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Abstract

Sparse neural networks promise efficiency, yet training them effectively remains a1

fundamental challenge. Despite advances in pruning methods that create sparse2

architectures, understanding why some sparse structures are better trainable than3

others with the same level of sparsity remains poorly understood. Aiming to de-4

velop a systematic approach to this fundamental problem, we propose a novel5

theoretical framework based on the theory of graph limits, particularly graphons,6

that characterizes sparse neural networks in the infinite-width regime. Our key7

insight is that connectivity patterns of sparse neural networks induced by pruning8

methods converge to specific graphons as networks’ width tends to infinity, which9

encodes implicit structural biases of different pruning methods. We postulate the10

Graphon Limit Hypothesis and provide empirical evidence to support it. Leveraging11

this graphon representation, we derive a Graphon Neural Tangent Kernel (Graphon12

NTK) to study the training dynamics of sparse networks in the infinite width limit.13

Graphon NTK provides a general framework for the theoretical analysis of sparse14

networks. We empirically show that the spectral analysis of Graphon NTK corre-15

lates with observed training dynamics of sparse networks, explaining the varying16

convergence behaviours of different pruning methods. Our framework provides17

theoretical insights into the impact of connectivity patterns on the trainability of18

various sparse network architectures.19

1 Introduction20

Deep neural networks have achieved remarkable success in a wide range of machine learning tasks,21

including computer vision [32, 17], natural language processing [61, 16], and scientific modeling [37].22

A key ingredient in this success is overparameterisation [4, 9, 36, 5], networks are often trained with23

many more parameters than are strictly necessary, which facilitates optimization and generalization.24

However, this overparameterisation introduces substantial computational and memory overheads25

[24, 59, 55, 67], hindering deployment in resource-constrained environments such as mobile/edge26

devices, embedded systems, or real-time applications.27

To address these challenges, network pruning has emerged as a fundamental approach for compressing28

deep networks by removing redundant weights [40, 30, 22, 24]. By identifying and eliminating29

parameters that contribute little to the model’s output, pruning can produce sparse subnetworks30

that retain high performance while offering significant efficiency gains. Empirically, the Lottery31

Ticket Hypothesis (LTH) [22] demonstrates that randomly initialised dense networks contain sparse32

subnetworks (winning tickets) that, when trained in isolation, can match or exceed the performance33

of the original network. This observation has sparked significant research efforts including iterative34

pruning methods for finding such winning tickets [23, 14, 13, 27], post-training pruning approaches35

[28], various Pruning at Initialisation (PaI) techniques [42, 60, 64, 55, 67], and dynamic sparse36
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training [50, 20, 43, 44]. Parallel to this empirical progress, theoretical work has sought to prove37

the existence of effective sparse neural networks [48, 54, 11, 10]. Other works [47, 21] attempt to38

understand the effectiveness of sparse neural networks by analyzing gradient flow during training.39

Through the lens of the Ramanujan graph, [62, 7, 34] indicate that maximizing the graph connectivity40

of sparse networks improves the performance of subnetworks. Recently, [72] have studied the training41

dynamics of randomly pruned networks via NTK in an infinitely wide neural network setting.42

Despite these advances, a comprehensive theoretical framework for understanding neural network43

pruning and the training dynamics of general sparse neural networks remains elusive. A particularly44

challenging aspect is explaining why sparse networks are often difficult to train effectively [25]. In45

this paper, we aim to develop a systematic framework for analysing sparse networks obtained by PaI46

methods. While NTK and other large width limit approaches [36, 5, 41] provide valuable tools for47

analysing dense neural network training, they are not suitable for the sparse network settings due to a48

fundamental difficulty of defining the limit of sparse networks of different sizes.49

To address this problem, we develop a novel approach by leveraging graph limit theory. In particular,50

a pruning method produces binary masks that determine the active connections between neurons in51

layers. These masks can naturally be interpreted as the adjacency matrices of graphs defined over52

neural network layers. As the width of the network increases, the size of these adjacency matrices53

grows, and their structure becomes more regular and well-defined. In this view, the sequence of54

pruning masks generated by increasingly wide networks forms a sequence of graphs.55

We hypothesize that, in the infinite-width limit, this sequence of graphs converges to a graphon that56

serves as a limit object for dense or structured sparse graphs [46, 8]. Informally, any large graph can57

be viewed as a random sample from some underlying graphon W(u, v) encoding the probability of58

an edge between node indices u and v [56]. We propose the Graphon Limit Hypothesis for sparse59

neural networks obtained by a given pruning method in the large width limit and provide empirical60

evidence to support it. Informally, the hypothesis states that:61

Given a sparsity level, each network pruning method defines sequences of binary masks (M (l)
n ) that62

converges layer-wisely to graphons W(l) in cut distance as the network width n → ∞.63

This new perspective allows us to unify diverse pruning techniques under a common mathematical64

framework. For example, Random Pruning at initialisation produces subnets whose configuration65

is an Erdős–Rényi random graph, hence its graphon limit corresponds to a constant graphon, while66

other PaI methods produce graphons with different patterns. Crucially, these graphons can be used to67

define an infinite-width model, analogous to how fully-connected networks yield NTK in the limit68

[36, 5, 41]. We formalise this idea by introducing the Graphon Neural Tangent Kernel (Graphon69

NTK), a kernel that captures the infinite-width behaviour of a pruned network specified by a graphon.70

Our framework offers a new approach for analysing sparse neural networks through their graphon71

limits, provides a theoretically grounded tool for understanding how pruning affects training dynamics,72

and offers a principled basis for comparing or designing pruning strategies via their associated NTK73

behaviour. This framework generalises previous work on randomly pruned networks [72] where74

Random Pruning corresponds to constant graphons. Our contributions are summarised as follows:75

• We introduce the concept of graphon limits of pruning masks and propose the Graphon76

Limit Hypothesis that each pruning method corresponds to a distinct graphon in the infinite-77

width limit, supported by empirical evidence showing that pruning masks exhibit structural78

convergence and generate characteristic graphons.79

• We formalise the Graphon NTK, a new kernel framework that combines pruning structure80

with infinite-width analysis, and show how it can be derived from the graphon representation81

of the mask, highlighting the key differences between NTK and Graphon NTK.82

• We empirically establish a connection between the spectral properties of the Graphon83

NTK and training dynamics of sparse networks, providing theoretical insights into how84

connectivity patterns affect the trainability of sparse networks.85

The remainder of this paper is organised as follows: Sections 2, 3 discuss related works and provide86

preliminaries on graph limits, NTK, and pruning methods, respectively. In Section 4, we formalise87

the Graphon Limit Hypothesis and provide empirical evidence for its validity. Section 5 derives the88

Graphon NTK and its special case of Random Pruning. Section 6 presents our experimental results.89

Section 7 concludes with a summary of our contributions and directions for future research.90
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2 Related work91

Neural network pruning. Pruning has been extensively studied as a means of reducing the com-92

putational and memory demands of deep networks. Early works propose magnitude-based pruning,93

where weights with the smallest absolute values are removed after training [40, 31, 30]. The Lottery94

Ticket Hypothesis (LTH) [22] represents a paradigm shift by demonstrating that dense networks95

contain sparse subnetworks that can be trained in isolation to match or exceed the performance of the96

original network. Follow-up works expand this observation across architectures [14, 13] and training97

regimes [23, 27], while theoretical analyses [48, 54, 52, 10, 11] seek to establish formal conditions98

under which such "winning tickets" exist. However, finding these winning tickets typically requires99

computationally intensive iterative train-prune-retrain cycles. To address this computational burden,100

Pruning at Initialisation (PaI) methods have emerged, which identify sparse subnetworks before101

training begins. Subnetworks can be found based on the magnitude, gradient, or hessian information102

[42, 63, 15, 3] or NTK-based scores [45, 53, 29, 65], while other methods [60, 55, 67] try to identify103

these tickets based on the subnetworks’ configuration only. Despite these advances, analyses of104

why different pruning methods yield varying performance at the same sparsity level remain largely105

empirical. Works such as [47, 21, 35] have analysed gradient flow in sparse networks, while [72]106

examines the NTK limit behaviour of randomly pruned networks. Our work advances these efforts107

by providing a theoretical framework for understanding the limiting behaviour of pruned networks as108

their width increases.109

Graphon and graph limit. Graphons are limit objects of graph sequences and have become a110

central tool in the study of large networks [46, 8]. A graphon is a symmetric measurable function111

