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Abstract

MCMC algorithms offer empirically efficient tools for sampling from a target
distribution 7(x) o exp(—V (x)). However, on the theory side, MCMC algorithms
suffer from slow mixing rate when 7 (x) is non-log-concave. Our work examines
this gap and shows that when Poincaré-style inequality holds on a subset X of
the state space, the conditional distribution of MCMC iterates over X mixes
fast to the true conditional distribution. This fast mixing guarantee can hold in
cases when global mixing is provably slow. We formalize the statement and
quantify the conditional mixing rate. We further show that conditional mixing can
have interesting implications for sampling from mixtures of Gaussians, parameter
estimation for Gaussian mixture models and Gibbs-sampling with well-connected
local minima.

1 Introduction

Sampling from a given target distribution of the form 7(z) e~V (®) plays a central role in many
machine learning problems, such as Bayesian inference, optimization, and generative modeling
[9, 14, 15]. The Langevin MCMC algorithm in particular has received a lot of recent attention; it
makes use of the first-order gradient information VV (z), and can be viewed as the sampling analog
of gradient descent.

Langevin MCMC has been shown to converge quickly when 7(z) is log-concave [6, 10]. More
recently, similar guarantees have been established for p(z) satisfying weaker conditions such as
log-Sobolev inequality (LSI) [23], for instance, 7(x) o e~V () can have a good LSI constant when
V' (z) is a small perturbation of a convex function. However, few guarantees exist for general non-
log-concave distributions. One simple example is when p(x) is a well-separated mixture of two
Gaussian distributions; in this case, one verifies that Langevin MCMC mixes at a rate proportional to
the inverse of the exponential of the separation distance.

Many important modern machine-learning problems are highly non-convex, one prominent class
being functions arising from neural networks. Though finding the global minimum of a non-convex
function can be difficult, gradient descent can often be shown to converge rather quickly to a local
optimum [3]. This raises the important question:

What is the sampling analog of a local minimum? And how can we sample
efficiently from such a minimum?
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In [3], authors provide a partial answer to this question by adopting the view of Langevin Diffusion
as the gradient flow of KL divergence in probability space. Under this perspective, the gradient of KL
divergence is given by the Fisher Information (FI). Authors of [3] show that LMC achieves e error in
Flin O(1/€?) steps.

However, one crucial question remains unanswered: how does the local optimality of FI help
us sample from non-convex distributions? Intuitively, small FI is useful for characterizing local
convergence when 7 is multi-modal. Authors of [3] suggested this connection, but it remains unclear
how local mixing is defined and how small FI can quantitatively lead to good local mixing. Thus
motivated, one of the goals of this paper is to provide a useful interpretation of the FI bound.

To this end, we propose a rigorous quantitative measure of "local mixing". We also provide a more
general notion of "stationary point" for the sampling problem. Under these definitions, we show that
LMC can achieve ¢ error in our proposed "measure of local mixing", in polynomial time. Finally, we
consider discrete-time analog of the aforementioned ideas, and prove local convergence for random
walk on a hypercube. Below is a detailed description of our theoretical contributions.

1.1 Main Contributions

1. We define a notion of conditional convergence: Let X C () denote a subset of the state
space. We study the convergence of m;|X to 7| X, where 7; denotes distributions of LMC
iterates and 7 denotes the target distribution. This definition of convergence is much weaker
than the standard global convergence, but in exchange, LMC can achieve fast conditional
convergence in settings where global convergence is known to be exponentially slow.

2. We define local Logarithmic Sobolev Inequality and show how to combine it with existing
results on the convergence of Fisher information to derive the conditional convergence of
LMC.

3. When local Logarithmic Sobolev Inequality does not hold, we define local Poincaré Inequal-
ity and Poincaré Fisher information (which is an analogy of Fisher information). We show
the convergence of Poincaré Fisher information assuming strong dissipativity and show the
conditional convergence of LMC when local Poincaré Inequality is present.

4. To showcase the applications of our results, we respectively study sampling from Gaussian
mixture model with the same covariance and sampling from the power posterior distribution
of symmetric two-component Gaussian mixtures. The global isometric constants of these
examples are exponential in dimension and may have slow global convergence. We show
that the local isoperimetric constants of these examples are polynomial in dimension, and
prove fast conditional convergence for these examples.

5. In Theorem 1, we consider an application of our result to Gibbs sampling on discrete state
space. We show that fast conditional mixing happens when the spectral gap is not small. We
further show in Theorem 2 that a subset has large spectral gap if it contains only one local
minimum and is well connected.

2 Related Work

When the target distribution 7 is strongly log-concave, the entropy Ent, £ is known to be strongly
convex with respect to i, and thus Langevin Dynamics converges exponentially fast [2]. Such a
result is later extended to LMC [8, 4, 9, 7, 21]. Several works further loosen the assumption by
using isoperimetric inequalities such as Logarithmic Sobolev Inequality and Poincaré Inequality
instead of strong log-concavity [24, 5, 25, 11]. However, there are few existing works on general
non-log-concave sampling. Recently, Balasubramanian [3] defines convergence in relative Fisher
information as a kind of "weak convergence" for sampling and proves a polynomial guarantee
in general non-log-concave case only assuming global Lipschitz condition. However, this paper
doesn’t give any rigorous statistical interpretation of this weak convergence; Majka et al. [18] and
Erdogdu et al. [11] study the cases when the target distribution is non-log-concave but has some
good tail growth or curvature; Ma et al. [17] analyze the situation when the target distribution
is non-log-concave inside the region but log-concave outside. Although these works give strict
proofs of polynomial time guarantee in their setting, their results only hold for a small branch of
non-log-concave distributions. It is still hardly possible to obtain a polynomial guarantee in general



non-log-concave cases. Multimodality, as a special case of non-log-concavity, has attracted lots of
attention due to its prevalence in applied science. Many modi ed versions of MCMC were proposed
to try to tackle the sampling of these distributions, such as Darting MilGNormhole HMC [L6],

and etc. However, these algorithms require explicit knowledge of the location of the modes.

3 Conditional Mixing for MCMC

In this section, we provide a formal de nition of "conditional mixing". Speci cally, latdenote
the distribution of a Markov chaifiz,g; at timet. We assume that the Markov chain dynamics is
reversible with a unique stationary distributionExisting analyses mostly focus on understanding
the rate of convergence measuredify;; ) whered is some probability distance.

