st1 - A Existence and uniqueness of global minimiser

s12 In this section, we discuss assumptions under which the global minimiser of the optimisation prob-
513 lem

n

L(Q) = / ((6)dQ(6) + AD(Q. P) ®)

5

>

over P(R”) exists and is unique. We assume throughout that the optimisation problem is not patho-
s logical, in the sense that there exists a measure ) € P(R7) such that L(Q) < oo. This is in
applications often trivial to verify. A good candidate for () is typically the reference measure P.

5

5

o

517 Loss assumptions Let £ : R’ — R be a loss satisfying the following assumptions:

518 (L1) The loss ¢ is bounded from below which means that
c:=inf {£(0): 0 € R} > —cc. 9)
519 (L2) The loss is norm-coercive which means that
(8) = oo (10)
520 if ||6]] — oc.
521 (L3) The loss ¢ is lower semi-continuous which means that
1i£i@1;f £(0) > £(6) (11)
522 forall fy € R”.

s23  Regulariser assumptions Let D : P(R7) x P(R’) — [0, 0] be a regulariser and P € P(R”)
524 a reference measure. We define Dp(-) := D(-, P) for notational convenience. We assume the
s25 following for Dp:

526 (D1) The function Dp is lower semi-continuous w.r.t. to the topology of weak-convergence, i.e.
527 for all sequences (Qn)neN C P(R”) and all Q with Dp(Q) < oo, it holds that Q,, EN)
528 implies
liminf Dp(Qn) > Dp(Q). (12)
n—oo
529 Here, 2, denotes convergence in distribution.

530 (D2) Dp is strictly convex, i.e. for all Q; # Q2 € P(R”) with Dp(Q;) < oo and Dp(Q2) <
531 00, it holds that

Dp(aQ1+ (1 —a)Q2) < aDp(Q1) + (1 — a)Dp(Q2) (13)
532 with o € (0,1).
533 The next theorem provides an existence result for the optimisation problem (8)). The result is similar

534 in spirit to Lemma 2.1 in|Knoblauch|(2021) with the important difference that our assumptions are
535 easier to verify, since they are formulated in terms of £ and Dp.

536 Theorem 3 (Existence of global minimiser). Under the assumptions (L1)-(L3) and (D1 ) there exists
537 a probability measure Q* € P(R7) with

L(Q")=inf {L(Q) : @ € P(R')}. (14)

538  Proof. Let ¢ > —oo be the lower bound for ¢. It follows immediately that L(Q) > c¢ for all
539 (Q € P(R7) since D(P, Q) > 0. As a consequence we know that

oo > L* :==inf{L(Q) : Q € P(R')} > ¢> —o0. (15)
540 By definition of the infimum we can construct a sequence [, = L(Q,,) € R in the image of L such
ln— L* (16)
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for n — co. We now show by contradiction that the corresponding sequence (Qn) c P(R7)is
tigh Assume that (Qn) is not tight. By definition we can then find an € > 0 such that for each
k € N there exists n = nj, € N with Q,,, ([~k,k]7) <1 —e. Weset Ay, := [k, k|7 C R’ and
obtain

lnk = L(an) (17)
— [ €0)a@u @)+ [ 16)dQu, 0+ AD@.P) (18)
Ay RI\ A
> [ 60)d@u )+ [ 66)dQu.(6) (19)
Ay RI\Ag
> cQn, (Ar) +inf {£(0) : 0 € R7\Ay}Qn, (R7\Ay) (20)
> cQn, (Ar) + einf {£(0) : 6 € RI\Ay}. 1)

Due to the coerciveness of ¢, we know that inf {£(6) : § € R\ A} — oo for k — oo and there-
fore l,,, — oo for k — oco. However, this is a contradiction: The sequence (I,,) is convergent and
therefore in particular bounded. As a consequence, it cannot contain the unbounded sub-sequence
(In, ). It follows that the sequence ((Q),) is tight. By Prokhorov’s theorem we can now extract a sub
sequence (@, ) of (Q,) and a measure Q* € P(R”) such that

Qn, 5 Q" (22)

for kK — oo. Due to Lemma 5.1.7 in|/Ambrosio et al. (2005) the lower semi-continuity of ¢ implies
that Q — [ £(6) dQ(0) is lower semi-continuous. This combined with the lower semi-continuity of
Dp gives

likm inf L(Qn,) > L(Q). (23)
—00
From this it immediately follows that
L(Q") < likm inf L(Qn,) = L7, (24)
—00

but by definition L* is the global minimum of L which implies L* < L(Q*). We therefore conclude
that L(Q*) = L*. O

Theorem [3] only shows the existence of a global minimiser. In order to show uniqueness we use
the convexity assumption (D2). The proof is the same as in finite dimensions and only included for
completeness.

Theorem 4 (Uniqueness of global minimiser). Assume that (D2) holds. Then, the global minimiser
of L is unique (whenever it exists).

Proof. Assume there exits two probability measures Q1, Q> € P(R”) such that
L(Q1) = L = L(Q2). (25)
where co > L* := inf {L(Q) : Q € P(R7)} > —oo. We define the probability measure
Qs := 3Q1 + 3Q3. By strict convexity we obtain
1 1 .
L(Qs) < §L(Q1) + §L(Q3) =L7, (26)
which is a contradiction to @1 and ()2 being global minimisers. O
Note that in the literature on GVI (Knoblauch et al.;[2022) it is common to assume that the regulariser
is definite, i.e.
DP,Q)=0<—=P=Q 27

for all P,Q € P(R’). We did not use this assumption in neither Theorem [3| nor Theorem
However, the next lemma shows that it is basically implied by strict convexity.

