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Abstract

The remarkable attention which fair clustering has received in the last few years
has resulted in a significant number of different notions of fairness. Despite the
fact that these notions are well-justified, they are often motivated and studied in
a disjoint manner where one fairness desideratum is considered exclusively in
isolation from the others. This leaves the understanding of the relations between
different fairness notions as an important open problem in fair clustering. In this
paper, we take the first step in this direction. Specifically, we consider the two
most prominent demographic representation fairness notions in clustering: (1)
Group Fairness (GF), where the different demographic groups are supposed to
have close to population-level representation in each cluster and (2) Diversity in
Center Selection (DS), where the selected centers are supposed to have close to
population-level representation of each group. We show that given a constant
approximation algorithm for one constraint (GF or DS only) we can obtain a
constant approximation solution that satisfies both constraints simultaneously.
Interestingly, we prove that any given solution that satisfies the GF constraint
can always be post-processed at a bounded degradation to the clustering cost
to additionally satisfy the DS constraint while the reverse is not true given a
solution that satisfies DS instead. Furthermore, we show that both GF and DS are
incompatible (having an empty feasibility set in the worst case) with a collection
of other distance-based fairness notions. Finally, we carry experiments to validate
our theoretical findings.

1 Introduction

Algorithms’ deployment in consequential settings, from their use in selecting interview candidates
during hiring, to criminal justice systems for risk assessment, to making decisions about where public
resources should be allocated [39, 28, 11, 18, 12], have led to an explosion in interest of developing
classification and regression algorithms designed to have equitable predictions. More recently, these
questions have been extended to unsupervised settings, with the recognition that algorithms which
behave as subroutines may have downstream impacts on the ability of a system to make equitable
decisions. For example, while personalized advertising seems to be a much lower-risk application
than those mentioned above, the advertisements in question might pertain to lending, employment, or
housing. For this reason, understanding the impact of unsupervised data pre-processing, including
dimensionality reduction and clustering, have been of recent interest, despite the fact that many
mathematical operationalizations of fairness do not behave nicely under composition [19].

Clustering is a canonical problem in unsupervised learning and arguably the most fundamental. It
is also among the classical problems in operations research and used heavily in facility location
as well as customer segmentation. As a result, fairness in clustering has also been well-studied
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in recent years [8]. Much of this work has identified that existing clustering algorithms fail to
satisfy various notions of fairness, and introduce special-purpose algorithms whose outcomes do
conform to these definitions. As in supervised learning, a list of mathematical constraints have
been introduced as notions of fairness for clustering (more than seven different constraints so far).
For example, Chierichetti et al. [17] show algorithms that are guaranteed to produce clustering
outputs that prevent the under-representation of a demographic group in a given cluster, hence being
compliant to the disparate impact doctrine [22]. Brubach et al. [13] show algorithms that bound the
probability of assigning two nearby points to different clusters, therefore guaranteeing a measure of
community cohesion. Other algorithms for well-motivated fairness notions have also been introduced,
such as minimizing the maximum clustering cost per population among the groups [24, 1], assigning
distance-to-center values that are equitable [14], and having proportional demographic representation
in the chosen cluster centers [32].

These constraints and others may be well-justified in a variety of specific application domains, and
which are more appropriate will almost certainly depend on the particular application at hand. The
dominant approach in the literature has imposed only one constraint in a given setting, though some
applications of clustering (which are upstream of many possible tasks) might naturally force us to
reconcile these different constraints with one another. Ideally, one would desire a single clustering
of the data which satisfies a collection of fairness notions instead of having different clusterings for
different fairness notions. A similar question was investigated in fair classification [31, 18] where it
was shown that unless the given classification instance satisfies restrictive conditions, the two desired
fairness objectives of calibration and balance cannot be simultaneously satisfied. One would expect
that such a guarantee would also hold in fair clustering. For various constraints it can be shown that
they are in fact at odds with one another. However, it is also worthwhile on the other hand to ask if
some fair clustering constraints are more compatible with one another, and how one can satisfy both
simultaneously?

Our Contributions: In this paper, we take a first step towards understanding this question. In
particular, we consider two specific group fairness constraints (1) GF: The group fair clustering (GF)
of Chierichetti et al. [17] which roughly states that clusters should have close to population level
proportions of each group and (2) DS: The diversity in center selection (DS) constraint [32] which
roughly states that the selected centers in the clustering should similarly include close to population
level proportions of each group. We note that although these two definitions are both concerned with
group memberships, the fact that they apply at different “levels” (clustered points vs selected centers)
makes the algorithms and guarantees that are applicable for one problem not applicable to the other,
certainly not in an obvious way. Further, both of these notions are motivated by disparate impact
[22] which essentially states that different groups should receive the same treatment. Therefore, it is
natural to consider the intersection of both definitions (GF + DS). We show that by post-processing
any solution satisfying one constraint then we can always satisfy the intersection of both constraints.
At a more precise level, we show that an -approximation algorithm for one constraint results in an
approximation algorithm for the intersection of the constraints with only a constant degradation to
approximation ratio . Additionally, we study the degradation in the clustering cost and show that
imposing DS on a GF solution leads to a bounded degradation of the clustering cost while the reverse
is not true. Moreover, we show that both GF and DS are incompatible (having an empty feasible set)
with a set of distance-based fairness constraints that were introduced in the literature. Finally, we
validate our finding experimentally. Due to the space limits we refer the reader to Appendix C for the
proofs as well as further details.

2 Related Work

Fairness in clustering: GF and DS. In the line of works on group-level fairness, Chierichetti
et al. [17] defined balance in the case of two groups to require proportion of a group in any cluster
to resemble its proportion in input data. They also proposed the method of creating fairlets and
then run generic clustering algorithm on fairlets. Bera et al. [9] generalized the notion of balance to
multiple groups, and considered when centers are already chosen how to assign points to centers so
that each group has bounded representation in each cluster. While only assuming probabilistic group
assignment, Esmaeili et al. [21] presented algorithms that guarantee cluster outputs satisfy expected
group ratio bounds. Also working with bounded representation, Esmaeili et al. [20] showed how to
minimize additive violations of fairness constraint while ensuring clustering cost is within given upper



bound. Besides center-based clustering, group fairness constraint is also applied to spectral clustering
[33]. Recent work due to Wang et édl1] speeds up computation in this setting. Ahmadi efA4l.
applied group fairness to correlation clustering. As a recent follow-up, Ahmadian and Neggtjbani
generalized the setting and improved approximation guarantee. Ahmadiaftgtsaid Chhabra and
Mohapatrg16] introduced group fairness in the context of hierarchical clustering, with work due
to Knittel et al.[35] proposing an algorithm with improved approximation factor in optimizing cost
with fairness setting. Diversity in center selection was rst studied in Kleindessner[82hfor data
summarization tasks. The authors presented an algorithms that solves thedaters problem with

an approximation factor that is exponential in the number of groups and with a running time that is
linear in the number of input points. A follow-up work Jones e{29] improved the approximation
factor to a constant while keeping the run time linear in number of input points. Concerned with both
the diversity in selected center and its distortion of the summary, Angelidakis[é} ptoposed an
approximation algorithm for thle-centers problem that ensures number of points assigned to each
center is lower bounded. Recent work due to Nguyen ¢B8@].generalized the problem to requiring
group representation in centers to fall in desired range, which is the setting this work is using.

Other fairness considerations in clustering. Besides fairness notions already mentioned, other
individual fairness notions include requiring individual points to stay close to points that are similar
to themselves in output clusters such as that3f, 13]. The proportionally fair clustering based

on points forming coalitions 1[5]. A notion based on individual fairness that states that points
should have centers within a distariRéf there aren=k points around it withirR [36, 30]. Newer
fairness notions on clustering problems were introduced recently in Ahmadi&} ahd Gupta and
Dukkipati[26]. For the interested reader, we recommend a recent overview due to Awastljget al.
for exhaustive references and an accessible overview of fair clustering research.

