side is full column rank. TherefO@, we ~just need to show

that the left hand side matrix is full column rank for a particular & = 6(0). But for this

remark that we can use almost the same construction example Proposition C.8, but choosing
~/

slightly different matrices: 8 = (ﬁ\/;, ce ﬁ\/Lq) with
=/ 0 O = 0 O
O )

W, . =0 V],

and

where in Lemma C.1 we can choose generic V' structured as

,w) p(vh
vi- W

Indeed, we need this to be a smooth point (i.e., full rank Jacobian of Wp,., | (V’ x)), which
is full rank for generic W(V/), b(vl), by the same argument as in the proof of Lemma 26.

But such 5/ indeed belongs to the image of 5(0) as they share the needed structure, which
completes the proof.

Corollary 28. Let ((dy, ...,dr),(r1,...,r—1)) be such that dy > 1, and vy > 2 satisfy

2(dﬁ + 1) — min(dg —+ 1, dg+1)
Ty Z =
min(dg, de_1)

3

then the L-layer PNN with architecture (d, ) is finitely identifiable (and globally identifiable when
L =2)

Proof of Corollary 28. This directly follows from combining Lemma 26, Proposition 12 and Propo-
sition 27. O
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D.3 Truncation of PNNs with bias terms

In this appendix, we describe an alternative (to homogenization) approach to prove the identifiability
of the weights W, of PNNg_.[(w, b)] based on fruncation. The key idea is that the truncation of a
PNN is an hPNN, which allow one to leverage the uniqueness results for hPNNs. However, we note
that unlike homogeneization, truncation does not by itself guarantees the identifiability of the bias
terms by.

For truncation, we use leading terms of polynomials, i.e. for p € &y, we define lt{p} € 7, the
homogeneous polynomial consisting of degree-r terms of p:

Example D.2. For a bivariate polynomial p € 5 5 given by
p(x1,T2) = ax? + brywy + cx2 +exy + faa + g, .

its truncation ¢ = lt{p} € S 2 becomes

q(z1,12) = ax} + brxy + cas.

In fact It{-} is an orthogonal projection &, — 7 ,; we also apply 1t{-} to vector polynomials
coordinate-wise. Then, PNNs with biases can be treated using the following lemma.

Lemma D.3. Let p = PNNg .[(w, b)] be a PNN with bias terms. Then its truncation is the hPNN
with the same weight matrices
It{p} = hPNNg ,.[w].

Proof. The statement follows from the fact that 1t{(¢(x))"} = lt{(¢(x))}". Indeed, this implies

1t{((v,x) + ¢)"} = ((v, z))", which can be applied recursively to PNNg ,.[(w, b)]. O
Example D.4. Consider a 2-layer PNN
f(:l?) = ngrl (Wlili + bl) -+ bQ. (37)

Then its truncation is given by

(/) (@) = Wap,, (W12).

This idea is well-known and in fact was used in [44] to analyze identifiability of a 2-layer network
with arbitrary polynomial activations.

Remark D.5. Thanks to Lemma D.3, the identifiability results obtained for hPNNs can be directly
applied. Indeed, we obtain identifiability of weights, under the same assumptions as listed for the
hPNN case. However, this does not guarantee identifiability of biases, which was achieved using
homogeneization.

E Localization theorem: necessary and sufficient conditions for identifiability

This appendix has been added to the camera ready version on the request of the program committee.
It explains the changes between the original submission and the camera-ready version.

Our main technical result in Theorem 11 gives sufficient conditions for finite identifiability of deep
hPNNs based on identifiability of two-layer subnetworks. In an earlier (submitted) version of the
paper, the following results were claimed.

Claim (A, specific uniqueness). Let hPNN,.[w], w = (W,..., W) be an L-layer hPNN with
architecture (d,r) satisfying dy, ...,dr,—1 > 2,dr, > land ry,...,r, > 2. Then, hPNN,.[w] is
unique according to Definition 6 if and only if for every { = 1, ..., L — 1 the 2-layer subnetwork
hPNN,,) (W, Wi1)] is unique as well.

This strong claim implied another claim on identifiability of hPNN architectures, which can be seen
as a counterpart of the current Theorem 11.