However, unless the stationary distributionsatis es certain restrictive properties (e.g., log-
concavity), the rate of convergence can be exponentially slow in the problem dimension or the
distribution moments even for simple distributions such as the mixture of Gaussians. For this reason,
we consider a weaker notion of convergence below.

De nition 1 (Conditional mixing) Given a distribution ; supported on the state space We say
 converges conditioned on sét with respect to the divergenckif

d¢ Xx; jX)
where we have the conditional distribution
X (x) = e

For now we can think of the distandeas the total variation distance. Later we will discuss stronger
divergence such as KL-divergence or Chi-squared divergence.

The focus of our work is on identifying several suf cient conditions for fast convergence, and

quantitatively bounding the convergence rate under these conditions. We focus on two MCMC
algorithms: the Langevin Monte Carlo in continuous space, and the Gibbs sampling algorithm in
discrete space. We further discuss the implications of conditional convergence for the two algorithms.

4 Conditional Mixing for Langevin Monte Carlo

In this section, we study the conditional mixing of the Langevin Monte Carlo (LMC) algorithm.
This section is organized as follows: in Subsection 4.1, we rst introduce the Langevin Monte Carlo
algorithm, Langevin Dynamics, functional inequalities, and the Fisher information; in Subsection
4.2, we provide our main results characterizing the conditional convergence of LMC; nally, in
Subsection 4.3, we showcase two applications of our main results.

4.1 Preliminaries

Langevin Monte Carlo. We are interested in the convergence of Langevin Monte Carlo (LMC),
which is a standard algorithm employed to sample from a target probability densitg V : RY !
R, whereV is called thepotential function The pseudocode of LMC is given in Algorithm 1.

Algorithm 1 Langevin Monte Carlo
Input: Initial parameter, potential functiorV, step sizéh, number of iteratio™
1: Initializationzg  z
cFort=01! T:
Generate Gaussian random vector IB ﬁ); lg)
Updatezi+1yn  zin hr V(zn)+  2h
: EndFor

LMC can be viewed as a time-discretization of Langevin Dynamics (LD), described by the following
stochastic differential equation:

dzZy= r V(Z))dt+ pédBt: 1)



We can interpolate LMC following the similar manner of LD as
dzy = r V(Zkh)dt+pEdBt;IZ[kh;kh+1); k 2 N: 2)

One can easily observe thiaZy, gi_, in Eq. (2) has the same joint distribution & gi, in
Algorithm 1, and thus Eg. (2) is a continuous-time interpolation of Algorithm 1.

Poincaré Inequality & Logarithmic Sobolev Inequalities. The convergence of LMC does not
necessarily hold for all potential functions, and quantitative bounds require speci ¢ conditions over
the potential functiorY . Poincare Inequality (P1) and Logarithmic Sobolev Inequality (LSI) are two
commonly used conditions in the analysis of LMC convergence. We present these below:

De nition 2 (Poincaré Inequality) A probability measure onR¢ satis es the Poincaré inequality
with constant > 0 (abbreviated adI( )), if for all functionsf : R ! R,
Z

ke f ()k*d (x)  Var [f]: (PI)

De nition 3 (Logarithmic Sobolev lgequality)Given gfunctiorf : R(Ij?! R* and a probability
measure onRY deneEnt (f), flogfd (x) fd(x)log fd (x).Wesaythata
distribution onRY satis es the Logarithmic Sobolev Inequality (abbreviated &$( )) with some
constant , if for all functionsf : R9! R*,

kr f(x)k?

% d (x) Ent (f): (LSl)
X

Both Pl and LSI can imply the convergence of LMC when the steplsisesmall. Speci cally,

denote y, as the distribution of zy, in LMC (Algorithm 1) and ~ as the distribution of Z; in

Langevin Dynamics (Eq.(1)). We further denote; as the distribution oF; interpolating LMC.

The left-hand-side of Eq.(PI) with = = is then the derivative (w.r.t. time) of the entropyfafi.e.,

Ent = ,and thus we directly establish the exponential convergenvamf~]. The convergence
of LMC can then be induced by bounding the discretization error between LMC and Langevin
Dynamics. The methodology is similar when we have LSI.

Fisher information. It is well-known that ifV is either strongly convex or convex with bounded
support, then it obeys both Pl and LSI, and the convergence of LMC follows immediately according
to the arguments above. However, real-world sampling problems usually have non-convex potential
functions, and for these problems we may no longer have either PI or LSI. If we revisit the above
methodology to establish the convergence of LMC under LSI, we nd that we still have

d N z _ 2 N Z.Z _ 2
gt ENt L = rint(x) dx):;Ent 2 Ent - = rin—(x) d ((x)dt
0
. . R 2 . .
and thuslimti;  ming; o) (x) “d (x) = 0. Following this methodology, 3] uses

the considers a notion of convergence which is de ned using Fisher Informgtiorjj ) ,
kr In = k2d , which they use to analyze LMC convergence. We present the resus] of |
for completeness:
Proposition 1 (Theorem 2, [3]) Assume V is L-lipschitz. Then, for any step sibe2 (0; &),
z Th

2Ent —
2 Rm (ka2

2 4h.
h . —n +8L“dh:

4.2 Rates of convergence
4.2.1 Conditional mixing under local Logarithmic Sobolev Inequality
We rst show that if the target distribution obeys a local Logarithmic Sobolev Inequality (de ned

below), then convergence of Fisher information implies conditional convergence.

De nition 4 (Local Logarithmic Sobolev Inequality)/Ve say that a distribution on RY satis es the
local Logarithmic Sobolev Inequality over a subSet R® with some constant (abbreviated as
LSIs( )),if jSsatisesLSI( ).



De nition 4 characterizes the local property of one distribution. It is considerably weaker than global
LSI (i.e., De nition 3) whensS is convex, and recovers LSl whé&= RY. The intuition is that

when the distribution is multi-modal, it is quite possible that LS| does not hold (or hold but with an
exponentially small constant). In contrast, we can reasonably expect local LSI hold within each mode.
In Subsection 4.3, we will show that a Gaussian mixture model with the same covariance satis es
Local Logarithmic Sobolev Inequality. We show in the following lemma that, whenever we have an
estimation on the Fisher information betweeand , we can turn it to an estimation of the entropy
between jS and |S givenLSIs( ).