W : [0, 1]2 → [0, 1] that can be viewed as the continuum analogue of an adjacency matrix. Graphons112

have been widely used in, e.g., modelling social networks [58, 57], and community detection [38, 1].113

In machine learning, graphons have found use in graph neural network (GNN) analysis. Graphon114

neural networks extend traditional GNNs by considering their behaviour in the limit of large graphs115

[56, 51, 49, 33]. In particular, graphon neural networks operate on functions over [0, 1] rather than on116

finite-dimensional vectors, which makes it possible to model infinitely large graphs or to generalize117

across graphs of different sizes. Another line of work focuses on learning a graphon from a collection118

of observed graphs [2, 12, 68, 66]. Specifically, to estimate graphons, SAS [12] reorders adjacency119

matrices by degree before applying smoothing, SBA [2] fits a stochastic block model to the graph120

data, GWB [68] relaxes the cut distance by Gromov-Wasserstein distance and minimizes this distance121

between observed graphs, and IGNR [66] directly uses neural networks. However, to the best of our122

knowledge, no prior work has connected graphons to the behaviour of pruning methods in neural123

networks. Our work introduces a novel interpretation: pruning masks of increasingly wide neural124

networks define a sequence of binary graphs that converge to graphons, and these graphons encode125

structural priors in the infinite-width limit.126

Neural tangent kernel and infinite-width limit. The neural tangent kernel (NTK) [36, 5, 41, 18]127

characterises the training dynamics of infinitely wide neural networks under gradient descent. In128

this regime, training a network becomes equivalent to solving a kernel regression problem using the129

NTK. The NTK has since been extended and studied across a wide variety of architectures, including130

CNNs, RNNs, transformers, GNNs [5, 69, 70, 39, 19]. Among these, Graph Neural Tangent Kernels131

(GNTKs) [19] allow study on the limiting behaviour of infinitely wide (the number of features) GNNs132

trained via gradient descent. Later, [39] demonstrates that as the size of the graph increases, the GNTK133

converges to a graphon neural tangent kernel 1. While most NTK analyses assume dense architectures,134

recent studies have begun to explore sparse NTK models. [72] shows that Random Pruning preserves135

the NTK in the infinite-width limit up to a scaling factor, with convergence improving at larger136

widths. In particular, they apply pre-defined random masks on layers’ weights to derive the NTK.137

Separately, [71] analyses sparsity induced by large bias initialisation, demonstrating that it leads138

to structured sparse activations and improved NTK conditioning, yielding faster convergence and139

tighter generalization bounds. Our work extends this line of research by developing a framework for140

analysing arbitrary pruning methods through their limiting graphons. This enables a more nuanced141

understanding of how different pruning strategies affect network trainability in the large width limit.142

1This kernel, also named Graphon NTK in [39], is for graph data and is different from our kernel.
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3 Preliminaries143

3.1 Neural tangent kernel144

The neural tangent kernel (NTK) [36, 18, 5, 41] provides a theoretical framework for understanding145

the training dynamics of overparameterized neural networks. For a network f(x; θ) mapping input146

x ∈ Rd to output in R, the NTK is defined as: Θ(x, x′) = ∇θf(x, θ)
⊤∇θf(x

′, θ).147

In the limit where the width of each hidden layer tends to infinity and the parameters are initialised148

randomly (e.g., with Gaussian scaling), the NTK converges to a deterministic kernel Θ0(x, x
′),149

independent of training: for any given t ≥ 0,Θt(x, x
′) → Θ0(x, x

′), as n → ∞. More recent works150

have shown that even networks with finite width, and any depth follows the NTK behaviour [5, 41].151

Under gradient flow on the mean squared error loss, the predictions evolve according to a linear152

differential equation, which admits the solution: f(X; θt) = f(X; θ0)e
−ηΘ0t +

(
I − e−ηΘ0t

)
ŷ,153

where ŷ is the training label. This formula shows that the network predictions interpolate exponentially154

toward the training labels ŷ, with convergence behaviour governed by the spectral properties of Θ0.155

In particular, convergence is faster along directions corresponding to larger eigenvalues of the NTK.156

Different architectures yield different limiting NTKs. For example, fully connected ReLU networks157

admit closed-form recursive formulas for the entries of Θ0 [36], while convolutional and residual158

architectures induce structured NTKs that encode translation invariance and hierarchical composition159

[5]. Thus, the NTK framework bridges deep learning and kernel methods, offering theoretical insights160

into optimisation and generalisation.161

3.2 Graphon and graph limit theory162

Graph limit theory provides an analytic framework for analysing large graphs. For a sequence of163

graphs with an increasing number of nodes (Gn), one can often associate a limit object known as a164

graphon which is a symmetric, measurable function W : [0, 1]2 → [0, 1] that encodes the connectivity165

pattern between an infinite set of nodes [46, 8]. The function value W(x, y) represents the probability166

of an edge between nodes indexed by x and y in the limit. Graphon theory is particularly useful for167

capturing the limiting behaviour of a graph sequence (Gn) as the number of nodes n → ∞.168

Each finite graph Gn with n vertices can be represented (up to relabelling) by a step function WGn
169

on [0, 1]2, where the unit interval is partitioned into n equal parts and edge presence is encoded by:170

WGn
(x, y) = Aij ,∀(x, y) ∈

[
i−1
n , i

n

)
×
[
j−1
n , j

n

)
, with A being the adjacency matrix of Gn. A171

sequence (Gn) is said to converge to a graphon W if the sequence (WGn
) converges to W in the172

labelled cut distance:173

d□(U ,W) = sup
S,T⊂[0,1]

∣∣∣∣∫
S×T

(U(x, y)−W(x, y))dxdy

∣∣∣∣ ,
174

where U and W are two graphons, and the supremum is taken over all measurable subsets S, T ⊆175

[0, 1]. To account for vertex relabelling, we define the cut distance between two graphons up to176

measure-preserving transformations. Let Φ be the set of all measure-preserving bijections ϕ :177

[0, 1] → [0, 1]. The (label-invariant) cut distance between graphons U and W is modified to be:178

δ□(U ,W) = infϕ∈Φ d□(U ,Wϕ) where Wϕ(x, y) = W(ϕ(x), ϕ(y)). A sequence of graphs (Gn)179

with |V (Gn)| → ∞ is said to converge to a graphon W if limn→∞ δ□(WGn
,W) = 0.180

The cut distance quantifies the similarity between two graph adjacency matrices or functions by181

considering all possible labellings of their nodes [46]. Intuitively, two graphs are close in the cut182

distance if their global connectivity structures are similar. An equivalent characterization of the183

convergence of a graph sequence (Gn) to a graphon is based on homomorphism counting [8, 56].184

Particularly, for every finite subgraph F , the homomorphism densities t(F,Gn) converge to t(F,W).185

The homomorphism density t(F,G) represents the probability that a random map from the vertices186

of F to those of G preserves all edges.187

4 Graph limit and sparse neural networks188

Neural network pruning produces binary masks over the network’s layers to specify which weights189

are removed from each layer. These masks naturally define bipartite graphs between adjacent layers,190

with the mask matrix M (l) ∈ {0, 1}nl−1×nl acting as the biadjacency matrix. We hypothesize that191
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pruning-induced structures can be modelled in the infinite-width limit using graphons, enabling a192

unified geometric and functional interpretation of sparse neural networks.193

4.1 Pruning masks as graphs194

In a fully connected network, each neuron in layer l − 1 is connected to every neuron in layer l,195

resulting in a dense weight matrix W (l) ∈ Rnl−1×nl . A pruning method replaces this weight matrix196

with a masked version W̃ (l) = W (l) ⊙M (l) where M (l) ∈ {0, 1}nl−1×nl is the binary mask and197

⊙ denotes elementwise multiplication. The binary mask M (l) defines a bipartite graph, and in the198

infinite-width limit, we model it with a bipartite graphon W(l) : [0, 1]2 → [0, 1]. From this point199

onward, we use W to denote a bipartite graphon, unless explicitly mentioned otherwise.200

Despite being called “sparse”, most pruning methods retain a constant fraction of weights (e.g.,201

10%), resulting in Θ(n2) connections for width n (although with very small constants). From a202

graph-theoretic perspective, these remain dense graphs, where graphon theory applies. Thus, to ensure203

well-defined graphon limits, we assume: (i) the pruning masks retain a constant fraction p > 0 of204

weights (normally satisfied in pruning context), and (ii) the width of hidden layers remains comparable205

across layers as n → ∞. Under these assumptions, given a pruning method, for a sequence of pruning206

masks (M (l)
n ) with increasing width, we can define their convergence to a bipartite graphon W(l)207

analogously: limn→∞ δ□(WM
(l)
n
,W(l)) = 0 where W

M
(l)
n

is the bipartite graphon representation of208

the mask M
(l)
n at layer l (see Section 3.2 for definition of graphon representation of graphs). As the209

network width n → ∞, each mask matrix becomes a larger and more structured graph. Different210

pruning methods induce different sequences (M (l)
n ) of such biadjacency matrices.211