3 Preliminaries and Symbols

We are given a set of poin@along with a metric distanady(:; ;). The set of chosen centers is denoted

by S C and the assignment function (assigning points to centers) @ S. We are concerned

with thek-center clustering which minimizes the maximum distance between a point and its assigned
center. Formally, we have:

min - maxd(j; (j 1
o min  maxdG; () (1)
In the absence of constraints, the assignment funct{onis trivial since the optimal assignment is to

have each point assigned to its nearest center. However, when the clustering problem has constraints
this is generally not the case.

In fair clustering, each poirjt 2 C is assigned a color by a functior{j) = h 2 H to indicate its
demographic group information, whekrkis the set of all colors. For simplicity, we assume that each
point has one group associated with it and that the total number of colergHj is a constant.
Moreover, the set of points with colbrare denoted bg". The total number of points is= jC j
and the total number of points of colbris n, = jC"j. It follows that the proportion of coldn is

rn = . Finally, given a clusteringS; ), we denote the set of points in tHe cluster byC; and

the subset of coldn by C" = C;\C".

We now formally introduce the group fair clusterinGK) and the diverse center selectiddS)
problems:

Group Fair Clustering [ 17, 10, 9, 21, 5]:  Minimize objective (1) subject to proportional demo-
graphic representation in each cluster. Specica8ly? S;8h 2 H : pjCij j CNj hjCij
where  and |, are pre-set upper and lower bounds for the demographic representation dif color
in a given cluster.

Diverse Center Selection32, 29, 37]:  Minimize objective (1) subject to the set of cent&rsatis-

fying demographic representation. Speci cally, denoting the number of centers from demographic
(color)h bykn = jS\C"j, then as done ird[7] it must satisfyk], k, ki wherek}, andk{ are

lower and upper bounds set for the number of centers of ¢olmspectvily.



Importantly, throughout we havgh 2 H : > 0. Further, forGF we consider solutions that could
have violations to the constraints as done in the literatey&(]. Speci cally, a given a solution
(S; ) has an additive violation of GF if is the smallest number such that the following holds:
8i 2 S;8h2H : jCij j Chj riCij + . We denote the problem of minimizing the
k-center objective while satisfying both ti&F andDS constraints a&F+DS.

Why Consider GF and DS in Particular? There are two reasons to consider GBE andDS
constraints in particular. First, from the point of view of the application li&frandDS are concerned

with demographic (group) fairness. Further, they are both speci cally focused on the representation
of groups, i.e. the proportions of the groups (colors) in the clusterGfoand in the selected center

for DS. Second, they are both “distance-agnostic”, i.e. given a clustering solution one can decide if it
satis es theGF or DS constraints without having access to the distance between the points.

4 Algorithms for GF+DS

4.1 Active Centers

We start by observing the fact that if we wanted to satisfy li&fhandDS simultaneously, then we
should make sure that all centers antive(having non-empty clusters). More precisely, given a
solution(S; ) then theDS constraints should be satis ed furth@r 2 S : jC;j > O, i.e. every center

in S should have some point assigned to it and therefore not forming an empty cluster. The following
example clari es this:

Example: Consider Figure 1. Suppose we h&ve 2 and we wish to

satisfy theGF andDS constraints with equal red to blue representation.

DSrequires one blue and one red center. Further, each cluster should have

jCPluej = jCre9 = 3jCij to satisfyGF. Consider the following solution

S; = f2;4g and ; which assigns all points to point 2 including point

4. This satis esGF andDS. Since we have one blue center and one

red center. Further, the cluster of center 4 has no points and therefore

0= jCPq = jC*4 = 1jC;j. Another solution would havB, = S; = Figure 1: In this graph
f 2; 4g but with , assigning points 2 and 3 to center 2 and points 1 atte distance between the
4 to center 4. This would also clearly satisfy tBE andDS constraints. points is de ned as the

There is a clear issue in the rst solution which is that although cente%,th distance.

is included in the selection it has no points assigned to it (it is an empty

cluster). This makes it functionally non-existent. This is why the de nition should only count active
centers.

This issue of active centers did not appear befol@®{32, 37], the reason behind this is that it is
trivial to satisfy when considering only tH2S constraint since each center is assigned all the points
closest to it. This implies that the center will at least be assigned to itself, therefore all cent®S in a
solution areactive However, we cannot simply assign each point to its closest center wh&tthe
constraints are imposed additionally as the colors of the points have to satisfy the upper and lower
proportion bounds oGF.

4.2 The DVIDE Subroutine

Here we introduce th®IvIDE subroutine (block 1) which is used in subsections 4.3 and 4.4 in
algorithms for converting solutions that only sati&f$ or GF into solutions that satisfGF+DS.
DivIDE takes a set of point§ (which is supposed to be a single cluster) with centdong with

a subset of chosen poin(Q C). The entire set of points is then divided among the pdhts
forming jQj many new non-empty (active) clusters. Importantly, the points of each color are divided
among the new centers @ so that the additive violation increases by at ntbstee Figure 2 for an
intuitive illustration.

Here we use the symbglto index a point in the s&). Importantly, the numbering starts withand
ends withjQj 1.

We prove the following about 1DE:



Figure 2: lllustration of DvVIDE subroutine.

Algorithm 1 DIvIDE

1: Input: Set of pointsC with centeri 2 C, Subset of point® (Q  C) of cardinalityjQ)j.
2: Output: An assignment function : d Q.

3: if jQj =1 then

4:  Assign all pointsC to the single center i@.

5: else

6: Set rstindex=0.

7. forh2H do .

8 Set: Ty, = ‘JCTJ‘ b = T j QjbThc, count=0

9: Set:q= rstindex

10: while count j Q) 1do

11 if b, > Othen

12: AssigndT, e many points of coloh in C to centem.
13: Updatel, = b, 1.

14: Update rstindex= ( rstindex + 1) mod jQj.

15: else

16: AssignbT}, ¢ many points of coloh in C to centem.
17 end if

18: Updateg=(q+1) mod jQj, count= count+1.

19: end while

20: end for

21: end if

Lemma 1. Given a non-empty clusté& with centeri and radiusR that satis es theGF constraints

at an additive violation of and a subset of poin® (Q  C). Then the clusteringQ; ) where
= DIVIDE(C; Q) has the following properties: (1) TH&F constraints are satis ed at an additive

violation of at mosts; + 2. (2) Every center irQ is active (3) The clustering cost is at ma2R. If

jQj =1 then guarantee (1) is for the additive violation is at most

4.3 Solving GF+DS using a DS Algorithm

Here we show an algorithm that gives a bounded approximatioBFetDS using an approximation
algorithm forDS. Algorithm 2 works by rst calling an ps-approximation algorithm resulting in

a solution(S; ) that satis es theDS constraints, then it solves an assignment problem using the
ASSIGNMENTGF algorithm (shown in 3) where points are routed to the cerete satisfy the

GF constraint. The issue is that some of the centeiS may become closed and as a result the
solution may no longer satisfy tH2S constraints. Therefore, we have a nal step where more centers
are opened using tH21VIDE subroutine to satisfy thBS constraints while still satisfying théF
constraints at an additive violation and having a bounded increase to the clustering cost.

ASSIGNMENTGF works by solving a linear program (2) to nd a clustering which ensures that (1)
each cluster has at least g fraction and at most an;, fraction of its points belonging to color

h, and (2) the clustering assigns each point to a center that is within a minimum possible distance
R. While the resulting LP solution could be fractional, the last step 86IGNMENTGF uses

MAx FLowGF which is an algorithm for rounding an LP solution to valid integral assignments at a
bounded degradation to tli&F guarantees and no increase to the clustering cost. See Appendix B for
details on the MxFLOWGF and its guarantees.



Algorithm 2 DSToGF+DS

1: Input: PointsC, Solution(S; ) with clustersf C;; :::; C, g satisfying theDS constraints with
iSj = k  k of approximation ratio ps for the DS clustering problem.
2: Output: Solution(S; ) satisfying theGF andDS constraints simultaneously.