3A sequence of probability measures (Q,,) is called tight if and only if for every ¢ > 0 there exists a
compact set K € R” such that for all n € N holds: Q,,(K) > 1 —e.
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Lemma 1. Let Dp : P(R7) — [0,00] be strictly convex and assume further D(Q,Q) =
0 for all Q € P(RY). Then it follows that D(Q, P) = 0 implies P = Q.

Proof. We prove the claim by contradiction. Assume that there exists P # @ such that D(P, Q) =
0. The strict convexity and D (P, P) = 0 imply combined that

1 1 1 1
=0. (29)
However, we know that D(%P + %Q, P) > 0 by assumption. This is a contradiction. O

Discussion on loss assumptions The assumptions on the loss £ in (L1) and (L3) are rather weak.
Typically loss functions in machine learning are bounded from below and continuous (and there-
fore in particular lower semi-continuous). However, norm-coercivity can be violated. Consider for
example the squared loss

N
Z — folzn))’, (30)

where fy is the parametrisation of a neural network with one hidden layer, i.e. § = (w, A) and

fo(z) = who(Ax), (31)

where o : R — R is an activation function which is applied pointwise to the vector Az and has the
property that o(0) = 0. It is now possible to find a sequence of parameters (0;)reny C R with
[|0x|| — oo such that £(6),) does not converge to infinity. Define wy, := k(1...1), Ay := 0 and
0 = (wy, Ay) for k € N. Then we obviously have that

10k = Jwg| — oo (32)
for k — oo but
N 2
0O0k) = (yn — for (zn)) (33)
n=1
N
=" (g — wT0(0))’ (34)
n=1
N
=> v, (35)
n=1

which is constant and therefore does not converge to co. A similar, but notationally more involved,
construction can be made for neural networks with more than one hidden layer. However, this is an
issue that can be easily resolved by adding what is known as weight decay to the loss. For example,
consider for v > 0 the loss

— folwn))? +110)? (36)

HMZ

with weight decay. This loss is by construction norm-coercive and therefore the previous existence
proof applies.

Discussion on regulariser assumptions The assumptions (D1) and (D2) are quite weak. The KL-
divergence for example is known to be lower semi-continuous (Polyanskiy and Wu, 2014, Theorem
3.7) and strictly convex (Polyanskiy and Wul 2014} Theorem 4.1). This immediately implies lower
semi-continuity and convexity of KL(-, P) for any fixed P. The MMD is also known to be strictly
convex (Arbel et al., 2019, Lemma 25), whenever it is well-defined, which can be guaranteed under
weak assumptions on x (Muandet et al., 2017, Lemma 3.1). The lower semi-continuity properties
also depend on the kernel x. However, for bounded kernels it is trivial to verify. We include the
proof for completeness, but assume this has been shown before elsewhere.
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Lemma 2. Let the kernel k : R7 x R’ be continuous and bounded:
supy grcr |k(0,0")| < oo and P be fixed. Then MMD(-, P) is continuous and therefore, in partic-
ular, lower semi-continuous.

Proof. Let (Qn)nen and Q* be such that

Qn 2 Q* 37)

for n — oo. This immediately implies that

Qn®Qn Q" ®Q" (38)

for n — oo, where @* ® Q* denotes the product measure of Q* with itself. Further, note that
the kernel mean embedding up is continuous as integral with respect to the second component of a
continuous function and bounded since

(@) = | [ n(6.6)dP(@) (39)
< [ Ix0.6)1ap®) (40)
< |16 oo- 41)
By the definition of weak convergence for measures, we therefore have
// (0,0 d(Qn @ Qn)(6,6") —>// (0,0 d(Q* @ Q*)(0,6") 42)
/HP( ) dQn (0 —>/MP ) dQ*(0) (43)

for n — oco. This immediately implies continuity of MMD(-, P) with respect to the topology of
weak convergence.

Notice that most kernels common in machine learning, such as the squared exponential or the Matérn
kernel, are continuous and bounded and therefore Lemma 2] applies.

Remark 1. The astute reader may have noticed that our existence proof only guarantees the ex-
istence of measure Q* € P(R’). However, the Wasserstein gradient flow is by definition only
formulated in the space of probability measures with finite second moment, denoted P2 (R”). As-
sumptions which guarantee that Q* € P,(IR”) are easy to formulate. For example, we can require
that there exists C' > 0 and R > 0 such that the loss ¢ satisfies

()] > Clio)® (44)

for all ||#|| > R. This immediately implies that Q* € Py(R”) since otherwise
101407 0) = @s)
gives a contradiction to the finiteness of L(Q* ; However, even if (44) is violated, the reference
measure I may still guarantee that Q" € P2(IR”). For example, if P € 732 (R7), then Dp(Q*) will
typically be large if Q* ¢ Po(R”) and the global minimiser is therefore in a sense unlikely to have

fat tails. We therefore assume Q* € Py(R”) throughout the paper and consider it to be a minor
practical concern.

B Realising the Wasserstein gradient flow

In this section, we identify a suitable stochastic process that allows us to follow the WGF.