4.2 Graphon Limit Hypothesis for neural network pruning212

Graphon Limit Hypothesis. Given a sequence of neural networks (Nn) from a fixed architecture213

class A with widths tending to infinity, the application of a pruning method P at fixed sparsity214

level p > 0 produces sequences of binary masks (M (l)
n ) that converge layer-wisely to deterministic215

graphons W(l) in the cut distance. These limiting graphons depend only on A, p,P and characterize216

the connectivity structure of the pruned networks in the infinite-width limit.217

The graphon limit has the following geometry interpretation. A fundamental result from graph limit218

theory states that a sequence of graphs (Gn) converges to a graphon W if and only if the density of219

any fixed subgraph F in (Gn) converges to the density of F in W . In the context of neural networks,220

this means the graphon limit asymptotically captures geometric patterns including path densities221

(effective paths), and other structural motifs that influence the network’s computational properties.222

This hypothesis has several important implications: (i) graphons W(l) serve as structural priors for223

the pruned network in the infinite-width setting; (ii) each pruning method corresponds to a distinct224

region in the space of graphons, determined by the method’s design; and (iii) structural differences225

between pruning methods can be captured and compared through their limiting graphons.226

4.3 Experiments on graph limit of pruning at initialisation methods227

We empirically validate the Graphon Limit Hypothesis by examining whether pruning methods228

converge to distinct, characteristic graphons as network width increases. We analyse four pruning at229

initialisation methods: Random, SNIP [42], GraSP [63], and Synflow [60] across varying network230

widths n ∈ {100, 500, 1000, 2000}, number of layers {4, 5}, and sparsity levels {70%, 80%, 90%}.231

We conduct 100 independent trials per configuration and collect layer masks except for masks from232

input and output layers. To visualise the emergent graphons, we employ the SAS method [12] that: (1)233

Sorts nodes based on degree centrality (out-degree for layer l, in-degree for layer l+1); (2) Partitions234

the sorted bipartite graph into a grid of intervals; (3) Computes the average edge density within each235

interval. This degree-based sorting serves as an approximate measure-preserving transformation,236

revealing underlying structural patterns while maintaining invariance to node permutations. We refer237

to Appendix C for more details.238

Figure 1 displays the estimated graphons with increasing network widths. Each pruning method239

converges to a distinct pattern. In particular, Random Pruning converges to a constant graphon240
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Figure 1: Graph limit of subnetworks’ mask produced by PaI methods at 80% sparsity and the
corresponding convergence of graphons via Euclidean distances.

(Erdős-Rényi random graph), with uniform connection probability across all node positions. SNIP241

and GraSP exhibit structured, non-uniform graphons with density gradients, preferentially connecting242

high-centrality nodes. Synflow converges to a block-like graphon with sharp transitions, strongly243

prioritising connections among high-centrality neurons. This method encourages sparse networks244

with a high number of paths, which is also indicated in [55, 53].245

To quantify convergence, we also show the Euclidean distance between density matrices at width n246

and reference matrices at n = 2000 in Figure 1-right. Since all histograms are aligned via degree-247

based sorting, we use the Euclidean distance between the density matrices as a proxy for the cut248

distance. All methods demonstrate monotonic convergence, with distances decreasing as width249

increases, confirming that the limiting graphon structure is an intrinsic characteristic of each pruning250

algorithm.251

These results provide compelling evidence that each pruning method induces a unique (up to rela-252

belling), stable connectivity pattern in the large-width limit, validating our graphon hypothesis and253

establishing a foundation for analysing pruning methods through graph limit theory.254

5 Neural tangent kernel with graphon structure255

In this section, we present the derivation of NTK for neural networks with graphon structure. This256

novel formulation extends the standard NTK theory to accommodate networks where connectivity257

patterns are modulated by graphon functions, providing insights into how sparse network architecture258

influences learning dynamics.259

5.1 Network structure and setup260

In standard neural networks, weights between layers are typically sampled from identical independent261

distributions. However, sparse networks exhibit connectivity patterns, where connection strength262

depends on neuron positions. Graphon provides a mathematical tool to model such connectivity263

patterns. Intuitively, we can view each neuron as having a position in [0, 1], and the graphon value264

W(l)(u, v) represents the expected connection strength/probability between neurons at positions265

u and v. Each layer’s structure is thus defined by its corresponding graphon W(l), providing a266

continuous representation of the network’s connectivity.267
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Graphon-structured networks naturally connect to neural network pruning, where certain connections268

are eliminated. In pruning, a binary mask M (l) is applied to weights: W̃ (l) = W (l) ⊙M (l). For269

weights initialised as W (l)
ij ∼ N (0, σ2

w), pruning effectively modifies their variance: Var(W̃ (l)
ij ) =270

Var(W (l)
ij M

(l)
ij ) = Var(W (l)

ij )M
(l)
ij = σ2

w M
(l)
ij .271

Based on the Graphon Limit Hypothesis in Section 4, as network width increases, pruning masks272

converge to graphons layer-wisely W(l)(ul, ul−1), representing the probability density of connections273

between positions. In a finite network, the weights are sampled as: W (l)
ij ∼ N

(
0,W(l)

(
i
nl
, j
nl−1

))
,274

where nl represents the width of layer l, and we consider σ2
w = 1 for simplicity [5]. Similar to the275

standard NTK setting [36, 5], we remove the bias terms and consider a single output network. Unlike276

standard networks where weights are i.i.d., our graphon-modulated weights have position-dependent277

variances while maintaining independence. As we take layer widths to infinity nl → ∞, discrete278

neuron indices approach to continuous positions in [0, 1]: i/nl → ul ∈ [0, 1] (position in layer l) and279

j/nl−1 → ul−1 ∈ [0, 1] (position in layer l − 1). Summations over neurons become integrals over280

positions, and the scaling term 1/nl−1 will be absorbed into the integral. The forward pass of an L281

hidden layers network below illustrates this approach from discrete to continuous:282

Discrete network Continuous network

z
(l)
i (x) =

1
√
nl−1

nl−1∑
j=1

W
(l)
ij h

(l−1)
j (x), z(l)(ul, x) =

∫ 1

0

W (l)(ul, ul−1)h
(l−1)(ul−1, x) dul−1,

h
(l)
i (x) = σ(z

(l)
i (x)), h(l)(ul, x) = σ(z(l)(ul, x)),

f(x) =
1

√
nL

nL∑
j=1

W
(L+1)
ij h

(L)
j (x), f(x) =

∫ 1

0

W (L+1)(uL+1, uL)h
(L)(uL, x) duL,

where W (l)(ul, ul−1) ∼ N (0,W(l)(ul, ul−1)) is a random field modulated by the graphon. In addi-283

tion, since the statistical properties of the network now is affected by the graphon structure, weights284

are independent but not identically distributed random variables. We need additional assumptions to285

ensure the Law of Large Numbers (LLN) and Central Limit Theorem (CLT) still apply. For the LLN286

to hold in this non-iid setting, we assume: (i) the graphon values W(l)(ul, ul−1) are bounded, and287

(ii) the average connectivity
∫ 1

0
W(l)(ul, ul−1)dul−1 are well-behaved for all positions ul. Similarly,288

for the CLT to apply to pre-activations, we assume the Lindeberg-Feller [6] condition:289

lim
nl−1→∞

1

nl−1

nl−1∑
j=1

E
[(

W
(l)
ij h

(l−1)
j (x)

)2
· 1{|W (l)

ij h
(l−1)
j (x)|>ϵ

√
nl−1}

]
= 0,

290
for all ϵ > 0. This condition ensures that no single weight-activation product dominates the sum,291

allowing the pre-activations to still converge to Gaussian processes, albeit with position-dependent292

covariance structures shaped by the graphon.293

5.2 Graphon neural tangent kernel294

We extend the NTK theory to networks with graphon-structured connectivity. We begin by character-295

ising the limiting behaviour of pre-activations and activations in the infinite-width limit.296

Proposition 1. For a neural network with layers structured by graphons W(l) : [0, 1]2 → [0, 1],297

Lipschitz nonlinearity σ, and in the limit as n1, ..., nL → ∞, the pre-activations z(l)(ul, x) at every298

hidden layer converge to centred Gaussian processes with covariance Σ̃(l), where Σ̃(l) is defined299

recursively by:300

Σ̃(1)(u1, u
′
1, x, x

′) = δ(u1 − u′
1)
1

d

d∑
j

W(1)(u1,
j

d
)(x · x′)j , (1)

Σ̃(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)

∫ 1

0

W(l)(ul, ul−1)Σ
(l−1)(ul−1, ul−1, x, x

′)dul−1, (2)
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where (x · x′)j represents the input correlation at position j, the activation covariance Σ(l) is:301

Σ(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)E(z,z′)∼N (0,Λ(l)(ul))[σ(z)σ(z

′)], (3)
302

δ(ul − u′
l) is the Dirac delta function, and Λ(l)(ul) is the position-dependent covariance matrix:303

Λ(l)(ul) =

[
Σ̃(l)(ul, ul, x, x) Σ̃(l)(ul, ul, x, x

′)
Σ̃(l)(ul, ul, x

′, x) Σ̃(l)(ul, ul, x
′, x′)

]
.