3: (S% 9 =AssSIGNMENTGF(S;C)
4: Update the set of cente® by deleting all non-active centers (which have no points assigned to
them). Letf C;:::; Cg be the (non-empty) clusters of the soluti@f; 9 with jS4 = k® k.

5: Set8h2H :s, = jSO\CMj,Set8i 2 S:Q; = fig
6: while 9h 2 H such thasy, <k, do

7. Pick a colorhg such thasn, <k}, .

8 Pick a center 2 S°where there exists a point of colbg.
9:  Pick a pointj,, of colorhg in clusterC?

10:  SetQ; = Qi [f jn,0

11: Updates,, = sp, +1.

12: end while

13: for i 2 S%do

14:  ; = DIVIDE(C% Q).

15: 8 2CP:Set (j)= ().

16: end for

17: SetS = SO[ [iZSDQi .

Algorithm 3 ASSIGNMENTGF

1: Input: Set of centers, Set of PointsC.
2: Output: An assignment function : G S.

3: Using binary search over the distance matrix, nd the smallest rdglisgch thalL.P (C; S; R)
in (2) is feasible and call the solution .
4: Solve MaxFLOWGF( ;C;S) and call the solution .

LP(C:S;R)
8 2C;82S:x; =0 ifd(i;j)>R 2a
j i3 (iJ) X (2a)
8h2H ;8i 2S: h Xij Xij h Xij (2b)
j2c ja2ch j2c
X
8 2C: Xij = 1 (2¢)
i2s
8j 2 C;8i 2 S:xj 2I[0;1] (2d)

To establish the guarantees we start with the following lemma:

Lemma 2. Solution(S% 9 of line (3) in algorithm 2 has the following properties: (1) It satis es the
GF constraint at an additive violation &, (2) It has a clustering cost of at modt+ ps)Rgr.ps
whereR g, pg iS the optimal clustering cost (radius) of the optimal solution@#+DS, (3) The set
of centersSCis a subset (possibly proper subset) of the set of cefigite. S°  S.

Theorem 4.1. Given an ps-approximation algorithm for th®S problem, then we can obtain an
2(1+ ps)-approximation algorithm that satis e&F at an additive violation of 3 and satis d3S
simultaneously.

Remark: If in algorithm 2 no center is deleted in line (4) because it forms an empty cluster, then
by Lemma 2 the approximation ratiolst pgswhich is an improvement by a factor of 2. Further,
the additive violation folGF is reduced fron8 to 2.



4.4 Solving GF+DS using a GF Solution

Algorithm 4 GF ToGF+DS

iSj= k k.
2: Output: Solution(S; ) satisfying theGF andDS constraints simultaneously.

3: Initialize:8h 2H :s,=0,8i2S:Q; = fg.
4: fori 2 Sdo

5. if 92 H sy <kj then

6: Lethg be a color such tha,, <k

7. else

8 Pickho such thasy, +1  kj .

9: endif

10:  Pick a pointjp, of color hg in clusterC;

11:  SetQ; = fjn,0.

12: Updates,, = sp, +1.

13: end for

14: while9h 2 H :sp <k|, do

15:  Pick a colorhg such thass,, <k, .

16: Pick a center 2 S with clusterC; where there exists a point of colbg not inQ; .
17:  Pick a pointjn, of colorhg in clusterC;

18:  SetQ; = Qi [f jn,0

19: Updates,, = sp, +1.

20: end while

21: SetS = [iZSQi'

22: fori 2 Sdo

23: i = DIVIDE(C;; Q)).

24: 8] 2Cj:Set (j)= i(j). {Assignment to center is updated usingvibE .}
25: end for

Here we start with a solutiof5; ) of costR that satis es theGF constraints and we want to make

it satisfy GF andDS simultaneously. More speci cally, given aryF solution we show how it can

be post-processed to satishF+DS at a bounded increase to its clustering cost by a factor of 2 (see
Theorem 4.2). This implies as a corollary that if we have gp-approximation algorithm foGF

then we can obtain2 gg-approximation algorithm foGF+DS (see Corollary 1).

The algorithm essentially rst “covers” each given clus@rof the given solutiof(S; ) by picking

a point of some coloh to be afuture center given that picking a point of such a color would not
violate theDS constraints (lines(4-13)). If there are still colors which do not have enough picked
centers (below the lower bourkd|), then more points are picked from clusters where points of such
colors exist (lines(14-20)). Once the algorithm has picked correct points for each color, then the
DivIDE subroutine is called to divide the cluster among the picked points.

Now we state the main theorem:

Theorem 4.2. If we have a solutiofS; ) of costR that satis es theGF constraints where the
number of non-empty clustersji8j = k  k, then we can obtain a solutiqt®; ) that satis esGF
at an additive violation of 2 an®S simultaneously with coR  2R.

Corollary 1. Given an gg-approximation algorithm forGF, then we can have & gg-
approximation algorithm that satis e&F at an additive violation o and DS simultaneously.

Remark: If the givenGF solution has the number of cluster k, then the output will have an
additive violation of zero, i.e. satisfy tH@F constraints exactly. This would happBmnvIDE would
always receiv&); with jQ;j = 1 and therefore we can use the guaranteBiofiDE for the special
case ofQj=1.



Figure 3: Figure showing thieoF relation between UnconstraingdF, DS, andGF+DS clustering.

5 Price of (Doubly) Fair Clustering

Here we study the degradation in the clustering cost (the price of fairness) that comes from imposing
the fairness constraint on the clustering objective. The price of faifP@Ssis de ned asPoF. =
Clustering Cost subjectto Constratitr 5 g1 - Note that since we have two constrains héie andDS, we

Clustering Cost of Agnostic Solution ’ ) ”
also consider prices of fairness of the foRaFy, ¢, = SUEEdCetablec o Laageatde which

equal the amount of degradation in the clustering cost if we were to impose constrairddition

to constraint; which is already imposed. Note that we are concerned with the price of fairness in
theworst case Interesingly, we nd that imposing thBS constraint over th&F constraint leads to

a boundedPoF if we allow an additive violation of for GF while the reverse is not true even if we
allow an additive violation of( ) for GF.

We nd the following:

Proposition 5.1. For any value ok 2, imposingGF can lead to an unbounddebF even if we
allow an additive violation of( 7).

Proposition 5.2. For any value ok 3, imposingDS can lead to an unboundeebF.

Proposition 5.3. For any value ok 2, imposingGF on a solution that only satis eBS can lead
to an unbounded increase in the clustering cost even if we allow an additive violatipri9f

Proposition 5.4. ImposingDS on a solution that only satis e&F leads to a bounded increase in the
clustering cost of at most PoF  2) if we allow an additive violation a2 in the GF constraints.

6 Incompatibility with Other Distance-Based Fairness Constraints

In this section, we study the incompatibility between B andGF constraints and a family of
distance-based fairness constraints. We note that the results of this section do not take into account
the clustering cost and are based only on the feasibility set. That is, we consider more than one
constraints simultaneously and see if the feasibility set is empty or not. Two constraints are considered
incompatiblef the intersection of their feasible sets is empty. In some cases we also consider solution
that could have violations to the constraints. We present two main ndings here and defer the proofs
and further details to the Appendix section

Theorem 6.1. For any valuek 2, thefairness in your neighborhood 30], socially fair constraint
[1, 24] are each incompatible witlsF even if we allow an additive violation of ) in the GF
constraint. For any valu& 5, theproportionally fair constraints [L5] is incompatible withGF
even if we allow an additive violation df ¢) in theGF constraint.

Theorem 6.2. For any valuek 3, thefairness in your neighborhood 30], socially fair[1, 24]
and proportionally fair [15] constraints are each incompatible withS.

INote that socially fair clusteringl[ 24] is de ned as an optimization problem not a constraint. However, it
can be straightforwardly turned into a constraint, see the Appendix for full details.



7 Experiments

We use Python 3.9, thePLEXbackage 38] for solving linear programs anNetworkX [27] for
max- ow rounding. FurtherScikit-learn  is used for some standard ML related operations. We
use commdity hardware, speci cally a MacBook Pro with an Apple M2 chip.

