Supplementary Materials for ‘“Directed Cyclic Graph for Causal
Discovery from Multivariate Functional Data"'

A Proof of theorem 2.1]

Proof. For some basis {¢, k}f:]i that spans the low dimensional causal embedded space D;, «; in li
of the main manuscript can be further expanded by

K;
a;(ti) =Y audin(tiu)
k=1

Using the above , @) can then be expressed as,
K
Xju =Y agudin(tin) + Bi(tu) + €ju, Vi € [pliu € [my] e
k=1
More compactly, the above @) can be rewritten as,
X=®@t)a+8(t)+e 2)

where X = (XT,...,XJ)T& = (d]—7...,d;—)—r76(t) = (,Bl(tl)T,...7ﬁp(tp)T)T7e =
(6;7...,6;)T and @(t) = d1ag(<I>1(t1),ﬁI>p(tp)) with Xj = (le,...,ijj)T,dj =
(@j1y- - Gyr,) s Bity) = (Bi(tjn), -, Biltjm;)) T ey = (eji, .-+ €jm,) " and

AR A
i1( 52 @j2(tj2 e K (Fj2
®;(t;) = : : . "
(bjl(tj'mj) ¢j2(tjmj) s ¢jK,~ (tjmj)
The structural equation model is then defined on ¢ as,
a=Ba+e€
= & = €, [by Assumption[3] )

where Q = (I — B)~1.

Referring to Assumption [5|of section [2.3|in the main manuscript, we write 3(t) = C(t)~ where
My,

Vik ™~ 21 W;kmN(M}kmvTJ/‘km) with
o

Ci (tl) 0 0
0 022 (tg) 0
C = .
0 0 e Cpp(tp)
Using this representation for 8(¢) and (3), (2) boils down to,
X = ®(t)QE+ Ct)y +e @)

From here on let us define N = Z§:1 m; and K = Z§:1 K. We define two class variables &
and 7 such that ;5|5 = m ~ N(ljkm, Tiem) and P(§;x = m) = Tjgm and v,i|nx = m ~
N (Wjgms Tigm) and P(n;, = m) = .. Conditioning on these class variables £ and 7,

X[¢,n~N(px,Ex) (5)
where,
px = @(t)Que + C(t)py
Tx = @) ®(t) +CH)T,Ct)" + 32



24
25
26
27
28

29
30
31
32
33

34
35
36

37
38

39
40
41

42
43

44

45
46

47
48
49

50

51

52

53
54

with pre = (g, )" and py = (py ..., pyy )7 are the collection of means and Tg =
diag(Tg,, ..., Te,) and T;, = diag(T%, ,. .., T¢,) are diagonal matrices with variances as diagonal
entries corresponding to the class variable £ and n. Here, e, = (pg,,,-- -, He; )T, My =
(Haggas -+ s Mg, )T, T, = diag(T,, .. . Teyi,) and Ty = diag(Tyy - -, Ty, - - ) With g, =
Hikm if fjk = m and TE_;’)« = Tjkm if é‘jk = m and ,unjk = M;’km if Njk = M and Tnj,c = T]/’km if
njk = m. EVN =diag(o1,...,01, ..., 0p, ..., 0p).

Our causal identifiability proof necessarily involves two steps - First, we shall prove that the
hypergraph like structure which is formed under the assumption of existence of disjoint cycles
(Refer Assumption [2| of the main manuscript) is identifiable. Second, the disjoint cycles inside every

hypernode are identifiable. Please refer to Figure[I]in the main paper for an artistic exposition of the
proof structure.

Step 1. Now we shall prove the identifiability of our model under the assumption that the SEM
involving & has an underlying graph in which the cycles are disjoint (Assumption [2). Under this
assumption, we will have cycles of variable length which are connected by directed edges such that
no two cycles in the graph have two nodes that are common to both. This induces a hypergraph like
structure with each disjoint cycle forming a simple directed cycle in V.

Let us mathematically formalize what we have discussed in the above paragraph. Suppose, € =
{C1,...,Cy} where each C; is a simple directed cycle. Clearly, V = U} ;C; as C;s form a partition
in V. Without loss of generality, let us assume that {¢1, . .., &, } be arranged in such a way that the
first 71 elements form the simple cycle Cy, the next ro elements form another simple cycle C and
so on such that 1 r; = p withrg = 0and C; = {&,_, 41, ..., &, }. We denote the hypergraph
formed by € by G.

Let G and G’ be two graphs where G’ # G. We can assume a topological ordering in G in a sense
that if C; — C,. then ¢ < r. Therefore, the B induced by the graph G is necessarily a lower block
triangular matrix with block 0 as the diagonal entries. We cannot say any such thing about the matrix
B’ induced by the graph G’ except that having block 0 matrices as it’s diagonal elements.