Remark 1. The key difference between the standard NTK and Graphon NTK lies in the pre-activation304

covariance formulation. In standard NTK, the pre-activation covariance Σ̃(l) equals the previous305

layer’s activation covariance Σ(l−1). In contrast, the Graphon NTK modulates this with the graphon306

function W(l), creating position-dependent covariance structures. This causes signals to propagate307

non-uniformly through the network, with connectivity strength determined by the graphon values.308

The NTK characterises how network outputs change with respect to parameters during training. Our309

key result shows that the Graphon NTK also converges to a deterministic limit in the infinite-width310

regime, but with a structure determined by the graphon connectivity patterns.311

Theorem 1 (Graphon NTK). For a neural network with layers structured by graphons312

W(l) : [0, 1]2 → [0, 1], Lipschitz nonlinearity σ, in the limit as n1, ..., nL → ∞, the313

Graphon Neural Tangent Kernel (Graphon NTK) Θ(x, x′) converges to a deterministic kernel:314

Θ(x, x′) =
L∑

l=1

∫ 1

0

(
Σ̇(l)(ul, ul, x, x

′)

∫
[0,1]L−l+1

L+1∏
m=l+1

W(m)(um, um−1)Σ̇
(m)(um, um, x, x′) dul+1

)

·
(∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul, (4)

315

where Σ̇(l)(ul, ul, x, x
′) = E[σ′(z(l)(ul, x))σ

′(z(l)(ul, x
′))] represents the expected correlation316

between activation derivatives, and dul+1 = duL+1duL . . . dul+1.317

Remark 2. The Graphon NTK explicitly shows how graphon functions W(l) shape the kernel through318

position-dependent connectivity, in contrast to the standard NTK. This structure gives insights on the319

heterogeneous learning dynamics of sparse model training, and allows modelling diverse connectivity320

patterns.321

The Graphon NTK provides a powerful framework for analysing how the pattern of connectivity322

between neurons in sparse neural networks affects learning dynamics in the infinite-width limit. By323

modulating the weight variances according to the graphon, we can model a wide range of structured324

connectivity patterns, including those that arise from various network pruning strategies. We refer to325

Appendix A for detailed proofs.326

5.3 Graphon neural tangent kernel of Random Pruning327

Our Graphon NTK framework encompasses a broad class of structured sparsity patterns with Random328

Pruning being a special case. Specifically, when the underlying graphon is constant, i.e., W(u, v) = c329

where c ∈ (0, 1], the resulting kernel simplifies to a scaled version of the standard NTK: Θ(x, x′) =330

cL Θstd(x, x
′), where Θstd denotes the standard NTK of a fully-connected network with L hidden331

layers. This special case was previously studied in [72] by applying random masks to weight matrices.332

Our general framework of Graphon NTK not only recovers this result, but is also flexible enough to333

analyse more complex sparsity connectivity patterns beyond Random Pruning.334

This scaling directly influences network training dynamics. If λk is the k-th eigenvalue of Θstd,335

then this k-th eigenvalue of the pruned network’s NTK becomes cLλk. Notably, while the absolute336

learning speed is reduced, the relative dynamics between modes remain unchanged. This offers a337

principled explanation for the empirical observation that sparse random networks converge more338

slowly than their dense counterparts [26]. We refer to Appendix B for more discussions.339

6 Numerical experiments340

We illustrate the relationship between spectral properties of Graphon NTK and training dynamics of341

finite sparse networks using three pruning methods: Random, SNIP [42], and Synflow [60] at sparsity342
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Figure 2: The training loss in the first 200 gradient update steps of training sparse networks produced
by Random, SNIP, and Synflow with different sparsity levels.

Figure 3: Spectral metrics of the Graphon NTK with different graphon functions and sparsity levels.

levels from 50% to 95%. Subnetworks are pruned from 4-layer networks with hidden size n = 1024,343

then trained on MNIST. We approximate the Graphon NTK by graphon functions found in Section344

4. In particular, given the sparsity, we generate masks for 4-layer networks with hidden dimension345

n = 1024 based on graphon functions. Then we compute the Graphon NTK based on a batch of 128346

data samples from 10 classes in MNIST, and analyse four spectral metrics: eigenvalue decay rate (α),347

effective rank trace(Θ)/λ1, spectral gap (λ1/λ2), and the energy concentration in top-5 eigenvalues348 ∑5
i=1 λi∑n
j=1 λj

. We refer to Appendix D for further details.349

Results and discussion. Figure 3 reveals that Random Pruning maintains relatively consistent350

spectral properties across the sparsity levels, with stable decay rate, high effective rank, and broad351

spectral spread. This reflects uniform eigenvalue scaling which is consistent with the constant graphon352

analysis in Section 5.3, where Random Pruning acts as a global downscaling of the kernel. In contrast,353

SNIP and Synflow increasingly concentrate their Graphon NTK energy in top eigenvalues as the354

sparsity level grows, despite reduced effective rank and spectral gaps. This suggests a stronger focus355

on dominant eigen-directions, aligning with their faster training loss reduction at the beginning when356

compared with random subnetworks at the same sparsity in Figure 2.357

The observed correlation between kernel spectral properties and training dynamics demonstrates an358

initial insight of our Graphon NTK framework for sparse neural network training. These findings offer359

both theoretical insight and practical guidance: Graphon NTK can serve as principled, training-free360

indicators for evaluating pruning quality, and preserving key spectral characteristics should be a361

design goal for future pruning algorithms, as also verified in [65].362

7 Conclusion363

In this paper, we introduce a novel theoretical framework for analysing sparse neural networks364

through the lens of graph limit theory and neural tangent kernel. Our Graphon Limit Hypothesis365

establishes a connection between pruning methods and their limiting graphons in the infinite-width366

regime, providing a mathematical framework for understanding the structural properties of sparse367

networks. We derive Graphon NTK which offers a meaningful tool for analyzing how these structural368

properties affect training dynamics of sparse networks. This paves the way for theoretical study of369

sparse models using tools from kernel and graph limit theories. Moreover, the framework can be used370

to guide the design of (i) new pruning algorithms by selecting or learning graphons with desirable371

kernel properties; and (ii) sparse training algorithms. It also leads to the possibility of performing372

sparsification directly by optimising over the space of graphons rather than discrete masks.373
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In the case of closed-source models, it may be that access to the model is limited in673

some way (e.g., to registered users), but it should be possible for other researchers674

to have some path to reproducing or verifying the results.675

5. Open access to data and code676

Question: Does the paper provide open access to the data and code, with sufficient instruc-677

tions to faithfully reproduce the main experimental results, as described in supplemental678

material?679
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• The answer NA means that the paper does not include experiments.720
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• It is OK to report 1-sigma error bars, but one should state it. The authors should732
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A Details on graphon neural tangent kernel923

In this section, we present a comprehensive derivation of the NTK for neural networks with graphon924

structure. This novel formulation extends the standard NTK theory to accommodate networks where925

connectivity patterns are modulated by graphon functions, providing insights into how network926

architecture influences learning dynamics. In particular, we first describe the network setting and the927

transition from discrete to continuous network in Appendix A.1. Then we provide the proof for the928

Proposition 1 in Appendix A.2 and for Theorem 1 in Appendix A.3, respectively.929

A.1 Network structure and setup930

Discrete neural network with graphon Consider a single output neural network with L hidden931

layers where weights are modulated by a graphon function W(l) : [0, 1]2 → [0, 1]:932