We conduct experiments over datasets from the UCI reposié@fyg validate our theoretical ndings.

Speci cally, we use theAdult dataset sub-sampled to 20,000 records. Gender is used for group

membership while the numeric entries are used to form a point (vector) for each record. We use the

Euclidean distance. Further, for thd- constraints we set the lower and upper proportion bounds to
h=(1 )rp and = (1+ )ry for each coloh wherery, is colorh% proportion in the dataset

and we set = 0:2. For theDS constraints, since we do not deal with a large number of centers we

setkl, = 0:8rpk andk} = rpk.

We compare the performance of 5 algorithms. Speci cally, we haveC@)OR-BLIND: An
implementation of the Gonzalézcenter algorithmZ5] which achieves a 2-approximation for the
unconstrained-center problem. (ZALG-GF : A GF algorithm which follows the sketch of],
however the nal rounding step is replaced by an implementation oMh& FLowGF rounding
subroutine. This algorithm has a 3-approximation for@teconstrained instance. (ALG-DS:
An algorithm for theDS problem recently introduced b¥] for which also has an approximation of
3. (4) GFTOGFDS: An implementation of algorithm 4 where we simply use @GE algorithm just
mentioned to obtain &F solution. (5)DSTOGFDS: Similarly an implementation of algorithm 2
whereDS algorithm is used as a starting point instead.

Throughout we measure the performance of the algorithms in terms Bb@)The price of fairness

of the algorithm. Note that we always calculate the price of fairness by dividing lydheRr-BLIND
clustering cost since it solves the unconstrained problenGR2Yiolation: Which is the maximum
additive violation of the solution for th@F constraint as mentioned before. (3%-Violation: Which

is simply the maximum value of the under-representation or over-representation across all groups in
the selected centers.

Figure 4: Adult dataset results: (d)oF comparison of 5 algorithms, wit€@OLOR-BLIND as
baseline; (b\GF-Violation comparison; (cPS-Violation comparison.

Figure 4 shows the behaviour of all 5 algorithms. In termBa@f, all algorithms have a signi cant
degredation in the clustering cost compared toGlae OR-BLIND baseline except foALG-DS.
However,ALG-DS has a very larg&F-Violation. In fact, theGF-Violation of ALG-DS can be
more than 5 times th&F-Violation of CoLOR-BLIND. This indicates that whil&LG-DS has

a small clustering cost, it can give very bad guarantees foGfReonstraints. Finally, in terms

of the DS-Violation we see that th&LG-GF and theCoLOR-BLIND solution can violate th®S
constraint. Note that both coincide perfectly on each other. Further, although the violation is 1, it
is very signi cant since unlike th&F constraints the number of centers can be very small. On the
other hand, we see that bdBFToGFDSandD SToGFD Sgive the best of both worlds having small
values for theGF-Violation and zero values for thBS-Violation and while their price of fairness
can be signi cant, it is comparable #®LG-GF. Interestingly, theGFToOGFDSandDSToGFDSare

in agreement in terms of measures. This could be because our implementations@iF thart” of
DSToGFDS(its handling of theGF constraints) has similarities to tii&FToGFD Salgorithm. We
show further experiments in the appendix.
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A Useful Facts and Lemmas

P
- i2[n] & i
min — 207y &
i2[n] b 2B 2l b

B MaxFLowGF

We start with the following Lemma. First, note thej, is a decision variable Xq; = 1 then point
j is assigned to centerand ifxq; = O then it is not. In an integral solutiong; 2 f 0; 1g, but a
fractional LP solution could instead have value§dnl]. We use the bold symbal for the collection
of valuef Xq; 9q20; 2¢:

Lemma 3. Given a fractional solutionx ™ that satis es theGF constraints at an additive violation
of at most , then if there exists an integral solutior{"®d that satis es:

2 3
8q 2 Q X Xfrac X Xinteg X Xfrac (3)
-8 q a E q %
j2cC j2cC j2cC
2 3
X frac X integ X frac
892 Q;h2H : X X g Xq % (4)
ja2ch ja2ch j2ch

Then this integral solution ™9 satisi es theGF constraints at an additive violation of at most 2.

Proof. Since the fractional solution satis es ti&F constraints at an additive violation of then we
have the following:

X
frac frac frac
+ h Xqi qu h qu +
j2¢c j2ch j2cC

We start with the upper bound:

2 3
X integ X frac
Xqi g Xqj %
j2ch )%ZC'“
frac
Xgj +1
j2ch
oo
j2cC
inte
h( xqj9+1)+ +1
j2C
integ
Xg+( nt +1)
j2C
inte
h qug+( +2)
j2¢C
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Now we do the lower bound:

inte EX f z
x'nteg x frac

aj aj
j2ch j2ch

frac
Xgj 1

j2¢ch
frac
j2cC
inte
h( Xq o 1) (+1)
j2C

integ ( b+ +1)

h o Xgj

j2C

inte

Xqi 9 (+2)
j2c

O

The LP solution given td1 AX FLOWGF satis es theGF constraints at an additive violation of we

want to show that the output integral solution satis es the above conditions of Eqs (3 and 4). The
MAXFLOWGF(x'P; C; Q) subroutine is similar to that shown ia@, 5, 10]. Speci cally, given an

LP solutionxP = fx'Pgq2 o, 20, a set of point<, and a set of cente@ and a color assignment
function :dH  which assigns to each point @ exactly one color in the set of coloks, we
construct the ow networKV; A) according to the following:

1.V = fs;tg[ C[f (9;d)jg2 Q;h 2 Hg.
2. A= A [ As[ As[ Az whereA; = f(s;))jj 2 Cg with upper bound of 1.A, =
f(5; (a;d))ji 2 C;xq > Og VJVi|t3h upper bpund of 1. The arc s¢%= f((a; dp)s Dig 2

Q;h 2 Hg with lower bound  ;, ¢ xg and upper boundkof jec xg r,%\s for

XLP

P
A4 = f(g;1)jq 2 Qg the lower and upper bounds are |, g and 4

j2c
In the above all lower and upper bounds of the network are integral, therefore if we can show a
feasible solution to the above then there must exist an integral ow assignment which also satis es
the constraints. By the construction of the network we have the following fact about any max ow
integral solutiorxnteg,

Fact B.1.
2 3
§X LPz X integ X LP
802 Q: Xg Xq g Xg % (5)
j2c j2c j2¢
2 3
§ X LPz X integ X LP
8902 Q;h2H : X! X g X % (6)
j2ch j2ch j2ch

Accordingly, the following theorem immediately holds:

Theorem B.1. Given an LP solution td1 AX FLOwGF that satis es theGF constraints at an additive
violation of and a clustering cost d®, then the output integral solution satis es tkd- constraints
at an additive violation of + 2 and a clustering cost of at moRtL

Proof. The guarantee for the additive violation@f follows immediately from Lemma 3 and Fact
B.1. The guarantee for the clustering cost holds, since a point (vé¢rtexjot connected to a center
vertex(q; d") unlessxg; > 0which can only be the cased{j;q) R. O

14



C OMITTED PROOFS

We restate the following lemma and give its proof:

Lemma 1. Given a non-empty clusté& with centeri and radiusR that satis es theGF constraints

at an additive violation of and a subset of poin® (Q C). Then the clusteringQ; ) where
= DIVIDE(C; Q) has the following properties: (1) TH&F constraints are satis ed at an additive

violation of at mosty; + 2. (2) Every center irQ is active (3) The clustering cost is at ma2R. If

jQj =1 then guarantee (1) is for the additive violation is at most

Proof. We rst consider the case whej®j > 1. We prove the following clairh

Claim 1. For the fractional assignmerﬁb(gf‘cgqg Qj 2¢ such that:

Xfrac _ jchj

X
892 Q;8h2H : Tz —=T
q Q qj ]QJ h

ja2ch
P
Itholds that: (1)802 Q: ,¢ ngac 1, (2) GF constraints are satis ed at an additive violation
of oF
Proof. Now we prove the rst property

.x frac — X X frac — i~h: = iCj ;
802 Q: Xqj = Xgi = = jC"'j= = 1 (sinceQ C) (7

j2c h2H j2ch
Since theGF constraints given centérare satis ed at an additive violation of then we have:
8h2H : + 4jCj j C"j  pjCj+ 8

Therefore, since the amount of color for each centdd iwith the fractional assignment can be
obtained by dividing byQ)j, then we have:

8h 2H:8qg2 . + X frac X frac X frac + 9
;802 Q: @ h Xqij Xqi h Xai @ 9
j2c ja2ch j2cC
Therefore théGF constraints are satis ed at an additive violationﬂf. O

Denoting the assignmentresulting fromDIVIDE byfxg}tegng Q;j 2¢, then the following claim
holds:

Claim 2.