Let IP and P’ be the joint probability distribution of X associated with the two graphs G and G’
respectively. Let S = (G,P) and 8’ = (G’,P’). We shall prove by contradiction that S and S’ are
not equivalent.

Suppose, P(X) = P/(X). Then due to the identifiability of finite Gaussian mixture models up to
label permutation [Teicher, |1963| |Yakowitz and Spragins, |1968]], we must have, for any &, 7,

LT @) + CHOT,Ct)" + X = 2H)QTQT®(t)" + CH)T,C(t)" +X' (6)

For some choice of € # £ and 7 = 1), we can write from (@),
()T — Te)Q @) = (1) (T — Té)ﬂ/T<I>(t)T
= QT - T;)Q = Q' (T — TH)Q'", (using Assumption@ 7

Notice that €2 being an invertible matrix, every row of every block diagonal matrices must have at
least a non zero element. 2k denotes the last row for €2 and [; be the extreme position for which

Qi # 0. Pick € above such that £ = & except for that [;th element such that (T¢ — T, #
0. Hence the matrix (T¢ — T) is of rank 1 and from (7) it implies that 3 s; € [K] such that
(T - Té)sml # 0. Therefore clearly,

0 7& QK(T€ - TE)QTI;, = Q/I((TE/ - Té)Q/KT, = Q/I%,sl (TE/ - Té)51781 (8)

Now as (T} — Té)mm # 0, we have from , Q¢ ., # 0. Similarly, if we now focus on the
(K — 1)th row of €, there can be two cases,

Case 1: The last position for which Qx_; . # 0 coincides with /;. Then for this, we shall proceed

with the same choice of £ as above and with the same argument from above we can show that
QIK 1,s # 0
— 4,91
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Case 2: If the position of the last non zero element in the (K — 1)th row of Q is some I5(# 11),
we pick & such that & = £ except for that [5th element such that (T — Té) I»,1s 7 0. Hence the
matrix (T — Tf) is of rank 1 and from H it implies that 3 s5 € [K] such that (T{ — Té)S%S2 # 0.
Therefore clearly,

0# QK—l,A(Ts - Tg)ﬂﬂ—l,. = Q}(—l,.(Té - Té)ﬂg—lr = 9}2{—1,32 (Té - Té)52752 )

Similarly as before since (Té - Tgi)swz # 0, we have from (@), Q'K_Ls2 # 0. Define K¢, =

Z;i:ri,l 41 K. Clearly, 37, Z;fi:”il 41 K = K. Therefore, proceeding similarly from above

we can show that Q/I(_K|Cu\+175K|Cu‘ #0

Now since (2 is a lower block triangular matrix, we have Vr < K — K¢ |, Qr,(K—K\cu\H):K =0.
Therefore, if we pick some é which does not match £ at the [;th position, [; > K — K¢, |,j € [K|c,|]
such that (Tg — Tf)y;,1, # O then there will exist some s; € [K] such that (T — Té)s_,»,s_,» #0,5 €
[K\c,|]- Therefore we have,

0=, (T — T = @ (T¢ ~ THQ, = 7, (Tg — Tp) (10)

85,85

From 1) as (T — Té)sjys]. #0,wehave, @ . =0,Yr <K - Kp,,j € [Kc,]

Proceeding similarly from above, if we repeat the above set of arguments for all the rows of €2
matrix, we can observe that €2’ is just a block column permutation of a lower block triangular matrix.
Therefore there exists a block lower triangular matrix A and a block permutation matrix P such that,

Q = AP
= (I-B)'=AP
= (I-B)=P"A! (11)

Now, the RHS of (TT]) is just a row permuted block lower triangular matrix. Therefore, the permutation
matrix P has to be the identity matrix; otherwise PT A~ must have zeros in its diagonal but I — B’
has unit diagonal because B’ has zero diagonal (no self-loop). Hence we arrive at a contradiction
and conclude from here that S and S’ are not equivalent, i.e. P(X) # P'(X).

Step 2. We now try to prove that each simple directed cycle is identifiable.

If H and H' are the sub-matrices induced by some C; € €, j € [u] in G and G respectively then it
is sufficient to show that for any permutation matrix P, P(I — H)=1—-H' = P =1.

Now since H is a matrix for a simple cycle, it can be written as H = QD where @ is a permutation
matrix and D is block diagonal matrix. Now,

PI-H)=I-H
= PI-QD)=T1-H
= P-PQD=1-H (12)

The RHS of has all 1’s in it’s diagonal. Therefore the diagonal elements of P and PQ i.e.
(P);,; and (PQ); ; cannot be simultaneously 0.

Case 1: (P);; # 1 for some i.

Py

0 ?) where P; is the matrix that has O in it’s diagonal.