Let L' : P(R7) — (—o0, o] be the free energy discussed in Section[3.2|given as

L*Q / v (6) dQ(6 /( 0')dQ(6)dQ(E) + Ao / log (¢(0))a(0)db, (46
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where A1, A2 > 0 are constants, V : R” — R is the potential, £ : R/ x R/ — R is symmetric. We
will write L for L from now on to simplify notation. The Wasserstein gradient of L is given as (cf.
Chapter 9.1 |Villani, 2003, Equation 9.4)

VwL[Q](6) = VV(0) + M\ (Vi * Q)(0) + A2V log (¢(6)), 47)

where V1 : R x R/ — R is the (vector-valued) derivative of x with respect to the first compo-
nent, V denotes the euclidean gradient with respect to § and (Vix x Q)(0) := [ V1x(6,6") dQ(6")
for # € R7. The corresponding Wasserstein gradient flow is therefore given as (cf. Chapter 9.1
Villani, 2003, Equation 9.3)

Dq(t,0) = V- (q(t, 0)(VV(0) + A1 (V1 * Q)(0) + A2V log (th)))). (48)

In general the probability density evolution of a stochastic process is—via the Fokker-Planck
equation—associated with the adjoint of the (infinitesimal) generator of the stochastic process. We
will therefore try to identify the generator associated to the density evolution in (48). To this end
let h € C2(R’,R) where C?(R”,R) denotes the space of twice continuously differentiable func-
tions with compact support. We multiply both sides of with h, integrate, and apply the partial
integration rule to obtain

% h(8)q(t, 0) db = — / VwL[Q(0)](0) - Vh(6) g(t,0) db. (49)
= —/ (VV(0) + M (Vik * Q) (0)) - VR(0) dQ:(6) (50)
0 / Vlog (¢:(0)) - Vh(6) dQy(0). 51)
By chain-rule and partial integration, (51)) can be rewritten as
W / Vlog (q:(0)) - Vh(0) dQ:(0) = — Az / Vi (0) - Vh(6) do (52)
— / Ah(6) dQ(0). (53)
Putting everything together, we obtain
G [r@aeora = [ (amme de). 54)
where { A[Q]} )z, is a family of operators defined as

(A[QIR)(6) == — (vvw) (VK Q)(e)) - Vh(0) + AsAh. (55)

for h € C?(R”7,R). The reader may recognize this operator family as the generator of a so called
nonlinear Markov processes (Kolokoltsov, 2010, Chapter 1.4). The nonlinearity in this case refers
to the dependency on the measure (). Linear Markov processes have no measure-dependency. This
family of generators corresponds to a McKean-Vlasov process of the form

a0(t) = —(TV(O(1)) + M (Var + Q0)(0() ) dt + v/2ad B (D), (56)

where (B(t)) +~0 is @ Brownian motion and @, the law of 6(¢). In other words: The solution to

has the time marginals Q(¢) such that holds for every h € C?(R”,R). Furthermore, the
corresponding pdfs (q(t)) satisfy the nonlinear Fokker-Planck equation given as

O0rqr = A" [Q¢lqs, (57)

where A*[Q] denotes the L2-adjoint of the operator A[Q] and is given as

(A*[QIh)(8) = V - (h(a) (VV(0) + M1 (Vik * Q)(6) + AV log (h(e)))) (58)
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for h € C2(R’,R)(Barbu and Rockner, 2020, cf. equation (1.1)-(1.4)). Note that corresponds
exactly to the Wasserstein gradient flow equation in (8). We can therefore follow the WGF by
simulating solutions to (56).

The standard approach to simulate solutions to (Veretennikovl, [2006) is to use an ensemble of
interacting particles. Formally, we replace Q(t) by NLE Zgjl dg,,(+) and obtain

Ng

A
do,(t) = — (VV(@n(t)) + N—l > (V1r) (0n (1), 6; (t)))dt +V/2X2d B, (t) (59)
ol
Jj=1
forn =1,..., Ng where Ng € N denotes the number of particles. The Euler-Maruyama approxi-
mation of leads to the final algorithm:
Step 1: Initialise Vi € N particles 6, o, ..., 0n,,0 from a use chosen initial distribution Q.

Step 2: Evolve the particles forward in time according to

NEg
A
O = O =1(VV (Oi) + 5 D (Vim) (B 030)) + V2N Zrs (60)
Jj=1

fOI‘TLZ1,...,NE,]<JZO,...,T—lwichmk NN(O,IJXJ).

Note that 6,, , is thought of as approximation of 6,,(t) at position ¢ = k7. Furthermore, as dis-
cussed in Section H various choices of V', A\; and A, allow us to implement the WGF for different
regularised optimisation problems in the space of probability measures. This is summarised below:

* Deep ensembles: V(0) = £(0), Ay =0, A2 =0
¢ Deep Langevin ensembles: V(0) = £(0) — Alogp(0), A1 :=0, X := Ay
* Deep repulsive Langevin ensembles: V' (6) = £(68) — A1 log p(6) — Aa2pip(6)

C Asymptotic distribution of particles: unregularised objective

In this section, we investigate the asymptotic distribution of the WGF for the objective
L(Q) = [ 46)dae) 1)

for Q € P(R”). The associated particle method is:
* Sample 64(0),...,0xn,(0) independently from Q.
* Simulate (deterministically) 67, (t) = —V{(0,(t)) forn=1,..., Ng.