3
frac

aj Xqj %

2

X ; X int X

B2Q:4 s e g
j2c i

j2c j2c
2 3

892 Q;h 2 H E X Xfrac X Xinteg X Xfrac
q ' : ai ai g ai %
jach jach jach

Proof. For any coloh we havegCyj = anjQj + b, wherea, andh, are non-negagive integers and
by, is the remainder of dividingCrhj by Q (b, 2f0;1;:::;jQj 1g). It follows tf}at j2ch ng‘lf =
P P

_ by . . integ _ - — frac
Th = an + ;§;- DIVIDE gives ealch center eltkr}]erjzch Xqj ap = bThe j2ch Xqi o Of
jach Xg 0= an+1= dThe=  |,cn xF3 . This proves the second condition.

P P
ForF;he rst condition, note thgCj = |, (@njQj+ ) =( o4 &)iQj+ ajQj+ bwhere we
set .4 b = @Qj + bwith a andbbeing non-negative integersis the remainder and has values

2In our notationxg; 2 [0; 1] denotes the assignment of painto centerg.
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inf0;1;:::;jQj 1g. Accordingly, the sum of the remainders across the colag$+ b. Since the
remainders are addedF‘;successivly” agross the center§3(see Figurea@)sgﬁvisible byjQj, then for

any centeq 2 Q either |, Xg 9= (" 1y @)+ a0r |50 xji;teg:( ha @)+ a+1.Note
thatI (2 X0e = ra Th =( pay @)+ a+ G5 Therefore, [, X052 = (' 4y an)* a
and  ,¢ X(2 = (" .4 an)+ a+1. This proves, the rst condition. O

By Claim 2 and Lemma 3 it follows that for each cente? Q the assignmeritxy “ggz2 o; 2
satis es theGF constraints at an additive violation ﬂﬁ + 2, this proves the rst guarantee.

P - ip k
By Claim 2 and guarentee (1) of Claim 1, th8g 2 Q : |, xg‘jteg [2c XGe 1.
Therfeore, every center2 Q is activeproving the second guarantee.
Guarantee (3) follows sindj 2 C :d(j; (j)) d(;i)+ d(i; (j)) 2R.

Now if jQj = 1, then guarantee (2) follows since the clusfeis non-empty. Guarantee (3) follows
similarly to the above. The additive violation in tk& constraint on the other hand issince the
single centef has the exact set of points that were assigned to the original éenter O

We restate the next lemma and give its proof:

Lemma 2. Solution(S% 9 of line (3) in algorithm 2 has the following properties: (1) It satis es the
GF constraint at an additive violation &, (2) It has a clustering cost of at mo&t+ ps)Rgr.ps
whereR g, pg IS the optimal clustering cost (radius) of the optimal solution@¥+DS, (3) The set
of centersS®is a subset (possibly proper subset) of the set of cefigire. S°  S.

Proof. We begin with the following claim which shows that there exists a solution that only uses
centers fronS to satisfy theGF constraints exactly and at a radius of at mdst ps)Rgr.ps-
Note that this claim has non-constructive proof, i.e. it only proves the existence of such a solution:

Claim 3. Given the set of cente&resulting from the ps-approximation algorithm, then there exists
an assignmentg from points inCto centers irs such that the following holds: (1) TH&F constraint
is exactly satis ed (additive violation @). (2) The clustering costis at modt+ ps)Rgrips:

Proof. Let (Sgr.psi  cr+ps) € an optimal solution to th&F+DS problem. 8i 2 Sgp,pg let

N (i) = argmin;, g d(i; i), i.e. N (i) is the nearest center #1to centeri (ties are broken using the
smallest index). ¢ is formed by assigning all points which belong to ceriit@r S, 55 to N (i).
More formally,8) 2 C: grips(i) = i we set o(j) = N(i). Note that it is possible for more
than one centerin S, g to have the same nearest centeBirWe will now show that o satis es
the GF constraint exactly. Note rst that if a cente2 S has not been assigned any points Ry
then it is empty and trivially satis es th&F constraint exactly. Therefore, we assume tHzs a
non-empty cluster. Denote By (i) the set of centers2 Sgp, s for whichi is the nearest center,
then using Fact A.1 and the fact that every clust€iSge,ns;  cr+ps) Satis es theGF constraint
exactly we have:

min iClj pi2N 1(i)jCihj _ich iClj

— = —— = —L Sl 10
i2N 1) jCij ion iy )Gl IGT e 1) JGij (10)

The proves guarantee (1) of the lemma. Now we prove guarantee (2), we deriRig the optimal
clustering cost for th®S constrained problem. We can show tBat2 C:

di; o() di:  ereosli) + d( reps(i); o(i))
dij;  ereps(i))+ d( Gres)iN( Greps(i)))  (since o(j) = N( grepsi)) )
Rgeipst  bsRps (sinceSis an ps-approximation folDS)

(1+ ps)Rgrips

Where the last holds sind®,5 Rgg,ps because the set of solutions constrained®iByis a subset
of the set of solutions constrained BF+DS. O
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Now we can prove the lemma. By the above claim, it follows that whesI&NMENTGF is called,

the LP solution from line (3) of algorithm block 3 satis es: (1) Tk constraints exactly and
(2) Has a clustering cost of at mddt+ ps)Rgr.ps- This is because LP (2) includes all integral
assignments fro@to S including . Since this LP assignment is fedax FLOwGF it follows

by Theorem B.1 that the nal solution satis es: (1) Tk constraint at an additive violation @f

(2) Has a clustering cost of at mddt+ ps)Rge.ps: Guarantee (3) holds since some centers may
become closed (assigned no points) and there38re S (possibly being a proper subset). [

We restate the following theorem and give its proof:

Theorem 4.1. Given an ps-approximation algorithm for th®S problem, then we can obtain an
2(1 + ps)-approximation algorithm that satis e6F at an additive violation of 3 and satis €3S
simultaneously.

Proof. By Lemma 2 above, the set of cent&¥is a subset (possibly proper) subseSaind therefore
the DS constraints may no longer be satis ed. Algorithm 2 select points from each kaorthat
when they are added &f, then for each colohn the set of centers is at leastk. Since these new
centers are opened using theviDE subroutine then it follows that they are all active (guarantee (2)
of Lemma 1).

Further, by guarantee (3) of Lemma 1 orviDE we have for any point assigned to a new centgr
thatd(;q)  2d(; %)) 21+ bs)Rgrps:

Finally, by guarantee (1) of LemmallivIDE is called over a cluster that satis € at an additive
violation of 2 and therefore the resulting additive violation is at nmmakf 2; JQLJ + 2g. Since
2 &5+2 5+2=3.Theadditve violation is at most O

We restate the next theorem and give its proof:

Theorem 4.2. If we have a solutioffS; ) of costR that satis es theGF constraints where the
number of non-empty clustersji8j = k  k, then we can obtain a solutidi®; ) that satis esGF
at an additive violation of 2 an®S simultaneously with cof®  2R.

Proof. We point out the following fact:
Fact C.1. Every cluster in(S; ) has at least one point from each color.