Without loss of generality let, P = (

Clearly, P, =(I 0)P (é) Now from lb



84
85

86

87
88
89
90

91

92

93

94

95
96
97
98
99

100
101
102
103
104

105
106
107
108
109
110
111

(I 0)(P—PQD) (g) = 0)(I-H) (3)

—~ P (P, O)Q(Dol):I—(I 0)H’(£>
= P1 — PlQl]_D]_ =1— Hil (13)

Notice that, the diagonals of RHS of are equal to 1, Q@11 is not necessarily a permutation
matrix but it has at most one 1 in every column and P; is a permutation matrix. Following from
the same argument as before, we can therefore say that the diagonals of P; and P; Q17 cannot be
simultaneously 0. Now from our assumption since (Py);; = 0,V ¢ we have,

(P1Q11)ii =1,V
Now since P; is a permutation matrix and 11 has at most one 1 in every column, we have

P1Q11 = I and D; = —1I Therefore, from above we obtain,
I+P =1-Hjy,
= P, =-Hy, (14)

Let any eigenvalue of matrix A be donoted by A(A). Therefore from (14), we can obtain,
A(P1) = M—Hjy)
= A(Py) = —=A(Hjq), (.- =\ is an eigenvalue for Hq1)
= [\(P1)| = |\(H71;)|, (taking modulus on both sides)

Now since P; is a permutation matrix, all of it’s eigenvalues lie on a unit circle, i.e. |A\(Py)| = 1.
But according to Assumption [3|of the main manuscript, the moduli of the eigenvalues of H’ and
hence H1; are less than 1 and none of the real eigenvalues are equal to 1. Therefore, we arrive at a
contradiction.

Case2: (P);; =0Vi
Therefore, (PQ);,; = 1 Vi and D = —1I. Therefore from (12), we obtain,
P+I=1-H
Proceeding similarly from the case 1 argument, we arrrive at a contradiction.
P=1

B Posterior inference

B.1 Selecting the effective number of basis functions for the causal embedded space

While it is possible to use a prior to learn the number of basis functions jointly with other parameters
through reversible jump MCMC or to use shrinkage priors to adaptively truncate and eliminate
redundant functions, these approaches can lead to significant computational burden and potential
Markov chain mixing issues. Therefore, this article employs a simple heuristic approach, as described
in|Kowal et al.| 2017, |Zhou et al.| 2022 First, the functional observations are imputed and arranged

into a (n X p) x d matrix, where d = | U, ; 7;.(2)| represents the size of the union of the measurement
grid over all realized random functions. Then, singular value decomposition is performed, and the
minimum value of K is selected such that its proportion of variance explained is at least 90%. This
value is fixed throughout MCMC. It should be noted that while K remains fixed, the basis functions
are adaptively inferred.

We have noted that the value of K derived from the aforementioned heuristic method falls
within a range of +2 in comparison to the value obtained by fixing a grid encompassing values
{1,2,3,4,5,6,7} for K and subsequently selecting the K associated with the lowest WAIC [Watan+
abe,, [2013||. The graph recovery performance, as assessed by Matthew’s correlation coefficient (MCC)
using this method, closely aligns with that of the previous approach. Consequently, we adopted
the aforementioned heuristic technique to determine the optimal number of basis functions that
collectively span the causal embedded space.
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B.2 Posterior distributions

While the closed form expression for the posterior distribution cannot be obtained, we resort to MCMC
techniques for sampling. We use superscript (-) to denote observations throughout the text. Let

XM .., X pe n realizations of the multivariate random functions X . For the mixture of Gaus-
sian distribution we assume M, = M for simplicity. In order to obtain updates for the parameters of
the mixture distribution, we define a class variable £(*) = (5“ T ,ﬁx(,i)T, 1Z ,...75( )T

with éy) (5]1,...,§§21)T and éj(z) = (ﬁj(K 1 f ) where f(z = m if egk) be-
longs to the mixture component m. Let M) = (ugm—, .. .,uz(,)-r,ﬂgz)—r, .. .,/1( )T) and
TO = diag(r\”, ..., 77,7 ... #{") be the mean and covariance matrix of e where
'u;i) - (“Sll)’ e vlé?{ )7 ﬂg) = (H;% TR ,,ugg) , 4(1') = (7‘;?,...,7’;2) and 7-( 9 -
(T;f;(ﬁl,..., )T with 1) = M e 1(€5) = )and ) = M Tkm (€ = m).

Define 7, = (Tjk1,- -, Tjkm) V5 € [pl,k € [S]. Let €D = & — B&®™ be the vector of
exogenous variables for the i observation.

Posterior distribution of the parameters of the mixture distribution. For each j € [p], k €
[S], update the mixture weights 7r;;, by drawing from a Dirichlet distribution with concentration
parameters {3, }me[ar) Where,

B = a+ > 1(E) =m) (15)

i=1

Now, given the 7r;;;’s, for each i € [n],j € [p],k € [S], update the class variables 5](2 from a

categorical distribution with class probability {wr(,i)}me M Where, 7'('7(7? x ij7,LN(€§i]3; Wikms Tikm)

with "M 7 = 1.