We start by introducing some notation for the deterministic gradient system. Let ¢¢(6y) denote the
solution to the ordinary differential equation (ODE)

0(0) = 6y € R’ (62)
0'(t) = —VL(6(t)) (63)
at time ¢ > 0. In a first step, we show the following lemma, which is a simple application of the

famous Lojasiewicz theorem (Colding and Minicozzi II} 2014), and the fact that Lebesgue almost
every initialisation leads to a local minimum (Lee et al., 2016).

Lemma 3. Assume ¢ : R? — R is norm-coercive and satisfies the Lojasiewicz inequality, i.e. for
every 0 € R exists an environment U of § and constants 0 < v < 1 and C > 0 such that

[£(0) — @) < CIvLO)]. (64)

forall @ € U. Then we know that ¢ (6y) converges fort — oo to a local minimum of £ for Lebesgue
almost every 0y € R”.
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Proof. First we show that ¢t — ¢?(6p) is bounded. We proof this by contradiction. Assume that
¢'(6p) is unbounded. Then there exists a subsequence (¢, )nen C [0, 00) with ¢, — oo for n — oo
such that

6" (00)] — o0 (65)
for n — oo. The norm-coercivity immediately implies that
£(6" (60)) — oo (66)

for n — oco. However, this contradicts
f((bt(eo)) < f(gbo(eo)) = 5(90) < 00, ©67)

where the first inequality follows from the fact that ¢ +— £(¢t(90)) is decreasing, which is a conse-
quence of

%g((bt(eo)) = V€(¢t(90))%¢t(90) (68)

= —|VL(¢'(60))* < 0. (69)

Hence t +— ¢'(fg) is bounded. By the Bolzano-Weierstrass theorem we can find a sequence
(tn)nen C [0, 00) with t,, — oo and a point 6, € R” such that

¢ (00) = 0o (70)

for n — co. Hence (¢f‘ (90)) +0 has the accumulation point 6. The Lojasiewicz theorem (Colding
and Minicozzi II,2014) allows us to deduce that

¢'(00) = O (71)
for t — oo, and that 6 satisfies V{(6) = 0.

It remains to show that 6, is not a saddle point for Lebesgue almost every initial value 6,. However,
this is very similar to the proof in|Lee et al. (2016). The only difference is that one would need to use
a continuous-time version of the stable manifold theorem, which is readily available, for example in
Bressan| (2003). O

Let {m; };cn denote the local minima of ¢ which are by assumption countable. Denote further by
= J oo t )
0, : {90 eR’ : tlgglogb (6o) — ml} (72)

the domain of attraction for the minimum m;. The next theorem is then an easy consequence of
Lemmal[3l

Theorem 5. Assume that the loss function { only has countably many local minima, is norm coer-
cive, and satisfies the Lojasiewicz inequality. Let further 0y ~ Qq for some Qo € P(R”) such that

Z?il Qo(©;) = 1. Then,

#'(00) >3 Q0(0:) m, =t Qe (73)

i=1

D e
fort — oo. Here — denotes convergence in distribution.

Proof. Let 0, € R” be fixed. Due to Lemma we know that
¢'(00) — > m;1{f € ©;} (74)
i=1

for Lebesgue almost every 6, for ¢ — oco. Here, 1{-} denotes the indicator function. Let Y now
be a random variable with law )y. By assumption, we know that Y € ©; for some i € N with
probability 1. Hence,

¢H(Y) = Y mil{Y € ©,} (75)
=1
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almost surely for ¢ — oo. Since almost sure convergence implies convergence in distribution, we
conclude that

oY) 2 E(imi]l{Y €6,}), (76)
=1

where £(-) denotes the law of a random variable. However, the law of the RHS is easily recognised
as

i=1 i=1
which concludes the proof. O
Remark 2. Note that the condition
Y Qoe) =1 (78)
i=1

in Theorem [3]is easy to satisfy. According to Lemma [3]the set
R\ ] ©; (79)
i=1

has Lebesgue measure zero. Therefore, any )y which has a density w.r.t. the Lebesgue measure
will satisfy (78).

D Asymptotic distribution for deep Langevin ensembles
In this section, we analyse the objective

L(Q) = [ 16)dQ(0) + \KL(Q. P) (30)
for Q € P(R”). The corresponding particle method is given as:

* Sample 64(0),...,0xn,(0) independently from Q.
* Simulate the SDE df,,(t) = —VV (6,,(t))dt + V2AdB,(t) foreachn = 1,..., Ng.

Recall that V(0) = £(6) — Alogp(#). This case is well-studied in the literature and known as
Langevin diffusion. Under mild assumptions (Chiang et al., |1987; [Roberts and Tweedie, |1996),

0 (t) = Qoo 81)
for ¢ — oo and each particle n = 1,..., Ng independently. The probability measure (), has the
density

1 V(6

Goo(6) = 7 exp (= %) (82)
1 £(0)

= 7P (- T)p(9)7 (33)

where Z > 0 is the normalising constant. As a consequence, the WGF asymptotically produces
samples from @) ,. However, it is a priori unclear that (), is in fact the same as the global minimiser
Q*of L.

We investigate this question by relating invariant measures to stationary points of the Wasserstein
gradient.

Definition 1. (Liggett, 2010, Thm. 3.3.7) A measure () is called an invariant measure (for a given
Feller-process) if

/ AR(6)dQ(0) = 0 (84)

for all h € C2(R”). Here A is the infinitesimal generator of the corresponding Feller-process.
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Recall that the infinitesimal generator of the Langevin diffusion for h € C2(R”) is given as
Ah = —-VV -Vh+ AAh. (85)
Definition 2. A measure () € P»(R”) is called a stationary point of the Wasserstein gradient if
Vw LIQ](0) =0 (86)
for (Q—almost every 6 € R”.