Lemma 1. LetS X and assume thpaE obeysLSIs( ). F%)[ any distribution such that
FI( ji ) ", wehave thateither(S) »—,orEnt ;s[2] p—.

We defer the proof of Lemma 1 to Appendix A.1. Intuitively, Lemma 1 states that if the distribution
satis es local LSI over the regio8 and has small global Fisher information with respect to a

distribution , one can expect that either the probability mass olerS is minor, or is close

to both conditional ove6. In other words, is close to conditional ovelS whenever has a

moderate mass ov&. Note that Proposition 1 has already guaranteed global FI of LMC with little

assumption, which together with Lemma 1 leads to the following corollary:

Corollary 1. Assume V isL-lipschitzandS X satis esthat obeyd Sls( ). Dene p =

Ren P 3 En ()

¢—+—. Choosing step sizk = pl? we have that eitherrn(S) O —p=p+— , or
!

h i p_9 5
. niS d* Ent(-2)
Ent iS TjS O 4‘9?9?7

Corollary 1 is one of our key results. Intuitively, it shows that LMC can achieve local mixing when
only local LSl is assumed. As we discussed under De nition 4, we can reasonably expect that local
LSI holds within each mode when the distribution is multi-modal, in which case Corollary 1 can be
further applied to show local mixing with polynomial rate. Note here the dependence of the local
mixing rate is polynomial over the dimensidnmeaning that considering local mixing helps to get

rid of the exponential dependence over the dimendionthe global mixing rate when studying
multi-modal distributions.

4.2.2 Conditional Convergence under local Poincaré Inequality

We have established the conditional convergence of LMC under local Logarithmic Sobolev Inequality
above. However, there are cases where even local LSl fails to hold. To tackle these cases and inspired
by Poincaré Inequality, we introduce a weaker notion than local LSI called local Poincaré Inequality:

De nition 5 (Local Poincaré Inequality)A distribution onRY satis es the local Poincaré Inequality
over asubsed RY with constant (abbreviated a®ls( )), if jS satis esPI( ).

As Poincaré Inequality is weaker than Logarithmic Sobolev Inequality, one can easily see that
local Poincaré Inequality is also weaker than local Logarithmic Sobolev Inequality. Based on
local Poincaré Inequality, we have the following Poincaré version of Lemma 1, which converts
an estimation of Poincaré Fisher information to an estimation of chi-squared divergence of the
conditional distributions.

R
Lemma 2. De ne Poincaré Fisher information aBFI( jj ), kr (= )k®d .LetS X and
assume that obeysPlIs( ). For any distribution such thatPFI( jj ) ", we have that either
(S)2Var j [ L8

To derive the conditional convergence of LMC under local Poincaré inequality, we further need to
bound Poincaré Fisher information of LMC. Such a result, however, does not exist in the literature to
our best knowledge. In analogy to the analysis3j yve develop the following lemma to control the
Fisher information of LD (recall that, is the distribution of Langevin Dynamics in tintg

Th _
Proposition 2. Denote~r, = -2 Th‘ at. Then, we have the following estimation of the PFI between

~h and .

Var [=2]

PFI(~rnk ) dt STH



The proof can be directly derived by taking the derivativévaf [=t] with respect td. We defer the
formal proof to Appendix A.2. Combining Lemma 2, Proposition 2, and recent advances in discrete
error analysis of LD 19], we obtain the following result showing conditional convergence under
local Poincaré inequality.

Corollary 2. Assume V andr 2V isL-lipschtiz,V satis es strong dissipativity, i.eyr V (x); xi

mkxk? b, andS X satis es that js obeysPI( ). Initialize zg N (0; ?1) and select
~-011

h= ~ Var [-2]3

Th g ] dbvar ooqd
“r1.; - Recallthat 1, = < =%, Then either 1 (S) = oY L2718 "or

%Tﬁ
Drv [ thiSji jS]= O(

1 ~ 1
dé Var [—O]ﬁ)

1 1
6T 1

2

Corollary 2 shows that conditional mixing can be established when local PI holds, which is a weaker
assumption than local LSI. However, the assumption of Corollary 2 is stronger than its LS| counterpart,
and the mixing rate depends dar [=2] instead ofEnt =2 , which can be considerably large.
These drawbacks are mainly due to that the dynamics of chi-square distance are much harder than
that of KL divergence, even when global Pl holds [12].

Extension to Rényi divergenceln some prior works, e.g5] 23], Rényi divergence is considered a
natural “measure” of convergence, due to the analytical simplicity of the resulting expressions. One
may wonder if our methodology above can be extended to establish a local mixing rate of Rényi
divergence. Unfortunately, there are technical dif culties which for now we have not nd a way to
tackle or bypass, which we list in Appendix A.3.

4.3 Applications

In this subsection, we apply Corollary 1 and Corollary 2 to two concrete examples to demonstrate
their usage in obtaining local mixing rates. We start by analyzing the example of sampling from
Gaussian Mixture Models with uniform covariance and then turn to the example of sampling from
the power posterior distribution of symmetric two-component Gaussian mixtures.

4.3.1 Case Study: Sampling from Gaussian Mixture Model with the uniform covariance

Target distribution and potential function. We are interested in the gaussian mixture model formed
by gaussians with the same variance but diffgrent means. Speci cally, the target distribution is de ned
as = [, wp 2 ( RY,wherew; >0, ‘owi=1,pp N (; )and 2l4. The
potential function is then de ned aé(x) = log(" ; wipi(X)).

Partition of Space. We divide the space according to the sub-level set. Speci cally, we de ne

Si, fx:ip(xX) pi(x);8 & ig. One can easily verify thdt_; S; = RY. FurthermoreS; is
convex since by the de nition gf;, we have

S=fx:(x ) x ) x ) x )8 6ig
As s positive de nite and symmetric, we can decomposeto UU, whereU is also positive
de nite and symmetric. We then obtain
Uls=fx:(x U )y x U') (x UY))»x U?;):8s6ig

and thusJ 1S; is one region of the Voronoi diagrams generated by * g, , which is convex.
As S; can be obtained by performing linear transformatioto'S;, we obtain thas; is also convex.

Veri cation of local Logarithmic Sobolev Inequality. We prove the local Logarithmic Sobolev
Inequality of over each partitiors; as follows.
Lemma3. Foralli 2f1; ;ng, jS obeysLSI(%).