W
(l)
ij ∼ N

(
0, W(l)

(
i

nl
,

j

nl−1

))
. (5)

The graphon function governs the statistical structure and strength of synaptic connections between933

neurons. Specifically, it describes how the variance of random weights varies based on the positions of934

the connected neurons, thereby shaping the connectivity patterns and signal propagation across layers.935

Unlike in standard neural networks where weights are identically distributed, graphon-modulated936

weights have position-dependent variances while maintaining their independence.937

Pre-activations and activations are computed as:938

z
(l)
i (x) =

1
√
nl−1

nl−1∑
j=1

W
(l)
ij h

(l−1)
j (x), (6)

h
(l)
i (x) = σ(z

(l)
i (x)). (7)

The network output for simplicity is a single output:939

f(x) =
1

√
nL

nL∑
j=1

W
(L+1)
ij h

(L)
j (x). (8)

Connection to network pruning The graphon framework can be directly connected to network940

pruning. In standard pruning, a binary mask M (l) is applied to the weights:941

W̃ (l) = W (l) ⊙M (l), (9)

where ⊙ denotes element-wise multiplication and M
(l)
ij ∈ {0, 1} indicates whether the connection is942

kept (1) or pruned (0). In the finite-width case, the variance of the pruned weights becomes:943

Var(W̃ (l)
ij ) = σ2

wM
(l)
ij , (10)

which equals either σ2
w (kept) or 0 (pruned). As network width increases (nl, nl−1 → ∞), the944

pruning mask can be viewed as a step function over [0, 1]2, with M
(l)
ij corresponding to the value at945 (

i
nl
, j
nl−1

)
. In the limit, this mask converges to the graphon W(l)(ul, ul−1), which represents the946

density or probability of connections in each region of the unit square. Different pruning methods947

yield different graphon structures. Thus, the graphon-modulated weights can be interpreted as948

modeling the effect of pruning directly within the network initialization, enabling analysis of pruned949

network behavior in the infinite-width limit.950

Continuous limit formulation As layer widths approach infinity (nl → ∞), we transition to951

continuous indices:952

• i/nl → ul ∈ [0, 1] (position in layer l),953
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• j/nl−1 → ul−1 ∈ [0, 1] (position in layer l − 1).954

The continuous network becomes:955

z(l)(ul, x) =

∫ 1

0

W (l)(ul, ul−1)h
(l−1)(ul−1, x)dul−1, (11)

h(l)(ul, x) = σ(z(l)(ul, x)), (12)

f(x) =

∫ 1

0

W (L+1)(uL+1, uL)h
(L)(uL, x)duL, (13)

where W (l)(ul, ul−1) ∼ N (0,W(l)(ul, ul−1)).956

Statistical properties and convergence conditions In graphon-structured networks, weights957

become independent but not identically distributed (non-i.i.d.) random variables. This change958

requires careful consideration of the conditions under which the Law of Large Numbers (LLN) and959

Central Limit Theorem (CLT) apply.960

Law of Large Numbers in Graphon Networks961

For the LLN to hold in the non-i.i.d. setting of graphon networks, the following conditions are962

required:963

• Bounded Graphon Values: W(l)(ul, ul−1) ≤ 1 ensures that Var(W (l)
ij ) is bounded, pre-964

venting any term from dominating the sum (satisfied by graphon definition).965

• Well-Defined Average Connectivity: The integral
∫ 1

0
W(l)(ul, ul−1)dul−1 must be well-966

defined for all positions ul, ensuring the "average effect" of connections per neuron is967

stable.968

Since the graphon values are bounded, the variances of weights and related quantities remain bounded,969

ensuring the LLN applies to empirical averages throughout the network.970

Central Limit Theorem and the Lindeberg-Feller Condition971

For pre-activations to converge to Gaussian processes in graphon networks, we assume the Lindeberg-972

Feller condition [6] is satisfied:973

lim
nl−1→∞

1

σ2
n

nl−1∑
j=1

E
[
X2

j · 1{|zj |>ϵσn}
]
= 0, (14)

for all ϵ > 0, where Xj = 1√
nl−1

W
(l)
ij h

(l−1)
j (x), σ2

n =
∑nl−1

j=1 Var(Xj), and the pre-activation974

zi =
∑nl−1

j Xj . This condition ensures that no single term in the sum disproportionately influences975

the total variance. Then, the CLT applies despite the non-i.i.d. nature of the weights, allowing976

pre-activations to converge to Gaussian processes with position-dependent covariance structures.977

In our setting, the Lindeberg condition is satisfied due to the following structural properties of graphon978

networks: (i) When network weights are initialized using a bounded graphon (W(l)(u, v) ≤ 1), each979

connection’s variance is controlled, preventing any single weight from becoming dominant; (ii)980

Activations from the previous layer h(l−1)
j (x) are bounded with sigmoid and tanh function, while981

activations like ReLU tend to remain within reasonable ranges when networks are properly initialized982

and inputs are normalized; (iii) The scaling factor of 1√
nl−1

in the pre-activation formula ensures983

that individual pre-activation variances decrease proportionally as the network widens, scaling as984

O( 1
nl−1

). Together, these properties imply that as the layer width nl−1 → ∞, the influence of any985

single term Xj becomes negligible relative to the total variance. Hence, the Lindeberg condition is986

met, and the pre-activations converge in distribution to a Gaussian process with a position-dependent987

covariance structure induced by the graphon.988
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A.2 Forward propagation: covariance structure (proof of proposition 1)989

We first establish the statistical behaviour of signals as they propagate through the network. Our main990

result for the forward pass is captured in the Proposition 1. For the sake of convenience, we re-state991

the proposition here again:992

Proposition 2. For a neural network with layers structured by graphons W(l) : [0, 1]2 → [0, 1],993

Lipschitz nonlinearity σ, and in the limit as n1, ..., nL → ∞, the pre-activations z(l)(ul, x) at every994

hidden layer converge to centred Gaussian processes with covariance Σ̃(l), where Σ̃(l) is defined995

recursively by:996

Σ̃(1)(u1, u
′
1, x, x

′) = δ(u1 − u′
1)
1

d

d∑
j

W(1)(u1,
j

d
)(x · x′)j , (15)

Σ̃(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)

∫ 1

0

W(l)(ul, ul−1)Σ
(l−1)(ul−1, ul−1, x, x

′)dul−1, (16)

where (x · x′)j represents the input correlation at position j, and the activation covariance Σ(l) is:997

Σ(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)E(z,z′)∼N (0,Λ(l)(ul))[σ(z)σ(z

′)], (17)

998
where δ(ul − u′

l) is Dirac delta function, Λ(l)(ul) is the position-dependent covariance matrix:999

Λ(l)(ul) =

[
Σ̃(l)(ul, ul, x, x) Σ̃(l)(ul, ul, x, x

′)
Σ̃(l)(ul, ul, x

′, x) Σ̃(l)(ul, ul, x
′, x′)

]
.

Proof:1000

We prove the proposition by induction on the layer index l. The key insight is to analyze how the1001

graphon structure affects the statistical properties of pre-activations as signals propagate through the1002

network. The proof works as follows:1003

Base case: first layer l = 1 For the first layer with graphon modulation:1004

W
(1)
ij ∼ N

(
0,W(1)

(
i

n1
,
j

d

))
, (18)

where d is the input dimension. The pre-activation covariance becomes:1005

E[z(1)i (x)z
(1)
i′ (x′)] = E

 1√
d

d∑
j=1

W
(1)
ij xj

( 1√
d

d∑
k=1

W
(1)
i′k x

′
k

) (19)

=
1

d

d∑
j=1

d∑
k=1

E[W (1)
ij W

(1)
i′k ]xjx

′
k. (20)

Since weights are independently sampled:1006

• E[W (1)
ij W

(1)
i′k ] = 0 when (i, j) ̸= (i′, k) ,1007

• E[(W (1)
ij )2] = W(1)

(
i
n1

, j
d

)
when i = i′ and j = k .1008

Therefore:1009

E[z(1)i (x)z
(1)
i′ (x′)] = δii′

1

d

 d∑
j=1

W(1)

(
i

n1
,
j

d

)
xjx

′
j

 . (21)
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As n1 → ∞ in the continuous limit with i/n1 → u1:1010

Σ̃(1)(u1, u
′
1, x, x

′) = δ(u1 − u′
1)
1

d

d∑
j

W(1)(u1,
j

d
)(x · x′)j , (22)

where · is the dot-product, (x · x′)j represents the input correlation at position j.1011