M
7T7(711) X 7Tjk;mN( §]37/~j/jkm77—]klm Z Tom @ = =1 (16)
m=1

Next, for each j € [p], k € [S],m € [M] we update the mean parameter (¢, by sampling from a
N(Pjkm: @, ) distribution with,

Qjkm = (1/@ +3 1l = m>>

i=1 17
DPjkm = q]km (au + Z f(k = m)e§,€)>
i=1
The variance parameter 7, by sampling from a IG(p;y,,» ¢j.,,,) Where,
P = ar +1/2 310 = m)
- (18)
e = br +1/2 Z 1(5;2 =m)(& & — fjkm)?
i=1

Posterior distribution of the orthonormal basis coefficients: For each i € [n], define L(") =
(- B)"TO (1 - B). DY = diag(D}. ... DY) with DY) = (¥, 0 $0)6(1) /o)
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and D;) =
(pa Qo (@)= 1) where,

QY = (DY + L)

P = QY (DY) 4 (1~ BYTO- M)

Posterior distribution of the noise variances:
IG (ps, ¢-) Where,

n
Dy = Gy + 1/2ZT]@

=b, +1/2Z 3 (X“ al) ¢(t))2

= 1t€7—j()

)T )T . i
@)’ d8T)T with df) = (zteTj@)

X%)qb(t)/aj). Now we sample &) from

(19)

For each j € [p], update o; by sampling from

(20)

Posterior distribution of the edge formation probability: Update the edge probability r by

drawing from a Beta(p,, ¢,-) distribution where,

pr=ar+Y Ej

i#t

g =b-+ Y (1-Ej)

i

Posterior distribution of the causal effect size:

2n

Update y by drawing from a IG(p,, ¢,) where,

Dy = Gy +K2/22Ejg
J#l

v =by+1/2) E

J#L

Posterior distribution of the coefficients of the bspline coefficients:
ZE;I% olyh) én(t). For each k € [S], we draw AV from Ng(py., Qx)

mxewyﬂ>k_xﬁ

where,

P (Z)

>y

=1 j=1

Q=

n P al
P = Qs ZZ >
=1j=1,e70 7

Now, denote P, = JA_,, where J = Ik I;(w
strained sample to AY = AV —

Posterior distribution of the regularization parameter.

QiP.(P) QyP,) ' P, AV and A;, = AY x

(22)
e trace( ngﬂ)

Define for each ¢ € [n],j €

(23)

)b" (w) dw. Finally, transform and normalize the uncon-

(AT TAY) 2.

Independently for each k € [S], con-

ditional on all other parameters, denote ¢;, = 1/2 Zf:?) A2 and p = R/2. We then draw each )\
from a Gamma(p, ¢;,) distribution truncated at (Ly, Uy,).



151 Posterior distribution of the adjacency and causal effect matrices. Recursively for each
152 Eje,j,¢ € [p], we perform a birth/death move such that E' = E except £}, = 1 — Ej;. The

153 joint posterior of (B¢, E;¢) does not have closed form expression and therefore we perform a
154 Metropolis Hastings (MH) step for joint acceptance or rejection of (B, Ej¢). First we draw a B;- ‘

155 from a proposal distribution N (B}, zIx, Ix). We check whether B'(= B except for j, ¢ block
156 entry) satisfies the eigenvalue condition given in Assumption 2] of the main manuscript. If yes then
157 we proceed to the next step and if not, we draw another B’ from the proposal ditribution. Here z is
158 a tuning parameter for the MH step. Next we calculate the acceptance ratio(a) = ay — ap where,

ay = Ej,log (rMVN(Bé-Z; ng,'yIK,IK))—i—(l—E;-e) log ((1 = r)MV N(Bj; Bje, sy, Ix)) +
Z log ( (I —B)" MY (1- B TO-1(I - B’))) (24)
159
ap = Bjelog (rMVN(Bje; By, 71k, Ix))+(1-Eje) log (1 — 7) MV N(Bje; Bjy, 571, Ir)) +
Zlog( N(@&D; (1 - B)~ 1M“),(I—B)TT“H(I—B))) (25)

160 Then we accept or reject the proposed (B ) ) based on whether the value of a uniform random

161 variable is less than or greater than min{1, o }. The value of z is tuned to achieve an acceptance rate
162 between 20% to 40%.

163 B.3 Markov Chain Monte Carlo algorithm

164 In this section we delineate the steps of Markov Chain Monte Carlo algorithm for drawing samples
165 from the posterior distributions.