In finite dimensions, it is well-known that a local minimiser is a stationary point of the gradient.
This carries over to the infinite-dimensional case, with a similar proof. Since we could not find this
result anywhere in the literature we included it for completeness.

Lemmad4. Let @ be a local minimiser of L, i.e. there exits and € > 0 such that

L(Q) < L(Q) 87)

Sor all Q with Wy (@, Q) < e. Then @ is a stationary point of the Wasserstein gradient in the sense

of Definition 2}

Proof. Let h € C2(R”) be arbitrary and QA) € P2(R7) be a local minimum of L. Further, let ¢ (6;)
be the solution to the initial value problem
0(0) = 6o (88)
0'(t) = Vh(0(1)) (89)

for ¢ € (—e¢, €) for some € > 0. We now define Q(t) := ¢t#@ for t € (—e, €) where f#u denotes
the push-forward of the measures u through the function f. In the Riemannian interpretation of the

Wasserstein space, (Q(t)) te(—ee) is a curve in P, (R”) with tangent vector h at point @ (Ambrosio
et al.,|2005| Chapter 8). We, further, define f : (—e,e) — Ras f(¢) := L(Q(t)). Application of the
chain-rule (Ambrosio et al., 2005} p. 233) gives

d

F(0) = 2 LQM)] = (90)
= (Vw L[Q(0)], VR) 2(q(0)) on
/ Vi L(Q)(6) - Th(8) dO(0). 92)

We know that f has a local minimum at ¢ = 0 and, therefore, f'(0) = 0 which gives
- / Vi LIQ)(6) - VA(6) dQ(6). ©3)

Since holds for arbitrary test functions b € C2(R”) and as C2(R”) is dense in L2(Q), we
obtain that Vi L[Q](6) = 0 for Q-a.e § € R/, O

The next lemma relates invariant measures and stationary points of the Wasserstein gradient for
infinitesimal generators of the form (85). It will prove extremely useful to translate between the
Langevin diffusion literature and our optimisation perspective.

Lemma 5. Let Q € Po(RY) be such that Q has a density q with respect to the Lebesgue measure.
Then, the following two statements are equivalent:

* @ is a stationary point of the Wasserstein gradient.

* @ is an invariant measure.

Proof. Let Q be a measure with density ¢. Recall that the generator of the Langevin diffusion is for
h € C%(R’) given as

h=—-VV -Vh+ AAh. (94)
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By partial integration, it is easy to verify that the L?- adjoint (w.r.t the Lebesgue measure) is given
as

A*h =V - (h-VV)+ AAh. 95)
We, therefore, conclude that
/Ah(ﬂ) dQ(9) = /Ah(&)q(&) do (96)
= /h(&)A*q(é)) de o7
= / h(6) (v ~(q(6) - VV(9)) +)\Aq(0)) do. 98)
Furthermore, we have Vy L[Q] = VV + AV log ¢, and therefore
[ TwLIQU®)- Th6)dQ®) = [ VwLiQl6) - Vh(6)q(6) do 99)
- / (VV(e)q(e) + Wq(e)) - Vh(6) df (100)
/h O)VV(0)) + )\Aq(e)) do, (101)
where the last line follows from applying partial integration. This allows us to conclude that
/Ah /VWL Vh(0)dQ(0) (102)
whenever () has a density. As a consequence we have that () is invariant if and only if it is a
stationary point of the Wasserstein gradient. O

Lemma [5|allows us to move between the optimisation and stochastic differential equation perspec-
tive. In Appendix |A, we discussed the existence and uniqueness of a global minimiser Q* of L.
We know that Q* has a density since the Kullback-Leibler divergence would be infinite otherwise
(assuming P has a Lebesgue-density which we assume throughout the paper). Lemma ] guarantees
that Q* is a stationary point of the Wasserstein gradient. Due to Lemma |5 we can infer that Q*
must be an invariant measure. However, due to the uniqueness of the invariant measure under the
previously mentioned mild assumptions (Chiang et al., |1987; [Roberts and Tweedie, [1996), we can
conclude that Q* = Q.

E Asymptotic distribution of deep repulsive Langevin ensembles

In this section, we consider

/é ) dQ(6) + —MMD(Q P)? 4+ X\ KL(Q, P) (103)

— [V a06)+ 7 [ 5(6.)dQONQE) - 2H(Q) + const, (104

as optimisation objective. Here, H(Q) = — [ log ¢(#)q(0) df denotes the differential entropy.

Recall that in this case V' (0) = £(6) — A1 pup(6) — A2 log p(8). We already discussed in Appendix [B|
that the McKean-Vlasov process of the form

0(0) ~ Qo (105)
do(t) = — (VV(H(t)) A (Vik % Q) )dt +V/20dB(1) (106)

with (B (t)) +>o being a Brownian motion achieves the desired density evolution. Furthermore, the
particle approximation of (I03)) is given as

At

6, (1) = —(vv(e ) + Ve Z(vm) (62 (1), 9j(t))>dt +/20dB, (1) (107)
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forn =1,..., Ng where Ng € N denotes the number of particles.

The approach follows the same procedure as in Appendix Dl We show the notions of invariant
measures and stationary points of the Wasserstein gradient are the same for measures with Lebesgue
density. We start by introducing the concept of an invariant measure for a nonlinear Markov process
(Ahmed and Ding||{1993| Definition 1).