The activation covariance at position u1 is:1012

Σ(1)(u1, u
′
1, x, x

′) = δ(u1 − u′
1)E[σ(z(1)(u1, x))σ(z

(1)(u1, x
′))]. (23)

Since (z(1)(u1, x), z
(1)(u1, x

′)) follows a joint Gaussian distribution according to the CLT, this can1013

be computed as:1014

Σ(1)(u1, u
′
1, x, x

′) = δ(u1 − u′
1)E(z,z′)∼N (0,Λ(1)(u1))[σ(z)σ(z

′)] (24)

Where Λ(1)(u1) is the position-dependent covariance matrix:1015

Λ(1)(u1) =

[
Σ̃(1)(u1, u1, x, x) Σ̃(1)(u1, u1, x, x

′)
Σ̃(1)(u1, u1, x

′, x) Σ̃(1)(u1, u1, x
′, x′)

]
. (25)

Different from fully connected network, where the pre-activation covariance of the first layer becomes1016

covariance of the input layer Σ(0)(x, x′) = x.x′, in graphon networks, the pre-activation covariance1017

depends on the structure of the graphon.1018

Inductive step: subsequent layer l > 1 For layer l with graphon structure:1019

E[z(l)i (x)z
(l)
i′ (x′)] = E

 1

nl−1

nl−1∑
j=1

W
(l)
ij h

(l−1)
j (x)

(nl−1∑
k=1

W
(l)
i′kh

(l−1)
k (x′)

) (26)

=
1

nl−1

nl−1∑
j=1

nl−1∑
k=1

E[W (l)
ij W

(l)
i′k ]E[h

(l−1)
j (x)h

(l−1)
k (x′)]. (27)

Since weights are independently sampled and E[(W (l)
ij )2] = W(l)

(
i
nl
, j
nl−1

)
:1020

E[z(l)i (x)z
(l)
i′ (x′)] = δii′

 1

nl−1

nl−1∑
j=1

W(l)

(
i

nl
,

j

nl−1

)
E[h(l−1)

j (x)h
(l−1)
j (x′)]

 . (28)

In the continuous limit as j/nl−1 → ul−1, and 1/nl−1 is absorbed into the integral:1021

Σ̃(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)

∫ 1

0

W(l)(ul, ul−1)Σ
(l−1)(ul−1, ul−1, x, x

′)dul−1. (29)

The activation covariance is:1022

Σ(l)(ul, u
′
l, x, x

′) = δ(ul − u′
l)E(z,z′)∼N (0,Λ(l)(ul))[σ(z)σ(z

′)], (30)

where Λ(l)(ul) is the covariance matrix for pre-activations at position ul:1023

Λ(l)(ul) =

[
Σ̃(l)(ul, ul, x, x) Σ̃(l)(ul, ul, x, x

′)
Σ̃(l)(ul, ul, x

′, x) Σ̃(l)(ul, ul, x
′, x′)

]
. (31)

This completes the proof of Proposition 1 by induction. A critical insight is how the graphon structure1024

W(l)(ul, ul−1) directly modulates signal propagation, creating non-uniform information flow across1025

different network regions.1026
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A.3 Graphon neural tangent kernel convergence (proof of theorem 1)1027

Our main theoretical result characterises the NTK for graphon-structured networks. For convenience,1028

we re-state the Theorem 1 here again:1029

Theorem 2 (Graphon NTK). For a neural network with layers structured by graphons W(l) :1030

[0, 1]2 → [0, 1], Lipschitz nonlinearity σ, in the limit as n1, ..., nL → ∞, the Graphon Neural1031

Tangent Kernel (Graphon NTK) Θ(x, x′) converges to a deterministic kernel:1032

Θ(x, x′) =

L∑
l=1

∫ 1

0

(
Σ̇(l)(ul, ul, x, x

′)

∫
[0,1]L−l+1

L+1∏
m=l+1

W(m)(um, um−1)Σ̇
(m)(um, um, x, x′) dul+1

)
(32)(∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul

where Σ̇(l)(ul, ul, x, x
′) = E[σ′(z(l)(ul, x))σ

′(z(l)(ul, x
′))] represents the expected correlation1033

between activation derivatives, and dul+1 = duL+1duL . . . dul+1.1034

Proof:1035

We prove the Graphon NTK by decomposing the derivation into three key steps: (1) characterizing1036

gradient flow through graphon-structured layers, (2) analyzing gradient correlations under infinite-1037

width statistical independence, and (3) integrating these correlations to derive a closed-form NTK1038

expression. This structured approach yields an interpretable kernel that reflects how the graphon1039

structure shapes learning dynamics across the network.1040

A.3.1 Backward propagation: gradient flow1041

Gradient recursion For layer L, applying the chain rule:1042

∂f(x)

∂z(L)(uL, x)
=

∂f(x)

∂h(L)(uL, x)

∂h(L)(uL, x)

∂z(L)(uL, x)
= W (L+1)(uL+1, uL)σ

′(z(L)(uL, x)). (33)

For earlier layers (l < L), the gradient with respect to pre-activations is:1043

∂f(x)

∂z(l)(ul, x)
= σ′(z(l)(ul, x))

∫ 1

0

∂f(x)

∂z(l+1)(ul+1, x)
W (l+1)(ul+1, ul)dul+1. (34)

Parameter gradients The gradients with respect to weights are:1044

∂f(x)

∂W (l)(ul, ul−1)
=

∂f(x)

∂z(l)(ul, x)
h(l−1)(ul−1, x). (35)

A.3.2 Graphon neural tangent kernel derivation1045

The Neural Tangent Kernel is defined as the inner product of gradients with respect to all parameters:1046

Θ(x, x′) =

L∑
l=1

∫ 1

0

∫ 1

0

E
[

∂f(x)

∂W (l)(ul, ul−1)

∂f(x′)

∂W (l)(ul, ul−1)

]
duldul−1. (36)

Layer-wise graphon NTK contribution The contribution to the Graphon NTK from layer l is:1047

Θl(x, x
′) =

∫ 1

0

∫ 1

0

E
[

∂f(x)

∂W (l)(ul, ul−1)

∂f(x′)

∂W (l)(ul, ul−1)

]
duldul−1 (37)

=

∫ 1

0

∫ 1

0

E
[

∂f(x)

∂z(l)(ul, x)
h(l−1)(ul−1, x)

∂f(x′)

∂z(l)(ul, x′)
h(l−1)(ul−1, x

′)

]
duldul−1.

(38)
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At this point, we apply a key insight: In the infinite-width limit, by the LLN, the gradients ∂f(x)
∂z(l)(ul,x)

1048

and the activations h(l−1)(ul−1, x) become statistically independent for distinct positions ul and1049

ul−1. This allows us to factorize the expectation:1050

Θl(x, x
′) =

∫ 1

0

E
[

∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

](∫ 1

0

E[h(l−1)(ul−1, x)h
(l−1)(ul−1, x

′)]dul−1

)
dul

(39)

=

∫ 1

0

E
[

∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

](∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul. (40)

Gradient correlation analysis To compute the NTK, we need to analyze the correlation between1051

gradients at different inputs:1052

E
[

∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

]
. (41)

From our backward propagation analysis in Equation 34, we have:1053

E
[

∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

]
= E

[
σ′(z(l)(ul, x))σ

′(z(l)(ul, x
′))∫ 1

0

∫ 1

0

∂f(x)

∂z(l+1)(ul+1, x)

∂f(x′)

∂z(l+1)(u′
l+1, x

′)
W (l+1)(ul+1, ul)W

(l+1)(u′
l+1, ul)dul+1du

′
l+1

]
.

(42)

In the infinite-width limit, (z(l)(ul, x), z
(l)(ul, x

′)) follows a bivariate Gaussian distribution, allowing1054

us to define:1055

Σ̇(l)(ul, ul, x, x
′) = E[σ′(z(l)(ul, x))σ

′(z(l)(ul, x
′))]. (43)

The weights W (l+1)(ul+1, ul) and W (l+1)(u′
l+1, ul) are independent for ul+1 ̸= u′

l+1, with:1056

E[W (l+1)(ul+1, ul)W
(l+1)(u′

l+1, ul)] = W(l+1)(ul+1, ul)δ(ul+1 − u′
l+1). (44)

Substituting this into our gradient correlation:1057

E
[

∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

]
= Σ̇(l)(ul, ul, x, x

′) (45)∫ 1

0

W(l+1)(ul+1, ul)E
[

∂f(x)

∂z(l+1)(ul+1, x)

∂f(x′)

∂z(l+1)(ul+1, x′)

]
dul+1.