Algorithm 1 MCMC algorithm to obtain posterior samples
1: for b < 1to B do

2: fori <+ 1tondo ) }

3: Draw &0 ~ N, (p%, (Q%)~1); > Update the basis coefficients by
4: end for

5: end for

6: for j < 1topdo

7: Draw a[ ) from IG (Pos G0 ); > Update the noise variances by

8: end for

9: Draw 7’ from Beta(p;, g, ); > Update the edge formation probability by 1i
10: Draw v! from IG(p, ¢, ); > Update the causal effect size by (22
11: for k < 1to .S do
12: Draw A ~ Ngr(pk, Qk); > Update the un-normalized bspline coefficients by

13: Calculate Pik = in_k; ~
14: Calculate AY = AV — Q. Py (P, Q. P,) ' P, AY;
15: Normalize Ag}] = AN x ([AN]TTJAN)~1/2

16: end for

17: for k < 1to S do

0 (A’
18: Draw A;" ~ Gamma %, | > Update the regularization parameter

19: end for
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20: for j < 1topdo
21: for k + 1to K do

22: Draw wj[l;v] ~ Dir(B1,...,8um) > Update the mixing weights by
23: fori + 1 t(()l_)n[lf]lo .0]

24: Draw ;" ~ Cat({mm’ " }nenn); > Update the class labels by
25: end for

26: end for

27: end for

28: for j <+ 1topdo
29: for k < 1to K do

30: for m < 1 to M do

31 Draw u%m ~ N(pjrm, qj_klm); > Update the mean parameter by |i
32: Draw T][l;]m ~IG(P s Gjgem )3 > Update the variance parameter by 1i
33: end for

34: end for

35: end for

36: for j < 1topdo
37: for / +— 1topdo

38: Update (E;;, B;¢) by MH step using and
39: end for
40: end for

C Some additional simulations

C.1 Misspecification analysis of the proposed model
C.1.1 With general exogenous variable distributions

In this section we consider simulating the exogenous variable from distributions other than that of
laplace distribution and compare the performance of our algorithm. In particular, following Shimizu
et al.L|2011, we generate the exogenous variable €;;, from (1) Student t distribution with 1 degrees
of freedom, (2) Uniform (3) Exponential, (4) Mixture of two double exponentials, (5) Symmetric
mixture of four Gaussians, and (6) Non symmetric mixture of two Gaussians. Across all exogenous
variable distributions, Table [T] shows that the proposed FENCE model had the best performance.

Table 1: Table showing comparison of several methods for different distributions of exogenous
variables €3 under 50 replicates

Distributions | FENCE fLING fPCA-LINGAM fPCA-PC fPCA-CCD
TPR FDR MCC TPR FDR MCcC TPR FDR MCC TPR FDR MCC TPR FDR MCC
m 081(0.08) 0.24(0.07) 0.76(0.05) | 0.71(0.09) 0.69(0.05) 0.36(0.04) | 085(0.02) 0.84(0.04) 0.28(0.08) | 0.81(0.05) 0.71(0.06) 0.26(0.07) | 091(0.02) 0.62(0.04) 0.38(0.02)
@ 0750.04) 021(0.03) 0.86(0.04) | 0.73(0.04) 0.68(0.04) 0.33(0.07) | 0.82(0.06) 0.76(0.04) 0.26(0.02) | 0.83(0.06) 0.67(0.04) 030(0.05) | 0.87(0.02) 0.69(0.05) 0.35(0.04)
3) 0770004)  0.23(0.05) 0.83(0.04) | 0.74(0.04) 0.63(0.03) 0.32(0.04) | 0.86(0.04) 0.81(0.03) 0.24(0.03) | 0.81(0.03) 0.76(0.03) 031(0.03) | 0.89(0.02) 0.73(0.05) 0.41(0.03)
@ 088(0.07)  0.14(0.06) 0.89(0.05) | 0.67(0.07) 0.75(0.06) 0.29(0.05) | 0.81(0.02) 0.79(0.05) 0.22(0.09) | 0.82(0.08) 0.75(0.04) 027(0.05) | 0.83(0.03) 0.58(0.03) 0.43(0.03)
s 081(0.07) 021(0.06) 0.87(0.05) | 0.69(0.06) 0.71(0.05) 0.25(0.04) | 0.84(0.03) 0.76(0.02) 0.25(0.06) | 0.80(0.07) 0.73(0.05) 0.29(0.03) | 0.86(0.04) 0.67(0.05) 0.36(0.02)
(©6) 0.79(0.06) 0.24(0.05) 0.81(0.04) | 0.70(0.04) 0.71(0.06) 0.28(0.05) | 0.82(0.04) 0.73(0.05) 0.31(0.03) | 0.83(0.07) 0.71(0.05) 0250.03) | 0.78(0.02) 0.68(0.04) 0.39(0.03)

C.1.2 With functions observed on unevenly spaced grids

In this experiment, we generated simulated data with (n, p) values of either (500, 20), (500, 50),
(800, 20), or (800, 50). Unlike the method used in Section 4| of the main manuscript, we initially
selected 250 points at random from the uniform distribution between 0 and 1 and defined this set as