Proof. This holds, since given a cente S we havejC;j > 0 and therefor8h 2 H : jCIj
hjCij > 0and therefor¢Cj 1 since it must be an integer. O

We note that the valuéfs n; pjghon @andk must lead to a feasiblBS problem, i.e. there exist
positive integerg, suchthat ., gn = kand8h 2 H : wk oy nk. Accordingly, since
lines (4-13) in algorithm 4 can always pick a point of some cblsuch that the upper bound k is
not exceeded for every clusterTherefore the following fact must hold

Fact C.2. By the end of line (13) we ha® 2 S: jQ;j 1.

Further, the nals, values are valid foDS:

P
Claim 4. By the end of line (13) the valuessf satisfy: (1) ,,4 sn Kk, (2)8h2H : Kk
Sh hk.

Proof. Lines (4-13) add values t, if the lower bound yk for colorh is not satis ed. If the lower
bound is satis ed for all colors, then points of some cdicare added provided that adding them
would not exceed the upper bound afk (see line 5). Therefore, by the end of line (13) for any
colorh2H : sy nk and eithers;, nkorsy < k5.

If by the end of line (13) we haveh 2 H : s nK, then the algorithm moves to line (22).
Otherwise, it will keep picking points and incrementigiguntil 8h 2 H : sy, hK.

%To see why we could have < nk, consider the case wheke< k and therefore there would not be
enough clusters to so that we can add points for each color.
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P
Further, since such valiDS values exist it must be that the above satis e§,, sn  k and
8h2H :sy nk. This concludes the proof for the claim. O

By Lemma 1 forDIVIDE the new centerS = [ ;,sQ; are all active (guarantee 2 Bivibe) and
since the values o, are valid (Claim 4 above), therefofsatis es theDS constraints.

Since the assignment in each cluster in the new solftn) is formed usindDIVIDE over the
clusters of(S; ) then by guarantee 1 @1vIDE, each cluste(S; ) satisifesGF at an additive
violation of 2. Finally, the clustering cost is at md3t 2R (guarantee 3 of IVIDE). O

We restate the following corollary and give its proof:

Corollary 1. Given an gg-approximation algorithm forGF, then we can have 2 gf-
approximation algorithm that satis e&F at an additive violation o and DS simultaneously.

Proof. Using the previous theorem (Theorem 4.2) the soluti®n ) has a cost oR or OPT f.

The post-processed solution that satis@E at an additive violation of 2 anBS simultaneously
hasacostoR 2R 2 geOPTgr 2 geOPTgr+ps. The last inequality follows because
OPTgr OPTgr+ ps Which is the case since both problems minimize the same objective, however
by de nition the constraint set d6F + DSis a subset of the constraint set@F.

Before we proceed, we de ne the following clustering instance which will be used in the proof:
De nition 1. “-Community Instance: Thecommunity instance is a clustering instance where the
(points within the same community are separated by a distan@e Blrther, the communities are of

equal size, i.e8i 2 * :jCt'j = % . Moreover, the distance between any two points belonging to
different communities in the partition is at led®t> 0.

Figure 5: An”-community instance to show Price of Fairne&$J and incompatibility betweeGF
and other fairness constraints whers even.

Figure 6: An"-community instance to show Price of Fairne&$J and incompatibility betweeGF
and other fairness constraints wheis odd.

Figures 5 and 6 show two examples of theommunity instances. When clustering with a valué of
the given'-community instance witk = " is arguably the most “natural” clustering instance where
|

The following fact clearly holds for anj»community instance:
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Fact C.3. If we cluster an -community instance witk = ~ then: (1) The set of optimal solutions
are(Sci; ci1) whereSg, has exactly one center from each commuh@y' ;:::; CS' g. Further,
points are assigned to a center in the same community. (2) Clustering d&#qf ¢, ) is 0. (3)
Any solution other thafSc, ; ¢ ) has a clustering cost of at leaBt> 0.

We restate the following proposition and give its proof:

Proposition 5.1. For any value ok 2, imposingGF can lead to an unboundd®bF even if we
allow an additive violation of( 7).

Proof. Consider the case wheke 2is even and refer to Figure 5 where we have k communities

that alternate from red to blue color. Further, by Fact C.3 the optimal solution has a clustering cost of
0. The optimal solution would have one center in each oktke™ communities, and assign points

to its closest center.

If we set the lower and upper proportion boundstfor both colors, then to satisf@F each cluster
should have both red and blue points. There must exists a clDstrsizejCij ¢, it follows that

to satisfy theGF constraints at an additive violation of thenjCPU§  1jC;j = o and

similarly we would havgC'eq oK . By setting = J for some constant> 0, then we
havejCPj; jCled > 0. This implies that a point will be assigned to a center at a distRee0 and
therefore thd?oF is unbounded.

For a value ok that is odd, see the example of Figure 6. Here instead the last community has the
same number of red and blue points. We call the cluster whose center is in the last con®@pgnity

If jCiasj & ¥, then there are points assigned to the cent@;qffrom other communities incurring
costR > 0 or points in the last community are assigned to other centers at disRanced. If

jCiasi = . theninthe remaining 1 communities with total oh ¢ points,k 1 centers are
chosen. There must exists a clugigrof sizejC;j . We then follow the same argument as in the
evenk case, which is to satisfgF with additive violation = for both color, we must have
jCPlusj; jcred > 0. This means at least a point will be assigned to a center at a diskancé and
therefore thd?oF is unbounded for the odkicase as well. O

We restate the following proposition and give its proof:
Proposition 5.2. For any value ok 3, imposingDS can lead to an unboundédebF.

Proof. Consider a case of thecommunity instance shown in Figure 7 whére 3andk = ". Here

all communities are blue, except for the last which Based points andj green points. Similar to

the previous proposition since it is a community instance withk, then by Fact C.3 the optimal
solution has a clustering cost @fand would have one center in each community and assign each
point to its closest center.

Suppose foDS we setkyy,e Kieq Kyreen > 0, this implies that we should pick a center of each
color. This implies that we can have at m&st 2 blue center, therefore there will be a community
(composed of all blue points) where no point is picked as a center. Therefore, the clustering cost is

R > 0and thePoF is unbounded. O

Figure 7: An -community instance to show Price of FairneB$) and incompatibility betweeBS
and other fairness constraints.

We restate the following proposition and give its proof:
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Proposition 5.3. For any value ok 2, imposingGF on a solution that only satis eBS can lead
to an unbounded increase in the clustering cost even if we allow an additive violatipri9f

Proof. The proof follows similarly to Proposition 5.1. Far 2 andk is even. Consider the same
case as in Figure 5 where we have k. In this case, we set the upper and lower proportion bounds
for bothGF andDS to % This implies to satisfiDS the number of red and blue centers should

each beg. Thus solutions that satisfy tHaS constraint are the optimal unconstrained solutions
as speci ed in Fact C.3. The rest of the proof proceeds exactly as the proof for th& egsg in
Proposition 5.1.

Fork 3andk is odd, consider the same case as in Figure 6. In this case, we set the upper and lower
proportion bounds fo&F to % And we set the upper and lower bound for number of centelsSin
constraint a¥5t + 1 and &2 respectively for both colors. Note that an optimal solution speci ed in
Fact C.3 whic% chooses either a red or blue point in the right most community as a center satisfy this
DS constraint. The rest of the proof proceeds exactly as the proof for thk odsle in Proposition

5.1. O

We restate the following proposition and give its proof:

Proposition 5.4. ImposingDS on a solution that only satis e&F leads to a bounded increase in the
clustering cost of at most POF  2) if we allow an additive violation o2 in the GF constraints.

Proof. This follows from Theorem 4.2 since we can always post-process a solution that only satis es

GF into one that satis es botGF at an additive violation of 2 anlS simultaneously and clearly from

_ clustering cost of5F post-processed solution 2 clustering cost oGF solution
the theorem we would haweoF = clustering cost oGF solution clustering cost oGF solution

2. O

D Omitted Proofs, Additional Results, and Details for Section 6

In this section, we provide more details and proofs for theorems and facts that appeared in Section
6. We present proof for theorem 6.1. We begin by giving the full de nitions of the relevant fairness
constraints.