Closed-form expression for Graphon NTK To derive the closed-form expression, we define:1058

G(l)(ul, x, x
′) = E

[
∂f(x)

∂z(l)(ul, x)

∂f(x′)

∂z(l)(ul, x′)

]
. (46)

From our derivation, G(l) follows the recursion:1059

G(l)(ul, x, x
′) = Σ̇(l)(ul, ul, x, x

′)

∫ 1

0

W(l+1)(ul+1, ul)G
(l+1)(ul+1, x, x

′)dul+1. (47)

With the base case G(L+1)(uL+1, x, x
′) = 1.1060
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The general form for any layer l becomes:1061

G(l)(ul, x, x
′) = Σ̇(l)(ul, ul, x, x

′)

∫
[0,1]L−l+1

L+1∏
m=l+1

W(m)(um, um−1)Σ̇
(m)(um, um, x, x′) dul+1,

(48)

where dul+1 = duL+1duL . . . dul+1 and Σ̇(L+1)(uL+1, uL+1, x, x
′) = 1.1062

Substituting this into our formula for Θl:1063

Θl(x, x
′) =

∫ 1

0

G(l)(ul, x, x
′)

(∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul (49)

=

∫ 1

0

(
Σ̇(l)(ul, ul, x, x

′)

∫
[0,1]L−l+1

L+1∏
m=l+1

W(m)(um, um−1)Σ̇
(m)(um, um, x, x′) dul+1

)
(50)(∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul. (51)

The full Graphon NTK is the sum over all layers:1064

Θ(x, x′) =

L∑
l=1

Θl(x, x
′) (52)

=

L∑
l=1

∫ 1

0

(
Σ̇(l)(ul, ul, x, x

′)

∫
[0,1]L−l+1

L+1∏
m=l+1

W(m)(um, um−1)Σ̇
(m)(um, um, x, x′) dul+1

)
(53)(∫ 1

0

Σ(l−1)(ul−1, ul−1, x, x
′)dul−1

)
dul (54)

This expression reveals how the graphon structure at each layer shapes the Neural Tangent Kernel1065

through multiple integrals involving the graphon functions. The resulting kernel is position-dependent1066

and reflects the specific connectivity patterns encoded by the graphons.1067

A.3.3 Discussion and implication1068

The Graphon NTK provides a powerful analytical framework for understanding how structured1069

weight patterns influence neural network learning dynamics. Several key insights emerge:1070

1. Non-uniform signal propagation: The graphon structure creates position-dependent infor-1071

mation flow, with regions of higher graphon values propagating signals more strongly.1072

2. Relationship to pruning: The graphon formulation provides a continuous limit perspective1073

on network pruning, where the graphon W(l)(ul, ul−1) can be interpreted as the density or1074

probability of connections.1075

3. Position-dependent learning dynamics: Different regions of the network effectively learn1076

at different rates based on their connectivity patterns.1077

These theoretical results establish the foundation for analysing learning behaviours in neural networks1078

with connectivity patterns, providing insights that may guide the development of more efficient1079

architectural designs.1080

29



B Details on graphon neural tangent kernel of Random pruning1081

With Random pruning, pruning masks converge to constant graphons (the Erdős–Rényi random1082

graph) as the width tends to infinity. When the underlying graphons are constants, we observe a1083

uniform scaling effect on training dynamics.1084

For a constant graphon W (u, v) = c, the resulting NTK scales uniformly as:1085

Θ(x, x′) = cL Θstd(x, x
′), (55)

where Θ
(L)
std denotes the standard NTK of a fully-connected network.1086

Proof:1087

For the first hidden layer (l = 1), pre-activation covariance becomes:1088

Σ̃(1)(u, u′, x, x′) = δ(u− u′) (c(x · x′)) . (56)

For simplicity, assuming σ2
b = 0 (no biases):1089

Σ̃(1)(u, u′, x, x′) = c Σ̃
(1)
std (u, u

′, x, x′). (57)

This leads to activation covariance at first layer:1090

Σ(1)(u, u′, x, x′) = c Σ
(1)
std (u, u

′, x, x′). (58)

By induction, for any layer l:1091

Σ̃(l)(u, u′, x, x′) = δ(u− u′)

(
c

∫ 1

0

Σ(l−1)(v, v, x, x′)dv

)
(59)

= δ(u− u′)

(
c

∫ 1

0

cl−1 Σ
(l−1)
std (v, v, x, x′)dv

)
= δ(u− u′)

(
cl
∫ 1

0

Σ
(l−1)
std (v, v, x, x′)dv

)
= cl Σ̃

(l)
std(u, u

′, x, x′).

And the activation covariance at layer l is:1092

Σ(l)(u, u′, x, x′) = cl Σ
(l)
std(u, u

′, x, x′). (60)

We also assume that the activation function is ReLU, then the relationship between activation1093

derivative covariance:1094

Σ̇(l)(x, x′) = Σ̇
(l)
std(x, x

′). (61)

For the gradient correlation function:1095

G(l)(u, x, x′) = Σ̇(l)(u, u, x, x′)

∫ 1

0

W(l+1)(v, u)G(l+1)(v, x, x′)dv. (62)

For a homogeneous graphon, each backward step contributes a factor of c. Going from output layer1096

L+ 1 back to layer l:1097
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G(L+1)(u, x, x′) = G
(L+1)
std (u, x, x′) = 1

G(L)(u, x, x′) = Σ̇(L)(u, u, x, x′)

∫ 1

0

W(L+1)(v, u)G(L+1)(v, x, x′)dv

G(L)(u, x, x′) = c Σ̇(L)(u, u, x, x′)

G(L)(u, x, x′) = c G
(L)
std (u, x, x′)

G(L−1)(u, x, x′) = Σ̇(L−1)(u, u, x, x′) c

∫ 1

0

G(L)(v, x, x′)dv

G(L−1)(u, x, x′) = c2G
(L−1)
std (u, x, x′)

By induction, we have:1098

G(l)(u, x, x′) = cL+1−l G
(l)
std(u, x, x

′). (63)

The layer-wise NTK contribution is:1099

Θl(x, x
′) =

∫ 1

0

G(l)(u, x, x′)

(∫ 1

0

Σ(l−1)(v, v, x, x′)dv

)
du. (64)

Substituting our findings:1100

Θl(x, x
′) =

∫ 1

0

cL+1−l Σ̇(l)(u, x, x′)

(∫ 1

0

cl−1 Σ
(l−1)
std (v, v′, x, x′)dv

)
du. (65)

When the activation integral dominates the constant 1 (which is typical in deep networks):1101

Θl(x, x
′) = cL+1−l cl−1 Θl,std(x, x

′) = cL Θl,std(x, x
′). (66)

Summing over all layers:1102

Θ(x, x′) =

L∑
l=1

Θl(x, x
′) = cL

L∑
l=1

Θl,std(x, x
′) = cL Θstd(x, x

′). (67)

This uniform scaling directly impacts convergence rates during training. If λk are the eigenvalues of1103

Θstd, then the eigenvalues of Θ become cLλk. Consequently, residual modes during training decay1104

as:1105

ak(t) = ak(0)e
−cLλkt. (68)

This scaling directly influences network training dynamics. If λk are the eigenvalues of Θstd, then1106

the eigenvalues of the pruned network’s NTK become cLλk. Notably, while the absolute learning1107

speed is reduced, the relative dynamics between modes remain unchanged. This offers a principled1108

explanation for the empirical observation that sparse random networks converge more slowly than1109

their dense counterparts [26].1110

More broadly, our framework extends beyond this homogeneous case, allowing for arbitrary position-1111

dependent graphons that induce heterogeneous learning dynamics. This highlights the generality and1112

flexibility of Graphon NTK in modeling structured sparsity and its effect on neural dynamics.1113
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C Experiments on graph limit of pruning at initialisation methods1114

We empirically validate the graphon hypothesis by examining whether pruning methods converge to1115

distinct, characteristic graphons as network width increases. We analyze four pruning-at-initialization1116

methods: Random pruning, SNIP [42], GraSP [63], and Synflow [60] across varying network widths1117

n ∈ {100, 500, 1000, 2000}, layers 4, 5, and sparsity levels {70%, 80%, 90%}. We conduct 1001118

independent trials per configuration and exclude masks from input and output layers. We follow1119

Synflow [60] source code to produce masks 2. All the experiments are run on a single Nvidia A101120