Lemma 3 is proved by rst showing;jS; obeysLSI(  2) through Bakry-Emery criterion due to the
convexity ofS; andp; is strongly convex, and then applying Holley-Stroock perturbation principle
by viewing as a perturbation gj; overS;. The concrete proof is deferred to Appendix B.1.

Veri cation of Lipschitz gradient. By direct calculation, we derive the following bound on the
Lipschitz constant of V.



Lemma 4. 8x 2 RY, kr 2v(x)k M ki K, 2
As a conclusion, we obtain the following guarantee of running LMC over this example.
. 2
Corollary 3. Let the stepsize of LMC be= ( hpl?) . Assumd > ( %%) Then,

Th jSi ",

for everyi 2 [n], either 4(S;) ", 0rEnt jg S

Corollary 3 indicates that running LMC over gaussian mixture distribution (with the same covariance)
can ensure local mixing with cost polynomial over the dimension and independent of the distance
between the means. By contrast, it is a folk-tale that even the global mixing of gaussian mixture with
2 components has a global mixing rate exponential over the distance, which suggests local mixing
analysis provide a more concrete analysis of what is going on over each component.

4.3.2 Sampling from the power posterior distribution of symmetric Gaussian mixtures

Target distribution and potential function. The symmetric Gaussian mixture model is given as
1' 1! . . .
fo(x), 5 (X; o;la) + > (X; orla):

Here' (x; o;14) denotes the multivariate Gaussian distribution with location paramg®rR¢ and
covariance matrixq. Without loss of generality, we assumg?2 sparf e; g, i.e., all coordinates ofy
except the rstis zero, andy = k gke;. The power posterior distribution, or the target distribution,

isdenedas -, ( jfXig.,):= PQ{T ((ffu ((;((i‘)))) ((u))du :Weset  1forsimplicity. When

no ambiguity is pos'§ible, we abbreviatg -, ( jf Xiginzl) as (). The potential function is then
givenasv():= -~ L log 3' ( X)+ 3 ( +X;) +log ().

Partition of Space. With an accuracy budgét we de neR; =[0;A] B (O;M),R>,=[ A;0]
B(0;M), andR3 = (R1 [ R»2)% whereA andM are"-dependent hyperparameter speci ed latter.

Veri cation of local Poincaré Inequality over R; and R,. We have the following characterization
for the local Poincaré Inequality ov®; andR3:

Lemmab. If A;M k ok+1andn T( A+ M)2dlog(1=)), then with probability at least
1 with respect to the sampling 6X;g, , we have that obeysPIg,((1 =(A*M?))) and
Plr,((1 =(A*M?))).

The lemma is derived by rst considering the distributiorworresponding to the potential function
V = EV and proving local Poincaré Inequality ofR; (or jR3), then bounding the difference
betweenv andV through concentration inequality, and nally completing the proof by applying
Holley-Stroock perturbation principle to pass local Poincaré Inequality frgfh to jR;. A
concrete proof is deferred to Appendix B.2.

Veri cation of strong dissipativity. Similar to local Logarithmic Sobolev Inequality, we can show
strong dissipativity oW/ holds in high probability.

Lemma6. If n> T{( d+ k ¢k?)log(1=)), then with probability at least over the sampling of
fXigh, ,kr 2V( )k O (L+k ok?®);hrvV(); i (kk?®) O k ok?+1 ,andkr 3V( )k
O(d).

Bounding the probability of R3. Using strong dissipativity, we can boung(R3) as follows.
Lemma 7. Ifn> T( d+ k ¢k?)log(1=)), then with probability at least over the sampling

16 (k 0k2+1 )+6d min f A;/M 92

off XigL, ,we have {(R3) 32 2

All'in all, we obtain the following characterization of running LMC over this example.

- andselech= ~ L . SetA=M =

T3
( d+log(1="). f T = ( d?="'2)andn > T( d+ k ok?)log(1=)), then with probability at least
1 over the sampling dfX;g, , either th(Ri) "orDyy [ thijRijj JRi] "fori2f1;2g,
and th(Rs) ",

Corollary 4. Initialize zy N (0; ?1) for 2




As a comparison, such a problem was also studie@Bly yvhere they constructed a speci ¢c sampling
algorithm with prior knowledge of this problem to achieve global convergence. In contrast, we
analyze LMC, which does not require any prior knowledge of the problem, and derive the conditional
convergence of LMC.

5 Conditional Mixing for Gibbs Sampling on Finite States

In previous sections, we showed that conditional mixing can happen for LMC on a continuous state
space. We now show that similar results hold for MCMC algorithms on a nite state space. For
simplicity, we consider an energy functién: f0; 1gd 'f 0;1;2;::;; Mg =: [M]de ned on the
vertices of a hypercube. Denote its corresponding Gibbs meagxyd e (%),

We consider vertices of the hypercube as a d-regular graph where far arg/f 0; 1gd, an edge

existsx y if and only if they differ by one coordinat@qammindX;y¥) = 1. Then alazy Gibbs
samplerhas the following transition matrix on this nite graph:

1y . ;

2d (y)+P (X) ’ 0) y X!

) — 1 X : = X

PCY)= 01 35 sostxe x orpr YT X
o otherwise

Note that the process is lazy becayse; x)  1=2 for anyx. This is assumed for simplicity of
analysis to avoid almost periodic behaviors. This assumption does not make the analysis less general,
as a lazy self loop with probability=2 only changes the mixing time by a multiplicative absolute
constant (see Corollary 9.5 [22]).

To prove conditional convergence, we need an analogue of conditional Poincaré Inequality. The
story for the discrete state space can be more convoluted as the transition matrix, in addition to the
stationary distribution, plays a role here. Many of the analyses below are inspired by [13].

First, given a nite number of subsetX ;g n, we de ne the conditional probability; = jX;
supported orX;, and hence fow; = (Xj),

xn
x) = Wi (X)1fx 2 X;g:
i=1

We also need to design a conditioned transition kernel s@Bthat 2 X;;

pi(%y) = p(x;y) + 1fx = ygP(x; X); (3)

whereX;® denotes the complementXf, and hence the conditioned kernel simply rejects all outgoing
transitions. Then we can easily tell thatis reversible with a unique stationary distribution We
are now ready to give an analogue of Corollary 1.