Definition 3. A measure () is called an invariant measure for a nonlinear Markov process with the

family of infinitesimal generators { A[Q]} oep@s if

[ Aiain)ae) o (108)
forall h € C2(R7).
Recall that the family of infinitesimal generators in our case is given as
(A[QIR)(6) == — (VV(e) + M\ (Vik Q)(e)) - Vh(8) + A Ah. (109)

for h € C2(R”,R). In analogy to Lemmal5] we obtain the following result.

Lemma 6. Let Q € P2(RY) be such that Q has a density q with respect to the Lebesgue measure.
Then, the following two statements are equivalent:

* @ is a stationary point of the Wasserstein gradient for L in (103)) in the sense of Def.

* @ is an invariant measure for the McKean-Vlasov process with infinitesimal generator

defined in
Proof. First, we notice that
[ a@n©dqe) = [ @nes) s (110)
— [ 1) (4°[@Ja) () . (i

Recall, that A*[Q] denotes the L?-adjoint of the operator A[Q)] and that it is given as
(A*1QIR)(6) = V- (h(B)(TV(8) + M (Vi + Q)(0) + AoV log (h(9))))  (112)

for h € C2(R”,R) with compact support. This implies

(4°[Q1a) (6) = V- () (VV(8) + M (Var x Q)(6)) ) + Ao g (6). (113)

We plug this into to obtain
[ ai@ne)aae) (14)
_ /h(e)v- (4(0)(VV(0) + M(Tir = Q)0)) ) b + /Agh(ﬁ)Aq(H) do. (115)

On the other hand, we have that
Vw L[QI(6) = VV(6) + M (V1ir x Q)(6) + A2V log q(6), (116)

and therefore

[ vri@ie) - vhe) aae) (117)
= [ (VYO + M(TirxQ)(6) + AoV loga(6)) - Vh(6) dQ(6) (118)
- / () (VV () + M (V1 % Q)(0)) - VA(6) 6 + Ao / Vaq(6) - VA(0) df (119)

= —/v- (q(e) (VV(0) + A\ (Vi * Q)(e)))h(e) o — )\g/q(e)Ah(H) a9, (120)
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where the last line follows from partial integration. Comparing to gives
/A[Q]h(ﬂ) dQ(0) = — / VLI[Q](0) - Vh(8) dQ(0) (121)

for all h € C2(R”) whenever (Q has a density. This immediately implies that Q) is invariant iff it is
a stationary point. O

Again, we leverage this correspondence between stationary point and invariant measures. There is
a rich literature on ergodicity of nonlinear Markov processes. For example, Theorem 2 of |Vereten-
nikov| (2006) specifies conditions on x and V" such that
D
QUNE(t) = Qoo (122)

for Ng,t — co. Here Q™™V® (t) denotes the law of a fixed particle 0,,(t), n = 1,..., Ng, whose
distribution is characterised by the SDE (59). The measure (o is the unique invariant measure of
the nonlinear Markov process. By Lemma [] every invariant measure is a stationary point of the
Wasserstein gradient and vice versa. Hence, existence and uniqueness of the stationary point of the
Wasserstein gradient is immediately implied. However, since the global minimiser (0* is a stationary
point of the Wasserstein gradient (cf. Lemmal4), we conclude by uniqueness that Q. = Q*.

F Asymptotic analysis of deep repulsive ensembles

In this section, we consider the objective
L(Q) := /6(0) dQ(0) + A\AMMD(Q, P) (123)
for @ € P(R’). The corresponding McKean-Vlasov process is of the form
do(t) = —(VV(0(1)) + A(Vir + Q)(6(t)) ) dt, (124)
where @ denotes the distribution of 0(¢) and V' (0) = £(0) — pup(8) with up(8) = [ k(6,60") dP(0)
Elll)eﬁér)r'lel mean-embedding of P. We call the particle method in this case deep repulsive ensembles

The existence of the global minimiser Q* is still guaranteed under the assumptions in Appendix |A.
Lemma || guarantees that Q* is a stationary point of the Wasserstein gradient, i.e.

VV () + AVikxQ*)(0) =0 (125)
for @Q*-a.e. § € R”. Recall that the infinitesimal generator in this case is given as
(A[QIR)(8) ==~ (VV(6) + (V15 Q)(0)) - VA(6) (126)
for Q € P(R7), h € C2(R7). It immediately follows from the definition that
(A[QIR)(0) = =Vw LIQI(6) - VA(0) (127)

for all h € C2(R7), § € R’. As in Lemma|[5| &[6] this implies that each stationary point of
the Wasserstein gradient is an invariant measure of the McKean-Vlasov process and vice versa. In
Appendix D & [E, we cite relevant literature that guarantees uniqueness of the invariant measure,
which is a necessary (but not sufficient) condition for convergence to the invariant measure. The
next theorem shows that uniqueness will in general not hold without the presence of the diffusion
term.

Theorem 6. The invariant measure for the McKean-Viasov process with the family of generators
(A[Q])QGP(RJ) defined in (127) is (in general) not unique.