D. For each realization ¢ of function j, we randomly selected a subset Dj@ of size my) = 20 from
D to measure the function. We generated the causal graph, direct causal effect matrix, orthonormal
basis functions, basis coefficient sequences, and observations in the same way as Section of the
main manuscript. We conducted this scenario 50 times and compared the results with those from
fLiNG, fPCA-LiNGAM, fPCA-PC and fPCA-CCD. The results presented in Table [2{demonstrate
that FENCE is effective and superior to these other methods in learning directed cyclic graphs for
general multivariate functional data.
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Table 2: Comaprison of various methods under unevenly specified grids under 50 replicates

» ‘ FENCE fLING fPCA-LINGAM fPCA-PC fPCA-CCD
‘ TPR FDR McCC TPR FDR McCC TPR FDR McC TPR FDR McCC TPR FDR McCC

500 20 | 0.86(0.03) 0.19(0.05) 0.89(0.05) | 0.46(0.09) 0.73(0.05) 0.32(0.03) | 0.25(0.02) 0.82(0.04) 0.17(0.04) | 0.21(0.04) 0.83(0.09) 0.19(0.07) | 0.56(0.02) 0.62(0.05) 0.32(0.06)
500 50 | 0.79(0.04) 0.240.06) 0.84(0.04) | 0.37(0.04) 0.79(0.06) 0.29(0.05) | 0.23(0.04) 0.87(0.03) 0.15(0.02) | 0.1700.06) 0.85(0.04) 0.17(0.05) | 0.51(0.05) 0.67(0.03) 0.27(0.01)

800 20 | 0.91(0.04) 0.16(0.03) 0.91(0.04) | 0.61(0.07) 0.790.06) 0.41(0.04) | 0.33(0.03) 0.79(0.05) 0.250.02) | 0.35(0.03) 0.81(0.02) 0.31(0.03) | 0.78(0.02) 0.56(0.01) 0.39(0.03)
800 50 | 0.88(0.07) 0.2000.04) 0.88(0.05) | 0.55(0.03) 0.81(0.02) 038(0.05) | 0.27(0.02) 0.86(0.05) 0.22(0.09) | 0.31(0.06) 0.82(0.04) 0.29(0.05) | 0.73(0.03) 0.64(0.04) 0.36(0.05)

C.1.3 When the true graph is acyclic

In this section we compared our method with the fLiNG method under the assumption that the true
graph is acyclic. The entire simulation setting remains same as that of described in Section ] of the
main manuscript except that the true graph was generated under acyclicity constraint. It is observed
from Table [3] that under this assumption, fLiNG has superior performance against the proposed
FENCE model.

Table 3: Comparison of two methods when the true graph is acyclic under 50 replicates

FENCE | fLING

TPR FDR MCC TPR FDR MCC
150 30 125 | 0.81(0.03) 0.29(0.05) 0.85(0.05) | 0.83(0.05) 0.21(0.05) 0.91(0.04)
150 60 125 | 0.79(0.04) 0.32(0.06) 0.81(0.02) | 0.82(0.03) 0.24(0.06) 0.87(0.05)
150 30 250 | 0.67(0.05) 0.34(0.06) 0.79(0.04) | 0.81(0.04) 0.23(0.06) 0.82(0.05)
150 60 250 | 0.64(0.04) 0.36(0.03) 0.74(0.04) | 0.78(0.05) 0.26(0.06) 0.79(0.05)

300 30 125 | 0.85(0.03) 0.23(0.05) 0.87(0.04) | 0.79(0.05) 0.19(0.06)  0.93(0.04)
300 60 125 | 0.81(0.04) 0.26(0.05) 0.81(0.08) | 0.85(0.02) 0.21(0.05) 0.87(0.04)
300 30 250 | 0.77(0.02) 0.31(0.06) 0.81(0.05) | 0.78(0.03) 0.23(0.06) 0.85(0.05)
300 60 250 | 0.75(0.03) 0.35(0.04) 0.79(0.05) | 0.82(0.03) 0.24(0.05) 0.80(0.05)

n p d |

C.1.4 When the true structural equation model is non-linear

In this section, we have outlined the misspecification analysis for our model by generating data
corresponding to a non-linear structural equation model (SEM). We have considered a scenario with
number of samples(n) = 100, number of nodes(p) = 6 and evenly spaced time grid(d) over (0, 1)
of size d = 100. The summary measures corresponding to 10 replicates are given in Table [] below.
The poor performance is clearly expected because our modeling assumptions involve linear SEM.

Table 4: Performance of FENCE when the true SEM is non-linear

FENCE
TPR FDR MCC
0.27(0.08) | 0.71(0.07) | 0.34(0.07)

C.2 Sensitivity analysis

In this section, we outline how sensitive the performance of our model is against different choices of
hyperparameters. The hyperparameters for our model are (@, b5), (ar,b;), (65, bs), s, R, S, M and
B. The data were generated the same way as in Section [4|of the main manuscript with (n, p,d) =
(150, 20, 125). From Table |5| we can conclude that the performance of our model is quite robust
under different choice of hyperparameters.