De nition 2. Neighborhood Radius3[]: For a given set of point€to cluster and a given number

of centersk, the neighborhood radius of a poiptis the minimum radius such that at leastCj=k of

the points inC are within distance of j: NRc.k (j) =min fr : jB,(j)\ Cj j Cj=kg,whereB;(j)

is the closed ball of radius around; .

De nition 3. Fairness in Your Neighborhood Constrair&]: For a given set of point€ with metric
d(:;:), aclustering(S; )is nrfairifforall j 2 C,d(j; (j)) nR NRek(j)-

De nition 4. Socially Fair [1, 24]: For a clustering problem withk centers on point€ which are
fromjHj groups and non C' = C, the socially fair clustering optimization)E)roblem is to minimize

. . . 1 g
the maximum average clustering cost across all groupgiin ~ max —— d’(i; ()4
S:jSj k; h2H jC JjZCh

Note that socially fair does not optimize over assignment functions because it assumes assignment
follows optimal rule: a point is assigned to the cluster center closest to it.

De nition 5. An gg=socially fair solution to a clustering problem is a solution of cost at magt
of the optimal socially fair solution.

This de nition allows us to bound the clustering cost of ag-Socially Fair solutionS ; ) as:

1 X 1 X
max —— &G () se_min max——  d°(; ()):

h2H jC JjZCh S:jSj k h2H JC JjZCh
De nition 6. Approximately proportiondl15): Given a set of center§ C with jSj = k, itis
ap-approximately proportional (ap-proportional) if8U C andjUj ¢ andforally 2 C,

there exists 2 U with ap d(iiy)  d(i: (i) .

4p = 1 for thek-median ang = 2 for thek-means
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We restate the following theorem and give its proof:

Theorem 6.1. For any valuek 2, thefairness in your neighborhood 30], socially fair constraint
[1, 24] are each incompatible witlGF even if we allow an additive violation of ¢) in the GF
constraint. For any valu& 5, theproportionally fair constraints [L5] is incompatible withGF
even if we allow an additive violation of ¢) in the GF constraint.

Proof. We show incompatibility of5F with the three Fairness notions. Recall that we conggler
and another fairness constraint at the same time, and incompatible means there are cases where no
feasible solution exists that satis es both constraints at the same time.

Lemma 4. For anyk 2, there exist a clustering problem where no feasible solution exists that
satis es both Fairness in Your Neighborhood aB& even if we allow an additive violation of )
in the GF constraint.

Proof. Consider the case wheke 2, and consider the clustering problem on-eommunity
instance wittk = . We consider the case where lower and upper proportion bouBd @ire set to
1 for both colors.

Claim 5. On the above mentioned clustering problem, a@-fair solution in the Fairness in Your
Neighborhood notion for nite yris a solution in the set of optimal solutio(S¢; ; ¢ ).

Proof. By De nitions 1 and 2, for any point 2 C, its neighborhood radius NRc. (j ) = min fr :
iBr(j)\ Cj j Cj=kg=0. This is because each point is in one of tiseibset, and by de nition,
the subset is of siz& = {, and points in the same subset are separated by a diftance

For a solution on a-community instancé€S; ) 2 (Sc); ci), for any pointj 2 C, becauses
contains a center in the community wheris, d(j;S) = 0.

By de nition of g -fairness, this means on'ecommunity instance, any solution (8¢, ; c)
is ng-fair with a nite ng. This is because for angB; ) 2 (Sci; ci1),d(j;S) =0 NR
NRc.k (j ) holds for ng equal to any nite value.

In any solution that is not iS¢, ; ¢ ), there is at least a point which is assigned to a center not
in the point's own community. Thus for such a soluti® ), there exis§ 2 C, d(i;S) = R.
Thus for(S; ) 2 (Sci; c1), forsomg 2 C, thereis no nite ygsuchthad(j; (j)) = R

NR NRc;k (j) holds.

This shows that a solution that achieveg -fairness for a nite yg must be a solution from the
set of solutiongSc; ; ci). O

Thus we have shown that any solution that satis es the fairness in your neighborhood constraint
approximately do not assign points to centers not in its original community.

To characterize the set of solutions that satisfy with additive ( i) violation, we consider two
cases separatelitis even and is odd.

Consider the case wheke 2 is even and refer to Figure 5 where we have k communities that
alternate from red to blue color.

Since the lower and upper proportion bounds are sétfm both colors, then to satisf@F each
cluster should have both red and blue points. There must exists a ystesizejCij ¢, it follows

that to satisfy theSF constraints at an additive violation of thenjCP¢  1jG;j =

and similarly we would havC e oK . By setting = for some constant> 0, then
we havgCPUsj; jC®d > 0. This implies that a point need be assigned to a center at a difRance
for the solution to satisfGF with additive ( i) violation. Therefore such a solution is not in the

solution set that satis es fairness in your neighborhood.

For a value ok that is odd, see the example Figure 6. Here instead the last community has the same
number of red and blue points. We call the cluster whose center is in the last com@ygity

If jCiasi & ¢, then there are points assigned to the cent@;af from other communities incurring
costR > 0 or points in the last community are assigned to other centers at disRancd. In
both cases there is at least a point assigned to a center not in its commujitysjl= 2, then
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in the remainingk 1 communities with total oh ¢ points,k 1 centers are chosen. A

solution satisfyingGF has one cluste€; with at least.l; n & = I points. Then we follow

the same argument as in the ekecase. That is, to satisfgF with additive violation on theC;,
jchue  1iGij =2 jce4 & ,with = L for some constant> O, atleast a
point will be assigned to center at distarRe> 0. Thus such a solution is not in the set of solutions
(Sci; c1). Thus the set of solutions that satis es fairness in your neighborhood has no overlap with

the set of solutions that satis &F with ( ) additive violation. O

Lemma 5. For any k 2, there exist a clustering problem where no feasible solution exists
that satis es both Socially Fair an@GF even if we allow an additive violation of ¢) to theGF
constraint.

Proof. We follow a similar line of argument as in Lemma 4. Consider the case Wwher2, and
consider the clustering problem on-ommunity instance witk = *. We consider the case where
lower and upper proportion bound GfF are set to% for both colors.

Claim 6. On the above mentioned clustering problem, ag-fair solution in the Socially Fair notion
for nite gpis asolution in the set of optimal solutiofS¢; ; ¢ ).

Proof. Denote the clustering cost of an optimal solution to the a Socially Fair clustering problem as
OPTsg. By de nition,

1 X
OPTgg= mi — d’G; ()):
sF= min anﬁxjchj . (D))

We can formulate a problem that aims to nd agge-socially fair solution as a constrained opti-
mization problem. We use a dummy objective functioriThe constraint can be set up as requiring
maximum clustering costs across all colors to be upper-boundeddiymes that of the optimal
socially fair solution OP§g.

The constrained program can be set up as below:

min f
S:jSj k
X
S.t. ﬂ"‘zﬁxjcihj da*(G; () sFOPTse
j2ch
For a clustering problem witk centers on the-community instance witk = °, in a solution(S; )

that has one center in each subsf, (j)) = 0 for each poin§ 2 C. Thus this solution has
clustering cost for each coltras ;,c» d°(j; (j)) = 0. Which implies that OPge = 0.

Thus on the -comngunity instance, feasible solutions to thg-socially fair problem, for nite s,

havemaxi s ﬁp j2cn @(@; (1)) =0. We now show(Sc; ; ci) is the only set of solutions

that havemaxy oy j2ch d’(j; (j)) =0. Thus, they will be the only feasible solutions.