GPU (24GB).1121

To visualize the emergent graphons, we employ the SAS method [12] that:1122

1. Sorts nodes based on degree centrality (out-degree for layer l, in-degree for layer l+ 1). For1123

2D histogram, nodes in layer l and l + 1 are in the x-axis and y-axis, respectively.1124

2. Partitions the sorted bipartite graph into a grid of intervals. Each axis is split into K = 641125

intervals.1126

3. Computes the average edge density within each interval.1127

This degree-based sorting serves as an approximate measure-preserving transformation, revealing1128

underlying structural patterns while maintaining invariance to node permutations.1129

We visualise graph limits of subnetworks’ masks produced by PaI methods at different sparsity levels1130

in 4- and 5-layer networks in Figures 5, 6, 7, 8, and 9. In particular, Random pruning converges1131

to a constant graphon (Erdős-Rényi random graph), with uniform connection probability across all1132

node positions. SNIP and GraSP exhibit structured, non-uniform graphons with density gradients,1133

preferentially connecting high-centrality nodes. Synflow converges to a block-like graphon with1134

sharp transitions, strongly prioritising connections among high-centrality neurons. In Figure 9, a large1135

part of neurons is eliminated in hidden layers creating a subnetwork with high paths. This observation1136

is also indicated in [55, 53], in which after each iteration, Synflow prunes weights connected to1137

low-degree nodes.1138

To quantify convergence, we show the Euclidean distance between density matrices at width N and1139

reference matrices at N = 2000 as in Figure 4. Since all histograms are aligned via degree-based1140

sorting, we used the Euclidean distance between the density matrices as a proxy for the cut distance1141

d(WN ,W2000) =

√∑
i,j

(HN (i, j)−H2000(i, j))2.

where H is the histogram.1142

All methods demonstrate monotonic convergence, with distances decreasing as width increases,1143

confirming that the limiting graphon structure is an intrinsic characteristic of each pruning algorithm.1144

These results provide compelling evidence that each pruning method induces a unique (up to rela-1145

belling), stable connectivity pattern in the large-width limit, validating our graphon hypothesis and1146

establishing a foundation for analysing pruning methods through graph limit theory.1147

2https://github.com/ganguli-lab/Synaptic-Flow
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(a) Histogram convergence via Euclidean distance in 4-layer networks setting.

(b) Histogram convergence via Euclidean distance in 5-layer networks setting.

Figure 4: Histogram convergence via Euclidean distance.

(a) Graph limit of subnetworks’ mask produced by
Random pruning at different sparsity levels in 4-layer
networks.

(b) Graph limit of subnetworks’ mask produced by
SNIP pruning at different sparsity levels in 4-layer
networks.

(c) Graph limit of subnetworks’ mask produced by
GraSP pruning at different sparsity levels in 4-layer
networks.

(d) Graph limit of subnetworks’ mask produced by
Synflow pruning at different sparsity levels in 4-layer
networks.

Figure 5: Graph limit of subnetworks’ mask produced by PaI methods at different sparsity levels in
4-layer networks.
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(a) First hidden layer. (b) Second hidden layer.

Figure 6: Graph limit of subnetworks’ mask produced by Random pruning at different sparsity levels
in 5-layer networks.

(a) First hidden layer. (b) Second hidden layer.

Figure 7: Graph limit of subnetworks’ mask produced by SNIP pruning at different sparsity levels in
5-layer networks.

(a) First hidden layer. (b) Second hidden layer.

Figure 8: Graph limit of subnetworks’ mask produced by GraSP pruning at different sparsity levels
in 5-layer networks.

(a) First hidden layer. (b) Second hidden layer.

Figure 9: Graph limit of subnetworks’ mask produced by Synflow pruning at different sparsity levels
in 5-layer networks.
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D Details on numerical experiments1148

Experimental setup We evaluate the relationship between Graphon NTK spectral properties and1149

sparse networks training dynamics using three pruning methods: Random Pruning, SNIP [42], and1150

SynFlow [60] at sparsity levels from 50% to 95%. Subnetworks are pruned from 4 hidden layers1151

network with width n = 1024, then trained on MNIST. Subnetworks are then trained on MNIST with1152

Adam Optimizer with 0.001 learning rate. All experiments are run 3 times. We illustrate the training1153

loss in the first 200 update steps during training.1154

We approximate the Graphon NTK by graphon functions provided in Section 4. In particular, given1155

the sparsity, we generate the mask for a 4 hidden layers network with width n = 1024 based on1156

graphon functions. Then we compute the Graphon NTK based on a batch of 128 data samples from1157

10 classes in MNIST. Since the eigenvalues of the NTK (on the training data) quantify how much the1158

kernel emphasizes certain directions in function space, we analyze four spectral metrics based on1159

eigenvalues:1160

• Eigenvalue decay rate (α): The decay exponent α describes how fast these eigenvalues fall1161

off, and it is approximated by fitting into the pow-law curve λk ∝ k−α.1162

• Effective rank trace(Θ)/λ1: Quantifies the functional "dimensionality" of the kernel, show-1163

ing how many independent directions meaningfully contribute to learning; lower values1164

indicate stronger concentration on a few key patterns1165

• Spectral gap (λ1/λ2): The ratio between the first and second eigenvalues, revealing how1166

dominant the primary learning direction is compared to others; larger gaps indicate the1167

network will prioritize one function class extensively.1168

• Energy concentration
∑k

i=1 λi∑n
j=1 λj

: Measures what fraction of the kernel’s total power resides in1169

the top eigenvalues; higher concentration means the kernel heavily emphasizes a few key1170

patterns. We use k = 5 in our experiments.1171

Figure 10: The training loss in the first 200 gradient update steps of training sparse networks produced
by Random, SNIP, and Synflow with different sparsity levels compared with dense networks.

The training curves in Figure 10 reveal distinctive learning dynamics across pruning methods that1172

can be elegantly explained through the Graphon NTK framework. For all methods, increased1173

sparsity generally slows convergence, with dense networks typically converging fastest, but the1174

magnitude of this effect varies significantly between approaches. Random pruning exhibits the1175

strongest degradation with increased sparsity, showing a clear separation between different sparsity1176

levels. Meanwhile, SNIP and Synflow maintain better convergence than random pruning at equivalent1177

sparsity levels. These differences emerge from how each pruning method shapes the graphon structure1178

( W(l) functions) in the kernel formula.1179
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E Limitations and future research directions1180

The Graphon Neural Tangent Kernel framework offers valuable insights into network pruning1181

dynamics, but several limitations and promising research directions deserve attention.1182

Limitations The infinite-width assumption underlying Graphon NTK theory creates a gap between1183

theoretical predictions and finite networks used in practice. Real-world neural networks have limited1184

width, and the approximation error becomes more significant at extreme sparsity levels. In our1185

analysis, due to the computational resource constraint, we only approximate the Graphon NTK with1186

maximum width n = 1024. Besides, we currently use the approximated graphons of SNIP and1187

Synflow pruning to do the analysis since finding the exact graphon functions for these methods is1188

non-trivial and deserves a separated work.1189

While our analysis empirically demonstrates a correlation between graphon structure and convergence1190

properties, the causal mechanisms deserve deeper investigation. Different pruning methods may1191

affect various network properties simultaneously, making it difficult to isolate the specific contribution1192

of graphon structure to observed training dynamics.1193

Future research directions Several promising research directions could address these limitations1194

and extend the graphon NTK framework:1195

The framework could be extended to heterogeneous architectures by developing specialized graphon1196

formulations for different architectures, e.g., transformers, convolution networks, and graph neural1197

networks. This would significantly broaden its applicability across modern deep learning.1198

Graphon-guided pruning algorithms could be developed that explicitly preserve favourable kernel1199

properties rather than relying on heuristics. This would involve identifying specific graphon structures1200

that maintain optimal gradient flow and then designing pruning methods that target these structures.1201

Such algorithms could adaptively adjust connectivity patterns based on theoretical spectral properties1202

of the resulting Graphon NTK.1203

Continuous graphon optimization presents a paradigm shift from discrete mask-based approaches.1204

Instead of pruning connections in a binary fashion, research could develop differentiable parame-1205

terization of graphons that enable direct optimization in a continuous space. This would transform1206

pruning from a discrete selection problem to a continuous optimization problem, potentially yielding1207

more principled sparse networks.1208

Graphon-informed sparse training methodologies could leverage the theoretical insights to design1209

sparse training algorithms. By monitoring kernel properties as training progresses, these approaches1210

could adaptively grow or prune connections, or adjust learning schedules, or even parameters to1211

maintain optimal learning dynamics throughout the training process.1212
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