D Comparison of various methods

In this section, as discussed in Section 4] of the main manuscript, we give the full summary of the
simulation results related to the comparison of our method, FENCE, against fLiNG, fPCA-LiNGAM,
fPCA-PC and fPCA-CCD in Table[6l Our conclusions remain the same.
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Table 5: Sensitivity analysis for different choices of hyperparameters. The metrics reported are based
on 50 repetitions are reported; standard deviations are given within the parentheses.

Hyperparameters | (ar,b-) = (0.1,0.1) | (as,bs) =(0.1,0.1) | (ay,by) =(0.1,0.1) | s=0.01 R =30 S=15 M =15 B=0.1
TPR 0.79(0.02) 0.80(0.02) 0.78(0.03) 0.75(0.03) | 0.79(0.02) | 0.80(0.01) | 0.81(0.02) | 0.82(0.02)
FDR 0.16(0.03) 0.18(0.03) 0.18(0.05) 0.20(0.04) | 0.23(0.02) | 0.19(0.03) | 0.15(0.03) | 0.21(0.02)
MCC 0.76(0.04) 0.81(0.04) 0.83(0.04) 0.82(0.03) | 0.81(0.01) | 0.84(0.04) | 0.83(0.01) | 0.84(0.03)

Hyperparameters | (ar,b;) = (0.1,1) | (as,b,) = (0.01,0.01) | (ay,by) =(0.1,1) s =0.03 R=20 S=10 M =20 B=2
TPR 0.80(0.02) 0.79(0.03) 0.76(0.02) 0.75(0.03) | 0.78(0.03) | 0.79(0.02) | 0.82(0.04) | 0.81(0.03)
FDR 0.17(0.03) 0.18(0.04) 0.15(0.03) 0.19(0.04) | 0.22(0.03) | 0.21(0.03) | 0.15(0.03) | 0.23(0.03)
MCC 0.77(0.02) 0.80(0.02) 0.82(0.02) 0.82(0.03) | 0.80(0.02) | 0.83(0.03) | 0.83(0.03) | 0.85(0.05)

Hyperparameters (ar,b:) = (5,1) (ag,bs) = (0.1,1) (ay,by) = (5,1) s =0.05 R=25 S =20 M =30 B=5
TPR 0.76(0.04) 0.82(0.05) 0.79(0.03) 0.76(0.04) | 0.78(0.03) | 0.80(0.03) | 0.81(0.02) | 0.79(0.04)
FDR 0.17(0.05) 0.19(0.04) 0.19(0.02) 0.20(0.03) | 0.23(0.03) | 0.22(0.04) | 0.16(0.03) | 0.21(0.03)
MCC 0.78(0.02 ) 0.83(0.03) 0.83(0.05) 0.81(0.03) | 0.81(0.01) | 0.84(0.01) | 0.82(0.02) | 0.83(0.03)

Table 6: Comparison of performance of various methods under 50 replicates. Since LINGAM is not
applicable to cases where ¢ > n with ¢ = K'p being the total number of extracted basis coefficients

"non

across all functions, the results from those cases are not available and indicated by "-".