Theorem 1. Given a sequence of subsetsig, . If for everyi, P; de ned in(3) as a distribution
on X; has spectral gap at least, then we have that either for somethe distribution ; has
small probability onX;, (X;) (Xi)T ¥4, or the conditional mixing happens with respect to

Chi-squared divergence,
1X X 1 h 0i
= Var : —Var — :
T . i ]X| ﬁ

The proof builds upon the convergence of the Dirichlet form and can be found in Appendix C. The
above theorem suggests that if the spectral gap of the Gibbs sampling algorithm is lower bounded on a
local subset, then after a polynomial number of iterations, we get eithiesis very small probability

on this set, or conditioned on the set, the distribution is close to the stationary distribution.

One thing less clear, in nite-state Gibbs sampling as compared to the LMC, is when would the
spectral gap for a Gibbs distribution be large. For the Langevin Monte Carlo algorithm, classical
results show that the spectral gap cannot be too small if the stationary distribution is locally near
log-concave. Below we provide an analogue of this observation for discrete state space.



5.1 Spectral Gap for Gibbs Sampling

We rst de ne a graphG = (V;E), whereV = f0;1g%; and (x;y) 2 E if and only if
duammingX;Y) = 1. Then we de ne quasi-concavity in this case. Note that Gibbs sampling in
each iteration can only move to a neighbor or stay at the current vertex. Then we introduce the
counterpart of quasi-convexity on a function de ned on vertices of graphs.

De nition 6. LetG=(V%EY be asubgraphy® V;E°=(x;y)2 Ejx2 V%y2 V% Wesaya
functionf : V ! [M]is quasi-convex with a radius n a subgraptG = (V% E9), if there exists
a local minimumv 2 V9such that for anw 2 VO any shortestpath ! vy ! ! v from
v! v isoflength at mosb, andf is non-increasing along the path.

Before providing a guarantee for the spectral gap, we give two examples of quasi-convexity.

Example 5.1.If g: R* ! R is a quasi-convex function de ned on positive reals. Then for a given
x 2 V0 Vanyfunctiorf (x) = g(a d(x;x )+ b)is a quasi-convex function on the graph where
a; bare reals andd(x; y) is the shortest path length frorto y.

Example 5.2. If on a subseV® V,f(x)= c"x forsomec2 RY;x 2 f0;1¢° (i.e. fis a linear
function), therf is quasi-convex on the graph.

The next theorem states that for such a function, the spectral gap is polynomial in problem dimension
d and the diameter of the regidn.

Theorem 2. If a functionf is quasi-convex with a radius D on a subdgt f 0;1g, then the
conditional transition of Gibbs sampling de ned {8) has a spectral gap lower bounded %.

The proof studies the conductance of the Markov chain and can be found in Appendix D. The above
theorem suggests that although Gibbs sampling can mix very slowly, on any subset with a well
connected local minimum, the conditional mixing to the stationary distribution can be fast. This
concludes our analysis and we move on to verify our statements with experiments in the next section.

6 Experiments

6.1 Observations on Gaussian Mixture

In this section, we conduct experiments to verify the theoretical results and compare global
mixing versus conditional mixing for Gaussian mixture models. We take three Gaussian
mixtures: ;1 = 0:9Ny( 10;1) + 0:IN;(10;1), , = 0:15Ny( 5;1) + 0:15N;( 25;1) +
0:3N;1(0;1) + 0:2N1(2:5;1) + 0:2N1(5;1), and 3 = 0:4Nx(( 5; 5);12) + 0:4Ny((5;5);12) +
0:ANL(( 5;5);12) + 0:1INo((5; 5);12) as our target distributions. We use Algorithm 1 as our
sampling algorithm, and set step stze 10 2. The initial distributions are both uniform in a large
enough range. We plot the sampling distribution after 500; 5000 500rounds respectively in
Figure 1a, 1b, and 1c, and plot the conditional and global KL divergence in Figure 1d, 1e, and 1f.

We make the following observationgl) The global KL divergences of the sampling distributions

of 1 and 3 decrease fast at rst. Then they maintain at a constant level and never converge to
0. It is reasonable sincq; 3 have very bad LSI constants (exponential in the distance between
means). Thus, by classic Langevin Danymics analysis re2gjigjlobal KL divergence would

have an exponentially slow convergence r§# Both the global and conditional divergences of the
sampling distribution of , converge very fast. This is because dense Gaussian mixtures Iiave

good LSI constant. The KL values are noisy due to the limited calculation precision of KL divergence.
(3) The conditional divergence of the sampling distribution ptonverges faster than the global
divergence because the LSI constant bound,a$ much worse than the conclusion in Corollary

1, which means conditional convergence is faster than global convergdhdée conditional KL
divergences of the sampling distributions @fand 3 converge to 0 very fast (the at part is due to

the limit of calculation precision), which could be seen as a veri cation of our theoretical résult.

The sampling distributions of; and 3 afterT iterations contain all of the Gaussian components in
target distributions, the only difference between them is weight. Since learning the right weight and
component will directly lead to global KL convergence, this observation could be seen as an example
of the gap between global convergence and conditional convergence.



(a) sample distributiong) (b) sample distribution() (c) sample distribution()

(d) KL divergence(z) (e) KL divergence(2) (f) KL divergence(s)

Figure 1: we plot the sampling distributions afteiterations and the KL divergences wir.t

6.2 Observations on LMC with restarts

In the LMC analysis, We study the evolution of a distributignthat usually is an absolutely
continuous distribution. However, in practice, a more common implementation is as below: one rst
randomly generates an initial poixg, runs the sampling algorithm fdr iterations, and then collects
samples along a single trajectory. A gap between theory and practice here is that we always assume
continuity and smoothness conditions on the initial distribution in theory, while in practice, we only
generate a limited number of initial points (sometimes only one point) to run the sampling algorithm.

For log-concave sampling, this gap is usually negligible since the ergodicity of Langevin Dynamics
guarantees that we could always capture the features of the target distribution. Thus, it's reasonable
that there are plenty of works about the discretization error on the time scale, while we hardly
pay attention to the approximation error of initial distribution. When it comes to non-log-concave
sampling, this gap may become crucial. We conduct several experiments in Appendix E to verify this
conjecture and show that LMC with restarts could empirically help to eliminate the gap and improve
the convergence speed.