Proof. Let Ny € N and define L : (R7)™* — R as

NE NE

~ A

L(Gl,...,QNE) = E V(91)+m E m(@i,Qj). (128)
=1 i,j=1
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Assume that V is bounded from below and norm-coercive. Then L is bounded from b%ow and
norm-coercive and therefore we can find a global minimiser 6* := (65,...,0%,) € (R”)"" of L.
Since L is differentiable, we know that * is a stationary point of the gradient which implies

Ng

* >‘ * *

VV(0F) + o ;(vm)(ei ,05) =0 (129)
forall i = 1,..., Ng. Here, we assume that the kernel  is symmetric, which is standard in the
MMD literature. Note that (129) is equivalent to

VV(0) + A(Vik % Q)(0) =0 (130)
for @-a.e. 6 € R’ where
~ 1 Ne
do) .= — dg=(d0). 131
Q(df) = 5 ]Z:; o: (df) (131)

This means that @) is a stationary point of the Wasserstein gradient, and therefore an invariant mea-
sure for the McKean-Vlasov process. Since Np € N was arbitrary, we have constructed countably
many invariant measures and therefore uniqueness can’t hold in general. O

The reason that non-uniqueness of the invariant measure is an immediate contradiction to conver-
gence is the following: If we initialise with any of the invariant measures constructed in the proof of
Theorem|[6] then the particle distribution of the McKean-Vlasov process will remain unchanged over
time. Convergence to the global minimiser can therefore surely not hold for arbitrary initialisation
Q. It may be possible to construct conditions on )¢ under which convergence still holds. For
example, for Stein variational gradient descent a similar issue occurs. However, in this case one can
guarantee convergence (Lu et al., 2019, Theorem 2.8) if ()¢ has a Lebesgue-density (and if the ker-
nel satisfies further restrictive assumptions). The existence of conditions that guarantee convergence
for DRE remains an open problem.

G Implementation details

In Appendix [A] we derived the following algorithm:

Step 1: Simulate N € N particles 0, o, . .., 0N, 0 from a use chosen initial distribution Q.

Step 2: Evolve the particles forward in time according to
Ng

A
s = b = 1(VV (0i) + 5 2 (V18) (B 030)) + V20N Zsc (132)

j=1
forn = 1,...,NE,]<J:0,...,K—1Wichn7k NN(O,IJXJ).
We can generate samples from DE, DLE and DRLE by setting the potential and regularisation
parameters as described below:
* Deep ensembles: V(0) = £(0), Ay =0, A2 =0
* Deep Langevin ensembles: V' (0) = £(0) — Alogp(0), A1 =0, A = Ao
* Deep repulsive Langevin ensembles: V(6) = £(6) — A1 log p(0) — A2pp(6)
Due to Appendix E & E, we can think of 6; g,...,0n, x as approximately sampled from the

global minimiser Q* for DLE and DRLE if K is large enough. All experiments use the SE kernel
given as

60— 0>
0,0") = — Hi 133
w(0,0) = exp (= 5 5) (133)
with lengthscale parameter o, > 0. The kernel mean embedding ;. p can easily be approximated as
M
1 J
pp(f) = len(e,oi), 9 R/, (134)

where 61, ...,60) ~ P independently. We chose M = 20.
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g7 G.1 Toy example: global minimiser

ges  We describe details regarding the experiments conducted to produce Figure [2|below.

ss9  We generate Ng = 300 particles and make the following choices:

870 * Loss: ¢(0) := %(%94 + %93 —6?) — %

871 * Prior: P ~ N(0,1) and therefore log p(¢) = —162

872 ¢ Initialisation: Qg = P

873 * Reg. parameter: A\prr = 1, A\prre = 1, Nprrp =1

874 * Step size: n = 104, Iterations: K = 100, 000

875 * Kernel lengthscale, o, is chosen according to the median heuristic (Garreau et al., 2017)
876 based on samples from the prior P

877 The loss is constructed such that we have a global minimum at § = —2, a turning point at § = 0,

s7s and a local minimum at 6 = 1.

879 * Deep ensembles: The optimal Q* is a Dirac measure located at the global minimiser 6§ =
880 —2. However, as we proved in Theorem [I] the WGF produce samples from
1 1
Quc(d6) = 55 -5(d6) + 501(d6), (135)
881 as (—o0,0) is the region of attraction for the global minimum and (0, co) for the local
882 minimum which both have probability 0.5 under Qo = P = N(0, 1). In particular, Q, #
883 Q™ as expected.
884 * Deep Langevin ensembles: The optimal measure has the pdf
. £(0
q" () o< exp (— %)p(e) (136)
885 for 8 € R. As expected the WGF produces samples from Q*.
886 * Deep repulsive Langevin ensembles: The optimal ¢* for deep repulsive ensembles is harder
887 to determine. From the condition that ¢* is a stationary point of the Wasserstein gradient,
888 we can derive that u(0) := log ¢*(0) satisfies the integro-differential equation
1 A
u'(0) = —)\—V/(G) — /\—1 /(Vm)(é), 0') exp(u()) do’ (137)
2 2
889 with some initial value u(0) = uo. In principle, we could choose ug such that ¢(8) :=
890 exp(u(d)) integrates to 1. However, since we do not know the appropriate initial condition
891 a priori, we choose an arbitrary ug and normalise the pdf afterwards. We use an numerical
892 solver to evaluate «(6) on a fixed grid. As expected, the WGF produces samples from Q*

893 in this case.

go4 G.2 Toy example: multimodal loss

895 The details below correspond to the experimental results presented in Figure
gos  DE, DLE, DRLE We generate N = 300 particles and make the following choices:

897 e Loss: £(0) = —log 30 AN(0; 115, I5), 0 € R?, ;= (£3,£3)7, i =1,...,4

898 * Prior: P flat and therefore log p(f) = 0

899 « Initialisation: Qg ~ N(0, I2)

900 * Reg. parameter: Aprg = 0.2, \prre = 0.2, \pprp = 0.6

901  Step size: n = 0.1, Iterations: K = 10,000

902 » Kernel lengthscale, o, is chosen according to the median heuristic (Garreau et al., [2017)
903 based on samples from the prior P
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Note that for a translation-invariant kernel such as the SE kernel we obtain for the flat prior P that

1ip(0) = [ T a(0.0) dor (138)
_ / T o0—0)do' (139)
S IRGE (140)

where the second line follows from the fact that we can write any translation-invariant kernel as
k(0,0") = ¢(0 — ") for some function ¢ : R/ — R and the second line is simple variable substitu-
tion. If is finite, the above expression is well-defined and therefore ;1p constant. Note that in
particular for the SE kernel, we have ¢(¢) = exp(—||£]|?/(202)) and therefore (140) is finite. As a
consequence, we have that for a flat prior P the gradient of the potential V' is the same for all three
methods. This means that the loss £ isn’t adjusted and the only difference between the three methods
is the presence of repulsion and noise effects.

Remark 3. The astute reader may have noticed that a flat prior P is in fact not covered by our theory
in Appendix E The problem is that KL(-, £), where £ denotes the Lebesgue measure, is not positive
(and not even bounded from below). To see this, choose Q = N (0, X)) with ¥ = diag(c?, 03) and
note that

KL(Q, L) = / log q(8) q(6) d6 = —H(Q). (141)

where H(Q)) denotes the differential entropy. For a Gaussian, it is known that
1 1
H(Q) = 5 log ((2me)” det(X)) = 5(1og(27re)'] +log(o}) + log(03)) (142)

and therefore if either 07 — oo or 03 — oo then KL(Q, L) — —oo. However, note that this
difficulty is rather technical in nature and can easily be remedied. Instead of £, we could have chosen
the uniform prior P ~ U(—1019°,10%%), In this case, the positivity of KL(-, P) is guaranteed by
Jensen’s inequality. This choice of P gives—up to an additive constant—the same objective as
a flat prior and up to machine precision the same kernel mean embedding pp. It is, therefore,
algorithmically irrelevant if P is flat or uniform on a very large set.

FD-GVI We use the same prior and loss as for DE, DLE and DRLE. We parameterise the variational
family as independent Gaussian, i.e.

Q= {N(M, Y)|ueR? ¥ = diag(exp(ﬁl),exp(ﬁg)),ﬁ = (B1,P2)* € RQ}. (143)

We learn the variational parameters v := (u, 3) € R* by minimising

L) = [ €6)dQu(6) + \KL(@,. P) (144)
= / €(0) dQ.,(0) — XH (N (1, %)) (145)
200 /\
~ 500 ZE(M +20%57;) — B log ((27re)2 exp(B1) exp(B2)) (146)
=1
]200 )\
= 555 ;f(u +30%7;) — 5 (B1 + B2) + const, (147)

where Z1, ..., Zago ~ N(0,13) and H (N (11, %)) denotes the differential entropy of the normal
distribution. For the regularisation parameter, we chose A = 0.5.

G.3 Toy example: more modes than particles

We generate N = 20 particles and make the following choices:
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 Loss: £(0) = —|sin(8)|, 6 € [-Mn, M|, with M = 1000

* Prior: P flat and therefore log p(f) = 0 and pp = const. (cf. Appendix

* Initialisation: Qo ~ U(—Mm, M)

* Reg. parameter: Aprg = 0.001, A\pgrre = 0.001, Npp, z = 0.6

 Step size: n = 0.01, Iterations: K = 1.000

» Kernel lengthscale, o, is chosen according to the median heuristic (Garreau et al., [2017)

based on samples from the prior P

Note that ¢ has 2M = 2000 local minima at locations

misngriﬂ', i€ {—M,...,0,...,(M—1)}. (148)

Due to the flat prior VV' = V/ for all three methods. We observe that it is hard to distinguish the
methods since most particles are in their local modes by themselves.

G.4 UCI Regression

The UCI data sets are licensed under Creative Commons Attribution 4.0 International license (CC
BY 4.0). Following |Lakshminarayanan et al. (2017), we train 5 one-hidden-layer neural networks
fo with 50 hidden nodes for 40 epochs. We split each data set into train (81% of samples), validation
(9% of samples), and test set (10% of samples). Based on the best hyperparameter runs (according
to a Gaussian NLL) found via grid search on a validation data set, we make the following choices:

* Loss: {(0) = + Zﬁ;l(fg(:rn) — yn)? where {z,,, yn}nN:1 are paired observations.
e Prior: P ~ N(0,1)

* Initialisation: Kaiming intilisation, i.e. for each layer ! € {1,...L} that maps features with
dimensionality n;_; into dimensionality n;, we sample Qo ~ N(0,2/n;)

. Reg. parameter: ADLE = 1074, ADRLE = 1074, )‘/DRLE =102
* Step size: n = 0.1, Iterations: K = 10,000

» Kernel lengthscale, o, is chosen according to the median heuristic (Garreau et al., 2017)
based on samples from the prior P

G.5 Compute

While the final experimental results can be run within approximately an hour on a single GeForce
RTX 3090 GPU, the complete compute needed for the final results, debugging runs, and sweeps
amounts to around 9 days.
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