Claim (B, identifiability). The L-layer hPNN with architecture (d, r) satisfying do, . ..,dr—1 > 2,
dr, > 1land ry,...,vr > 2 is identifiable according to Definition 8 if and only if for every
¢=1,...,L — 1 the 2-layer subnetwork with architecture ((dy—1,dyg, d¢+1), (r¢)) is identifiable as
well.
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bottleneck

1K 2

dr,
(output)

do
(input )

Figure 1: (from NeurIPS poster) Necessary and sufficient conditions for identifiability of an
L-layer PNN. Blue: necessary conditions, i.e., “only if” part of claim B (identifiability of the
((dg—1,dg,dps1), (re)) subnetwork). Red: sufficient condition as given by Theorem 11 (identifiabil-

ity of the ((d¢—1,de, do+1), (r¢)) subnetwork).

We note that the “only if”” part always holds, as non-uniqueness of any 2-layer subnetwork implies
non-uniqueness of the overall networks. The relation between necessary and sufficient conditions for
identifiability is illustrated in Fig. 1.

Thus, both claims (A) and (B) were in fact aiming to answer the following questions:

(A) Does uniqueness of all 2-layer subnetworks hPNN(,.,) [(W ¢, W 11)] imply uniqueness of
the overall network hPNN(,, ., [(W1,...,Wp)]?

(B) Does identifiability of all ((d¢—1,d¢, des1), (1¢)) 2-layer architectures imply the identifiabil-
ity of the overall architecture ((do, .. .,d), (r1,...,70-1))?

We show below that the answer to this question is negative, both for specific uniqueness (uniqueness
of a particular choice of parameters) and generic uniqueness (identifiability of a given architecture),
which motivated the update of the paper.

E.1 Supporting examples

Absence of specific uniqueness (counterexample to claim (A)). Consider the simplest archi-
tecture with d = (2,2,2), 7 = (2,2), for which the conditions of Theorem 11 are verified due
to Proposition 12. Example 41 from the last section of the paper provides an example of specific
network of the format (d, r) violating claim (A). We provide below an expanded version of this
example.

Example 41 (No specific uniqueness). Consider two polynomials:

piewra = (135

T . . .
Note that [x% :L'g] = pa(x1, x2), therefore this polynomial vector can be written as

p(x) = p2(Wapa(z))
for the following choice of weight matrix:

11
W‘Z—[l —1}’

p(x) = L2p2(Walapa(x))
= hPNN3 o) (I3, Wq,I,)],
where I5 is the identity matrix. On the other hand, we can use the expansions

so that we have

2242 = Bt w)’ . (21 — 22)*
1+ 22)? — (21 — 22)?
2x1x2:(1 2) 2(1 2)
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and the fact that
(2 — 23) = (a1 + 23)° — (22122)*

to show that there exists an alternative hPNN expansion of p(x), summarized as

1 1
p(x) = Wsps <2W2pz(W2fB)) =hPNN(25) (W2, 5 W2, W),

1 0
W= [1 _J |
We see that the two representations are not equivalent: (Io, Wy, I) o (W, %W27 W), as Wy
cannot be obtained from scaling and permutations of rows of I5.

where

On the other hand, all the matrices in the expansions (o, W, W 3) are 2 x 2 invertible and thus, for
example, the networks hPNN 2 [(I2, W2)] and hPNN ) [(W 3, I2)] have unique representations
(similarly to Example 7). More precisely, all the matrices (2, W, W 3) as well as their transposes
have their rank and Kruskal rank both equal to 2, and therefore the conditions of Lemma B.1 are
satisfied.

Absense of generic uniqueness (counterexample to claim (B)). Example 41 are not just an
isolated example that can be circumvented by looking at a generic parameter set, as shown in the
following example.

Example E.1 (No generic identifiability without further assumptions). We provide a counter example
to the conjecture that localization holds in full generality in the generic sense based on the count of
dimension. Consider the following architecture:

d=(2,3,3,1) and r=(3,3).
It is easy to see that the subnetworks ((dy, d1,dz),r1) and ((d1,dz, d3), ) both satisfy the Kruskal-

based criterion in Proposition 12 as
2d1 — min(dg, dl)
min(dl, do) -1

_ 37 3 Z 2d2.— min(dg,dg) _ §7
min(ds,d;) — 1 2

so both subnetworks are identifiable. However, due to Proposition 10, for the global network (d, r)
to be identifiable the dimension of its associated neurovariety must be equal to

dody + dydo + dods — dy — dy = 12.