7 Conclusions

Our work examines sampling problems where the global mixing of an MCMC algorithm is slow. We
show that in such cases, fast conditional mixing can be achieved on subsets where the target distribu-
tion has benign local structures. We make the above statements rigorous and provide polynomial-time
guarantees for conditional mixing. We give several examples, such as the mixture of Gaussian and
the power posterior to show that the benign local structure often exists despite the global mixing rate
is exponentially slow.

Much remains to be done. Theoretically, whether faster convergence rates can be achieved or a lower
bound exists remain unknown. Instantiating our analyses to more MCMC algorithms may also lead
to new observations. More importantly, the implication of being able to sample ef ciently from
local distributions requires more careful analysis. This may lead to a new theoretical guarantee for
problems with symmetry (such as permutation symmetry, sign symmetry, rotation invariance, etc)
where all local minima are equally good and sampling from any mode suf ces.
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A Proofs of results in Section 4.2

A.1 Local LSI: Proof of Lemma 1

Proof. Since
Z _ 5 5 Z
is ix; () 2 (x)? 2 (x)?
(S) r —>(x) ———“—dx= r —(x) dx r —(x) dx;
s is ix; (X) s (x) X (X)
if (S) P =, the proof is nished. Otherwise, we have
. z : 2 2
IJs Is Ix; (X) P
Ent . —_ r 7(X) 1~ dx .
s s is ix; (x)
The proof is completed. O
A.2 Local PI: Proof of Proposition 2
To begin with, we provide the proof of Lemma 2.
Proof of Lemma 2.Since
VA Z Z
(S)? s oy o 2 2
r—x) js(x)dx= r —(x) (x) dx r —(x) (x) dx:
(S s Is s X
The proof is completed by noticing that
z . 2 .
r 200 iseOdX=PRIC s js)  Var g <
s
O
We then prove Proposition 2.
Proof of Propsition 2.By applying the de nition of LD, we have
dvar [*] _ _
@ - 2PFI(~tk ):
Taking integration of both sides of the above equation then gives
Z 1h
Var 2% var % var L =2 PFI(~.k ) dt:
0
The proof is then completed by noting that according to Hélder's inequality,
z RTh~tdt 2 ZZ _ 2 Z 1h
r -9 ——(x) (x) dx r —t(x) (x)dx dt = PFI(~¢k ) dt:
X 0 X 0
The proof is then completed. O

We then restate the main result frof®], which provides a tight characterization of the discretization
error between LMC and LD.

Proposition 3 (Theorem 2,19]). Assume V andr 2V is L-lipschtiz. Initializezg according to
Gaussian and selett= O(1=L;). Then fort 2 [0; Th], KL(~¢jj {) = O(h?d?T).

It should be noticed that in the original version of [Theorem1®]]| the result is only stated for
interger time, i.e.t = kh wherek 2 f 0;  ; Tg. However, their proof also applies to non-integer
time which leads to the above proposition.

We are now ready to prove Corollary 2.
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Proof of Corollary 2. Combing Proposition 2 and Lemma 2, we have that

2 - ~This (S)Var [=]
~rh(S)“Var jq is >Th ;
Using Pinsker's inequality, we further obtain
S S)Var [
2~rn(S)?D1v [~rhisii jsI? %: (4)

On the other hand, according to Proposition 3 and Pinsker's inequality, we obtain tha {for T h],
Drv [~jj «J* O (h?d®T);

and thus p_
Drv [~t]j t] O (hd T):

Due to the convexity of ; norm, we then obtain

Z 1y 1 Z 1y
Drv [~Thij Th]=51;_|\p Th , ~t(A) Th t(A)dt
= supj~t(A)  (A)jdt
Th 0 A
e Drv [~ ¢]Jdt=O(hd T): )

Let A be a positive c%nstant. (According to Eq. (4), we have eithgr(S) A, or

Z0
Drv [~thjsii js]= O %%%—] . In the former case, combined with Eq. (5), we have that

™(S) A+ O(hdp T):

In the latter case, we have that

A . hd T
Drv [=rhisii this] O ——
and thus 0q 1 |
) var [=] hd” T
Drv [ ] O @W + 0 A
~n.1 1 ~01
The proof is completed by selectig= % ,andA = 2 VaLrT[:]G O
3 3d3 6 12

A.3 Dif culty of extension to Rényi divergence

Given two distribution and , Rényi divergence ofl between them, i.eRq( k ) is de ned as

follows:

1 q
Rq( k), ﬁIn Ex —(x)

For simplicity, here we consider Langevin Dynamics de ned as Eq. (1) with the distribution ot time
denoted ast. The measure of convergence is then de ne®Raé (k ), the derivative of which,
according to (Lemma 6, [23]) is given as

d Gq( i )
aiot K= 9T
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where

" #
q 2 q—2 2 4 a2
Gy(mllm) =E, =~ vieg™t  —g, 2 T vI:T -Zg v ZIZ*® |
0 s ™ 0 q ™
h i
e 9
Fy(mllm) =€, 2
If we would like to follow the routine of Lemma 1, we need to firstly lower bound ?sé;f:‘\l\:)) by

Gq((me|9)][(7]S)) Gq((me|S)|[(7]5))
m and secondly transfer m back to Ry ((m|S)||(7]S)). The second step

can be accomplished following the same routine as (Lemma 9,[24]) using local PI. However, we are
still unaware of how to implement the first step. This is bezcause although we have

" # .
4 Tt % 2 4 7Tt|S 2 Wt(S)q
G =—E, V = > —E,s4 V Sx L
‘Z(ﬂ-t”ﬂ-) q2 T - q2 |S W‘S ﬂ_(S)q_l
which is similar to the analysis of local LSI, we also have
i h i
- Ty 4 e 4 Wt(S)q
Fq (7Tt||7T)—E7T ? ZEW ? X 71_(57)(1_1
In other words, when restricting to .S, both the denominator and the numerator of ?:((::\Il‘:)) will
: Gq(me||m) Gq((me|S)|[(]5))
get smaller, which makes Foa(rel|m) 1O longer lower bounded by Fa((rl NI - We leave how to

resolve this challenge as an interesting future work.

B Proof of Applications

B.1 Proof of gaussian-mixture

To start with, we recall Bakry-Emery criterion and Holley-Stroock perturbation principle.