" op d | FENCE LING fPCA-LINGAM fPCA-PC fPCA-CCD
TPR FDR MCC TPR FDR MCC TPR FDR MCC TPR FDR MCC TPR FDR MCC
75 20 125 | 0850.09) 0.19(0.07) 0.88(0.05) | 0.41(0.09) 0.79005) 0.36(0.04) | 0.35(0.19) 0.84(0.04) 0.110.08) | 0.20(0.09) 0.83(0.06) 0.10(0.07) | 0.69(0.03) 0AI(0.04) 0.23(0.03)
75 40 125 | 0.79(0.08) 0.23(0.06) 0.86(0.04) | 0.37(0.08) 0.82(0.06) 0.33(0.05) - - - 0.1100.06) 0.91(0.04) 0.05(0.05) | 0.73(0.02) 0.47(0.04) 0.21(0.05)
7560 125 | 0.750.07) 027(0.05) 0.83(0.04) | 0.340.07) 0.83(0.06) 0.32(0.04) - - - 0.11(0.03)  0.91(0.03) 0.06(0.03) | 0.68(0.03) 0.61(0.05) 0.19(0.03)
150 20 125 | 0.88(0.07) 0.14(0.06) 0.89(0.05) | 0.450.07) 0.750.06) 0.39(0.05) | 0.28(0.22) 0.86(0.05) 0.08(0.09) | 0.31(0.08) 0.75(0.04) 0.12(0.05) | 0.71(0.03) 0.42(0.03) 0.25(0.04)
150 40 125 | 0.81(0.07) 0.21(0.06) 0.87(0.05) | 0.39(0.06) 0.79(0.05) 0.37(0.04) | 0.35(0.22) 0.91(0.02) 0.08(0.06) | 0.250.07) 0.81(0.05) 0.06(0.03) | 0.73(0.04) 0.47(0.05) 0.23(0.03)
150 60 125 | 0.79(0.06) 0.24(0.05) 0.86(0.04) | 0.36(0.04) 0.80(0.06) 0.36(0.05) - - - 0.23(0.07)  0.83(0.05) 0.05(0.03) | 0.72(0.05) 0.540.04) 0.22(0.02)
300 20 125 | 0.91(0.03) 0.09(0.04) 0.900.04) [ 0.51(0.04) 0.73(0.06) 0.41(0.04) | 0.30(0.19) 0.84(0.05) 0.11(0.09) | 0.36(0.09) 0.72(0.05) 0.14(0.05) | 0.81(0.03) 0.39(0.04) 0.26(0.03)
300 40 125 | 0.87(0.04) 0.15(0.05) 0.87(0.05) | 0.47(0.05) 0.75(0.06) 0.38(0.05) | 0.27(0.20) 0.91(0.02) 0.08(0.06) | 0.29(0.06) 0.76(0.06) 0.07(0.03) | 0.77(0.03) 0.45(0.02) 0.24(0.03)
300 60 125 | 0.85(0.05) 0.17(0.03) 0.86(0.03) | 0.45(0.05) 0.76(0.04) 0.38(0.03) | 0.280.17) 0.91(0.05) 0.07(0.06) | 0.280.04) 0.77(0.05) 0.05(0.03) | 0.72(0.03) 0.49(0.02) 0.22(0.03)
75 20 250 | 0.81(0.04) 0.23(0.02) 0.85(0.05) | 0.39(0.07) 0.80(0.05) 0.39(0.04) | 0.32(0.14) 0.82(0.03) 0.09(0.04) | 0.190.07) 0.81(0.04) 0.13(0.07) | 0.67(0.03) 0.46(0.03) 0.22(0.04)
7540 250 | 0.73(0.04) 0.28(0.05) 0.82(0.04) | 0.350.04) 0.85(0.06) 0.33(0.05) - - - 025(0.06) 0.83(0.04) 0.12(0.04) | 0.68(0.02) 0.51(0.04) 0.21(0.03)
75 60 250 | 0.670.03) 0.34(0.05) 0.790.04) | 0.34(0.04) 0.85(0.03) 0.31(0.04) - - - 0.1700.03)  0.83(0.02) 0.09(0.03) | 0.63(0.04) 0.56(0.04) 0.19(0.04)
150 20 250 | 0.83(0.06) 0.17(0.05) 0.86(0.05) | 0.46(0.07) 0.73(0.07) 0.42(0.05) | 0.32(0.19) 0.79(0.05) 0.13(0.03) | 041(0.08) 0.72(0.04) 0.190.05) | 0.73(0.04) 0.43(0.02) 0.24(0.03)
150 40 250 | 0.79(0.02) 0.26(0.06) 0.82(0.03) | 0.41(0.05) 0.71(0.05) 0.40(0.03) | 0.31(0.14) 0.81(0.02) 0.13(0.06) | 0.46(0.07) 0.73(0.05) 0.15(0.02) | 0.71(0.03) 0.47(0.04) 0.23(0.03)
150 60 250 | 0.690.05) 0.31(0.05) 0.79(0.04) | 0.43(0.03) 0.79(0.06) 0.43(0.05) - - - 0410.03) 0.75(0.05) 0.140.03) | 0.69(0.02) 0.52(0.03) 0.21(0.02)
300 20 250 | 0.86(0.02) 0.16(0.04) 0.85(0.04) | 0.68(0.02) 0.77(0.07) 0.47(0.04) | 0.45(0.13) 0.86(0.05) 0.17(0.09) | 0.42(0.09) 0.86(0.03) 0.13(0.05) | 0.78(0.02) 0.44(0.06) 0.27(0.03)
300 40 250 | 0.79(0.08) 0.16(0.05) 0.84(0.06) | 0.73(0.05) 0.71(0.06) 0.43(0.05) | 0.39(0.16) 0.87(0.05) 0.16(0.07) | 0.45(0.06) 0.81(0.06) 0.12(0.06) | 0.76(0.05) 0.49(0.06) 0.23(0.05)
300 60 250 | 0.76(0.05) 0.21(0.03) 0.80(0.03) | 0.77(0.05) 0.740.03) 0.42(0.03) | 028(0.17) 0.90(0.04) 0.13(0.04) | 0.43(0.04) 0.79(0.07) 0.12(0.04) | 0.72(0.06) 0.53(0.03) 0.22(0.04)
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