For any solutior(S; ) thatis notin(Sci; ci), there must be a point assigped to a center that is not
in its own community. For such a poid¢j; (j)) = R. Thusmax,ay ﬁ j2ch d°(; ()
W' Therefore, an sefair solution in the socially fair notion for nite sg must be a

solution in the set of optimal solutioSc; ; c¢;) .
O

At this point, similar to proof of Lemma 4, we had shown that any solution that satis es socially
fair approximately do not assign points to centers not in its original community or¢benmunity
instance. The remaining of the proof is the same as that part of the proof in Lemma 4. We can
use the same examples for eveand oddk to show that any solution that satis &F with ( )
additive violation anjk 2 is not in the set of solution&Sc; ; ¢ ). Thus the set of solutions that
satis es socially fair has no overlap with the set of solutions that sati€&Eswith ( ) additive
violation.
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Lemma 6. For anyk 5, there exist a clustering problem where no feasible solution exists that
satis es both Proportional Fairness ar@F even if we allow an additive violation df ) in theGF
constraint.

Proof. For a given value of ap for the proportionally fair constraint, consider Figure 8. For the
GF constraints, the upper and lower bounds for each coléraod the total number of pointsis

always even. Consider sorke 5. It follows that the sum of cluster sizes assigned to centers on
either the right side or the left side would be at leastWLOG assume that it is the left side and
denote the total number of points assigned to clusters on the left sjg& yand letS s be the
centers on the left side. The total number of points on the left side may not be assigned to a single
center but rather distributed among the cen&ks. To satisfy theGF constraints at an additive
violagon of , it follows that the number of red points that have to be assigned to the left side is at
least |, (3iCii ) % k.Set = & & 1 thenitfollowsthatatleast] red points

are assigned to a center on the left at a distance of atRe&Since the maximum distance between
any two red points by the triangle inequalityds< % it follows that this set of red points forms a
blocking coalition. l.e., these points would also have a lower distance from their assigned center if
they were instead assigned to a red center. O

Figure 8: Instances to show incompatibility between Proportional FairnessSkand/e always have
n=2 blue points on the left and=2 red points on the right. For evénwe would havek=2 locations
for the blue and red points each. For dddie havebk=2c blue locations andk=2e red locations.
For each color, there is always a location at the center at a distdnae the other locations. Points
of different color are at a distance of at le&sfrom each other. For any value ofp for the
proportionally fair constraint, we se 'ip

We restate the following theorem and give its proof:

Theorem 6.2. For any valuek 3, thefairness in your neighborhood 30], socially fair[1, 24]
andproportionally fair [15] constraints are each incompatible withS.

Proof. Consider a case of thecommunity instance where the rst 1 communities consist of
points of only blue points. And the last community contafhspoints of red points ang- points of
green color. This-community instance is illustrated in Figure 7. Consider the clustering problem
wherek = * andDS constrainkpiue; Kred; Kgreen™> 0. We establish below two claims.

Claim 7. On the above mentioned clustering problem, g@a-fair solution in the Fairness in Your
Neighborhood notion for nite yris a solution in the set of optimal solutiofS¢, ; ¢ ).

23



Claim 8. On the above mentioned clustering problem, gg-fair solution in the Socially Fair notion
for nite gpis a solution in the set of optimal solutiofSc, ; ¢ ).

Those two claims can be proved with the same argument as in claim 5 and claim 6.

However, satisfyinddS on this withKpiue; Kred; Kgreen™ O requires a center of each color be picked.
Thus a solution from the set of optimal solutidi®, ; ¢, ) does not satisfPS because it will only

pick one point from the right most subset as a center. Thus either green points or red points will not
appear in the set of centers.

On the other hand, since a solution satisfyi§ has at least one center of each color, it will contain
two centers, one green, one red chosen from the right most subset. And thkre &reenters
allocated to th&k 1 communities on the left. By pigeon hole principle, one of the communities
of all blue points will have no center allocated. All blue points in this subset are then assigned to a
center in a nearby community, thu®& satisfying solution is not in the s€B¢; ; ¢ ). Thus the set

of DS satisfying solutions has no overlap with the set of solutions that satisfy either one of the two
fairness constraints.

Below we use the same example to show incompatibility betizd®and Proportional Fair.

Claim 9. On the above mentioned clustering problem, there is no feasible solution exists that satis es
both Proportional Fairness anBS.

Proof. We show &DS satisfying solution on above example is not proportional fair. As argued above,
a solution satisfyindS can allocat&k 2 centers for th&k  1communities on the left. There will

be a community of siz§ of which all points are assigned to a nearby center not in its community.
This community forms a coalition of size and would have smaller distance if they get assigned a

center in their own community. Therefordd satisfying solution is not proportional fair. O

O

Remark: For each of the above proofs we constructed an example which is parametric in the
number of centerk. Moreover, for these examples for the optimal unconstrakiednter objective

to equalO at leastk centers have to be used. l.e., the points are spread over ak llegsttions.
Furthermore, it is not dif cult to see in each of the above examples that an optimal solution for
the unconstrainek-center objective satis es fairness in your neighborhood, socially fair, and the
proportionally fair constraints. In fact, it is easy to show that &ngenter which has a radius

of 0 immediately satis es fairness in your neighborhood, socially fair, and the proportionally fair
constraints. However, the same is not true@t or DS. This indicates that the above distance-based
fairness constraints can be aligned with the clustering cost whereas the same cannot be s&# about
or DS.

Compatibility between GF and DS: One can easily show compatibility betwe@fr andDS.
Speci cally, consider some values for the cepters over the cdlkyghoy that satis es theDS
constraints, i.e8h 2 H kI kn ki andhas ,, kn k. Then simply pick a se®y of ky,
points of colorh. Now |f we giveD|V|DE the entire datasef and the set of centefs, o Qn as
inputs, i.e. calDIVIDE(C; [ h2n Qn), then by the guarantees of divide each center would be active
and each cluster would satisfy tl= constraints at an additive violation 2f

Our nal conclusions about the incompatibility and compatibility of the constrains are summarized
in Figure 9.

E Example for Running DIVIDE :

Consider the following example running tBevIDE subroutine. Speci cally, we have a set of points
C with a total ofn = jCj = 38 points. We have 3 colors (blue, red, and green) with the following
points:jCPluej = 15, jCred) = 14 andjcgree’] 9. We haveQ C with 2 total size of 4jQj = 4).
Accordingly, we havelp,e = 22 = 3 , Tred = 1;‘ = 3 , andTgreen = Z = 27 Therefore, in the
beginning of the iteration for each colbr(llne (8)in algorlthm block 1) we havl%.ue =3, Beq=
byreen= 1. Following the execution of the algorithm, the rst three cenigrs0 toq =2 rece|ve

24



Figure 9: (In)Compatibility of clustering constraints. Red arrows indicate empty feasible set when
both constraints are applied, while green arrows indicate non-empty feasibility set when both con-
straints are applied.

dThiue€ many blue points, the lastjE jQj 1) and rst center § = 0) receivedT.qe many red
points, and centey = 1 receivesdTyee. All other assignments would be the oor ®f. Figure 10
illustrates this.

Figure 10: Diagram illustrating ho®1viDE would run over the example. The “tape” has different
centers (cells) starting fromp= 0 and ending withg= jQj 1. We go over the tape for each color
h 2 H. In a given rowh, centers marked with a¥ are assignedTy e points, otherwise they are
assignedTy ¢ points.

F Additional Experiments Results

Here we show additional experimental results. As a reminder, the lower and upper proportion bounds
foranycolorhto , =(1+ )rpand n =(1 )r, forsome 2 [0;1]. Further, theDS constraints
are sett), = dr nkewhere 2 [0;1]andk! = k for every coloh 2 H .

We call our run over thA&dult dataset in Section 7 a8{Adult). Inthatrun =0:2and =0:8. We

also, run another experimer-Adult) over theAdult where we set = 0:05and = 0:9. Figure

11 shows the new results. We do not see a change qualitatively. It is perhaps noteworthy that the
DS-Violation values forCoLOR-BLIND andALG-GF are even higher as well as tkd--Violation

for ALG-DS. On the other hand, we nd that our algorithms that satiSfy+DS have very low
(almost zero) values fdsF-Violation andDS-Violation at a moderat®oF that is comparable to
ALG-GF which satis es only one constraint.

Figure 11:B-Adult results: (a)PoF comparison of 5 algorithms, witBOLOR-BLIND as baseline;
(b) GF-Violation comparison; (c]pS-Violation comparison.
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