Lemma 8 (Bakry-Emery criterion). Let Q C R™ be convex and let H : Q — R be a Hamiltonian
with Gibbs measure j(x) o< e~ @) 1q(x) and assume that V> H(z) > k > 0 for all x € supp(p).
Then y satisfies LSI(k).

Lemma 9 (Holley-Stroock perturbation principle). Ifp € A(Q) satisfies LSI(n;), and ¢ : @ — R
satisfies m < ¢ < M, where m, M > 0. Then, ¢ € A(2) o< ¥p satisfies LSI( {5 7).

We are now ready to prove Lemma 3.

Proof of Lemma 3. Since S; is convex, by applying Lemma 8, we obtain p;|s, is LSI(0?). Let
c = min; w;.

Meanwhile, we have over S

> >
Cpj Swip; SPp= WP Twip; < wipj + wW;p;j = Pj-
i#j i#j
Therefore, by Holley-Stroock perturbation principle, we have that p|s; satisfies LSI(%G’Q). O

Proof of Lemma 4. Through direct calculation, we obtain

12—1 i,j wiwjpi(gpj(l’)(p,i — Hj)(ﬂi — W

2 ( i=1 wipi(x))z

)T

Vv =x"1- »L

Then, for any a € R? with ||a|| = 1, we have
P

. . o \Ty—1ap2
a’V’Va-a's 'a- - i’jwlepl(!%)fj(m”(ul Quj) @
2 (= wipi(7))
<a'yla< L,

0-—2
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and

P
D . ) Ty—19)2
a’vva gaTE_la _ } i,j wlepz@pj ()| (i ﬂj) X'a

2 (i wipi(e))?
o1 iy wiwpig)ps (o)l (i — pi) S al? o maxy [l = py]*
2 (o wipi(2))? - ot
The proof is completed. O

B.2 Proof of sampling from the power posterior distribution of symmetric Gaussian mixtures

To begin with, define the expected potential function V' as

V(0) := BEx log %cp(@—X)—i—%ap(@-l—X) + log \(0).

We further define the corresponding distribution as 7 oc e~ V.

The following lemmas will be needed in the proof.
Lemma 10 (Theorem 2, [20]). If A, M > ||||6o]||| + 1, we have 7| g, satisfies P1I(©(1/A*M?)).

Lemma 11 (Lemma 4, [20]). If A, M > ||6o|| + 1, we have with probability at least 1 — §,
r

d A+ M+d
sip VO — V(O <O+ A+ M) LlogtAFMEd)
6€[0,A]xB(0,M) n 1)

Lemma 12. Suppose V obeys strong dissipativity, i.e., VV is L-lipschitz and (VV (x),x) >

ml|z||*> — b. Then, running LMC with h < 43 and h < %, we have

E eamllzcl® < 39 exp (8b + 64d)
T~ Tk —

4m
Proof. Define f(x) = eamlzl” . Assume wlog that VvV (0) = 0.

Then,

E

D
1 1 1 2
flar) =exp —|zpl® + =— —hVV(xx) + V2hép, 2 + — —hVV (i) + V2h&,
4m 2m 4m

V2h
2m

V2h

2m

. 1 h
g, eai + 5~ WPV () "+ gl
m m
L

. h
hew, zii + —[|&4]|°
m

1
<exp ol - o onl® b+

N
2m

1 2 h 2
<exp @Hl’kH ~ T |zxll” =20 +

Let Ej, denote expectation wrt ;.. Then

' #
1 h 2h ) h
Bl ()] Sexp ol — e el 26 Ex g, i+ e
" #,
1 h V2h ) 2h 1/2
<exp —|all? = -— |zl =20 -Ep ~— h&y,ai Er =&’
4m 4m m m

Using the fact that y? variable is sub-exponential,

2h 9
Ex exp E”&CH < exp m
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On the other hand, notice that hey,, 2 i ~ N(0, ||z |°) is a 1-dimensional gaussian random variable.
It can be shown that " 14

V2h . 2h
Er exp —h&g,zpi <exp —2||ack||2 . (6)
m m
Combining the above,
1 h 2hd  h
Erlf(zr41)] Sexp R”T%HQ ~am l)l* =26 + T W”MHQ
1 2 h 2
< — - — —4b — 32
<exp o flan]” = o llewll” — 4b - 32d
Let E denote expectation wrt all randomness. Then
E[f(zr+1)]
1 2 h 2
<E exp ——|lall” = o~ [l@kl” —4b—32d
m 8m
1 2 h 2 n 2 ©
=E exp —|lzkl|"— =— |lzxl|" —4b—32d 1 |=z||” > 8b+ 64d
4m 8m
1 2 h 2 n 2 °
+E exp —|lagll"— =— |lakl"—4b—32d 1 |a|” < 8b+64d
4m 8m
<E e ! [ENR h (4b + 32d) 1nHm H2>8b+64d0
D A
= p am 1Tk 16m Kl 2
1 , h n ) o
+E exp — |zl + =— (4b+32d) 1 |jax||® < 8b+ 64d
dm 8m
Loz e © h
<E exp —|axll” 1 [jag|” >8b+64d - 1— —— (4b+32d)
4m m
1 s M o h
+E exp —|lzl” 1 [la]® <8b+64d - 1+ — (4b+ 32d)
4m dm
E e ! [ENR h (4b+ 32d)E e ! [EA 1n||x 12 >8b+64d0
= X _— - X —
Py 1 32m P 1 Hl =

h 1 ) n ) o
+ — (4b+32d)E exp —|lzx]|” 1 [jakl” < 8b+64d
4m dm

1 h 1
<E exp R”%HQ —327m(4b+32d)E exp %”%HQ

h 1
— (4 2d) - — 4
+m(b+3 d) - exp 4m(8b+6 d)

=E[f(zr)] — 32% (4b + 32d) E[f (21)] + % (4b + 32d) - exp ﬁ (8b + 64d)

Suppose that z, is drawn from the invariant distribution under LMC. Then we know that E f () =
Ef(zk+1)- In this case,

(8 + 64d)

h h 1

<-——(“4 2d)E — (4 2d) - —

0< —zo— (4b+ 32d) E[f (xx)] + — (4b+32d) -exp
Moving things around gives

1
Ef(xr) <32-exp im (8b+ 644d)
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We are now ready to prove the lemmas in the main text.

Proof of Lemma 5. Based on Lemma 11, if n. > ©((A + M)2dlog(1/5)), we have with probability
atleast 1 — 6, -

sup [V(8) — V(6)] < O(1).