However, the image of hPNN g ,.y[-] is in the space degreee-9 homogeneous bivariate polynomials,
and therefore the neuromanifold (and the neurovariety) lie in 6 9. But 5 g has dimension 10, thus
we arrive at a contradition with the identifiability of the 3-layer network.

E.2 Statement of changes

In the camera-ready version, the claims (A) and (B) have been replaced with Theorem 11 which
uses a stricter condition. This replacement preserves the main conclusions and contributions of the
original paper, notably:

1. The localization of identifiability: identifiability of 2-layer subnetworks (composed by two
consecutive layers) is sufficient to guarantee identifiability of a deep L-layer polynomial
network;

2. As a consequence, uniqueness theorems for tensors can be leveraged to prove identifiability
of deep PNNss; for example, well-known Kruskal theorems imply:
a) that pyramidal networks (and their generalizations) are identifiable in degrees > 2;
b) linear bounds on the so-called activation degree thresholds (i.e., identifiability holds
for degrees linear in the layer widths);

3. Identifiability of networks with biases is implied by identifiability of (augmented) bias-free
PNN architectures.
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Drawbacks: Despite the fact that our main conclusions still hold, the amended version of the
localization theorem lead to the following changes:

* The theorem and the corresponding corollaries for deep architectures concern generic
properties (and not specific) and finite identifiability (instead of global identifiability).

* Theorem 11 requires a stronger assumption on 2-layer subnetworks: not only each 2-layer
block needs to be identifiable, but also with a possibly smaller number of inputs.

* This stronger condition weakened the result for networks with a bottleneck layer, but keeps
the same conclusion (that is, a decoder network needs to have higher degrees compared to
the encoder in order to allow for increasing the layer widths).

In the following, we explain the mistake in the original proof of Theorem 11 and discuss the current
challenges to extending the amended proof to the localization of global identifiability.

E.3 Remark on the mistake in the original proof and related problems

The mistake in the original proof of Theorem 11 concerned equations (11)—(13) in the original paper
(Section A.2.2 of the original supplementary materials), in the induction step of the theorem (going
from L — 1 to L layers). The original argument is based on constructing the polynomial vector

p),(z) using the flattening operation 2% z, Ay, - — R0 The issue is that the equation
(12, original paper) is only valid on a subset of z (z structured as a tensor power) and thus does
not imply (13, original paper) as we originally claimed. The absence of this implication broke the
inductive argument, requiring the proof to be amended.

An interpretation of this issue is that the flattening destroys the structure from lower layers. In fact,
the flattening mapping corresponds to a projection appearing in the computation of the decomposition
of polynomials as sums of powers of forms (see the commutative diagram in [92, Section 4]), which
makes such a computation (decomposition as a sum of powers of polynomials) very difficult and
currently an open problem in general, unless additional knowledge can be used [93].

Our new proof still proceeds similarly by induction (going from L —1 to L layers), where the induction
step is related to showing non-defectivity (finite identifiability) of a subvariety of variety of powers
of forms, thus connecting to subtle questions in algebraic geometry, such as Froberg’s conjecture
[92] (the latter not solved in full generality, see [85] for an account of recent progress). Extending
finite identifiability to identifiability seems challenging, at least with the techniques we are aware of;
very recent work in algebraic geometry [75, 86] shows that this transition (i.e., finite identifiability
implies global identifiability) is possible for the so-called X-rank decompositions, but this result is
only applicable to shallow polynomial networks. We are not aware of any systematic progress in the
direction of non-additive structures, of which deep PNNss is a special case. Thus, the transition from
finite to global identifiability of deep PNNs was left as an open conjecture (Conjecture 40) in the
camera-ready version of the paper. We hope that future progress in the field of algebraic geometry
will provide the adequate tools to settle this challenging problem®.

“While preparing the update of the camera-ready paper, we became aware of a recent preprint [94] that claims
to prove a much stronger (in many cases) result that Theorem 11 and claims global identifiability as well.
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