0€ R,
7|R1

As a result, we have
7\'|Rl

(9) = ©(1), and by Lemma 9 and Lemma 10, the proof is completed. [J

Proof of Lemma 6. To begin with, set £ ~ N(0, 14), we have

= ([|0oller +& = 0) + @ (|[6oller + & +6)
¢ ([[foller +& —0) + ¢ ([[0oller + €+ 0)

8
> 1617 =5 [16o]* +1

vV(0),0 =plo|I* + BE 0" (I0olex +¢€)

We obtain
(VV(0).0) > D10 28 100]7 +1

following a standard empirical process argument due to n. > O((A + M)?dlog(1/5)) (see Lemma
6, [20] as an example).
Meanwhile, denote 7; = 1 if X; is sampled from N (0, 14) and ; = —1 else-wise. We have
0P8 Ap(Xi —0)p(Xi+0) | x
X0 re(xra)y 9
B 4p(Xi - 0)p(X; +6)
n_ X —0) + oK, + 0))

V2V (0) =Bl

5 (Xi = 7illfoller) (X — 7illbollen) ™

P’I’L
and thus (8 — [|0o]|>8 — 2~ ™| |X; — mill6ollex]|*)la < V2V(0) < Bla. As X; — 7i|0pler ~

N(0, 14), by concentration inequality of chi-square variable and since n > ©((A + M)2dlog(1/6)),
we have with probability at least 1 — 4,

IV2V ()l < 281 + [1601*)-

The claim for || V3V|| can be calculated following the similar routine. The proof is completed. [

Proof of Lemma 7. The claim directly follows by applying Markov’s inequality to Lemma 12. [

C Proof of Theorem 1

Proof. We consider the variational form of spectral gap. We first define the Dirichlet form and the
variance

>
Ep(9,9) = (0, (I = P)o), = m(x)o(x)(l(z,y) — P(z,y))o(y),

Var,[¢] = 7(z)(p(z) — Ex[@])?

Then by the fact that P is lazy, and hence P = %(I + ]5) for some reversible transition P, we have

Varﬂ [qu] S Varﬂ' [¢] - gp(¢7 ¢)7

By nonnegativity Ep (¢, ¢) > 0,, we have
> h i

ep BB < Var, % . 7
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By the variational form of spectral gap,

gP((ba ¢)

¢ non-constant Var [¢]

Therefore, applying the Markov chain generated by P; we have that for any ¢ < m,

XVar Mt|Xz‘ <£X ,Uft|Xi ,Uft|Xi 8)
. "o Ta Box X,
‘We then note that
>
pe pe 1 Kty B2
e D5 =g WP - 20)
1 < 1 1
>0 T @ Py @) - L)
z,yEXj
1 X< " 1
—5 @Ry - 2o
x,yEXj
1 > 1% p
t5  m@ Py - Play)(E @) - Ey)?
z,yEXj

We note by (PI) that for any x,y € X;,z # y, P(z,y) = P;(z,y) Therefore, the second term is
zero. Hence,

&p Mt ot > W(Xz‘)z P | X e | X

?’? - 2,&,5()(1')2 P 7T'|/Yi ’ 7T'|/Yi
Combining with (7) and (8) we get,
1 X< 12| X ) 2 Uy
— Var,., — X; Var, — 9
T al'r; 7T|XZ //Jt( 1) = W(Xi)g T ar . ( )

t

The claim then follows by discussing if for all ¢, i (X;) < w(&;)T~1/*, then
1 ol _ 2 My 1

T Varm 7'('|Xl s W Varﬂ —

(10)

t

D Proof for Theorem 2

Proof. Given the subgraph V', we have that conditioned transition kernel is
p(zy) =pla,y) + {z=y} Pl (V).
We analyze the conductance on graph V'’ induced by p/,

xeVL ﬂ(x)p'(a:, ‘/lc)

O — wi
Vievo min{7(V1),1 — x(V1)}

For any partition V;, V5 of V’, without loss of generality assume the local min of f is in Vs, v* € V5.
For simplicity, for any « € V}, we denote 7(x) be the last element in its shortest path to v*. We note
that

d(z,7(z)) < D,7n(z) < w(7(x)).
Denote 7(V7) be the set of such elements in V. Then F\ye have

>
m(@)p (z, Vi) =
zeVy

zeT(V1) 71'(.13)

4d (i
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Further denote 7(z, ) for some r € {0,1, ..., d} as the set of elements at distance r from 7(z) along
the descending shortest paths. We provide an illustrative figure in 2. Then we have that

<X X
m(V1) = T(x, 7). (12)
T(z)eT(Vy) r=1

We note by reversibility that

(r(z,r))p' (r(z,r), 7(z,r + 1)) = 7(z,7 + 1)p'(7(z,r + 1), 7(z,7)). (13)
Further by the fact that the function along the path is descending, we get that
p(r(z,r), m(x,r + 1)) > p'(r(x,r + 1), 7(x,7)). (14)
Therefore,
m(r(x,r)) > n(r(x,r + 1)). (15)
Hence we have
< X
w(Vq) = 7(x,r) < Dm(7(V1)) (16)

T(z)eT(Vy) r=1

Therefore, when 7(V7) < 1/2 we have
P
wevy T(2)p (2, VYY) 1
min{7(V1),1 —7(V1)} ~— 4dD’

when 7(V1) > 1/2 we have

eev, T(@)p' (z, VF) 208 , .
>
min{7(V1),1 —x(V1)} — 2 m(@)p'(z, Vr)
Fr,evl
rer)™@) w(r()) o 1
- 2d — 2dD T 4dD

The theorem then follows by Cheeger’s inequality.

Figure 2: An illustration for the definitions of 7(z)and 7(z, ).

E Additional Experiments

We still use 73 in 6.1 as our target distribution. We initially set n = 1, 10, 2000 particles to run the
LMC sampling algorithm respectively. We collect the locations of these particles after 7' = 1000
iterations as valid samples. The target distribution is shown in Figure 3a; empirical distributions
using n = 1, 10, 2000 particles are shown in Figure 3b, 3c, and 3d.

We highlight two observations from the experiments. First when we use only one particle, it is always
trapped in one Gaussian component and we never get samples from other modes. It has very bad
global convergence, but still gets good conditional convergence: The convergence result conditioned
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