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Abstract

We study a novel variant of the parameterized bandits problem in which the learner
can observe additional auxiliary feedback that is correlated with the observed
reward. The auxiliary feedback is readily available in many real-life applications,
e.g., an online platform that wants to recommend the best-rated services to its users
can observe the user’s rating of service (rewards) and collect additional information
like service delivery time (auxiliary feedback). In this paper, we first develop
a method that exploits auxiliary feedback to build a reward estimator with tight
confidence bounds, leading to a smaller regret. We then characterize the regret
reduction in terms of the correlation coefficient between reward and its auxiliary
feedback. Experimental results in different settings also verify the performance
gain achieved by our proposed method.

1 Introduction

Parameterized bandits (Slivkins, 2019; Lattimore and Szepesvari, 2020) have many real-life
applications in online recommendation, advertising, web search, and e-commerce. In this bandit
problem, a learner selects an action and receives a reward for the selected action. Due to the large (or
infinite) number of actions, the mean reward of each action is assumed to be parameterized by an
unknown function, e.g., linear (Li et al., 2010; Chu et al., 2011; Abbasi-Yadkori et al., 2011; Agrawal
and Goyal, 2013), GLM (Filippi et al., 2010; Li et al., 2017; Jun et al., 2017), and non-linear (Valko
et al., 2013; Chowdhury and Gopalan, 2017). The learner aims to learn the best action as quickly
as possible. However, it depends on the tightness of confidence bounds of function that correlate
action with the reward. The learner exploits any available information like side information (i.e.,
information available to the learner before selecting an action, e.g., contexts) (Li et al., 2010; Agrawal
and Goyal, 2013; Li et al., 2017) and side observations (i.e., information about other actions, e.g.,
graph feedback) (Alon et al., 2015; Wu et al., 2015) to make confidence bounds as tight as possible.
This paper considers another type of additional information (correlated with the reward) that a learner
can observe with reward for the selected action, which we call auxiliary feedback.

The auxiliary feedback is readily available in many real-life applications. For example, consider an
online food delivery platform that wishes to recommend the best restaurants (actions) to its users.
After receiving food, the platform observes user ratings (rewards) for the order and can collect
additional information like food delivery time (auxiliary feedback). Since the restaurant’s rating
also depends on overall food delivery time, one can expect it to be correlated with the user rating.
The platform can estimate or know the average delivery time for a given order from historical data.
Similar scenarios arise in recommending the best cab to users (auxiliary information can be the
cab’s distance from the rider or driver’s response to ride request), e-commerce platforms choosing
top sellers to buyers (auxiliary information can be seller’s response time for order confirmation and
delivery), queuing network (Lavenberg and Welch, 1981; Lavenberg et al., 1982), jobs scheduler
(Verma and Hanawal, 2021), and many more. Therefore, the following question naturally arises:

How to exploit correlated auxiliary feedback to improve the performance of a bandit algorithm?
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One possible method is to use auxiliary feedback in the form of control variates (Lavenberg et al.,
1982; Nelson, 1990) for the observed reward. A control variate represents any random variable
(auxiliary feedback) with a known mean that is correlated with the random variable of interest
(reward). Several works (Kreutzer et al., 2017; Sutton and Barto, 2018; Vlassis et al., 2021; Verma
and Hanawal, 2021) have used control variates to estimate the mean reward estimator with smaller
variance, leading to tight con dence bounds and hence better performance. The closest work to our
setting is Verma and Hanawal (2021). However, it only focuses on the non-parameterized setting and
assumes a nite number of actions. We thus consider a more general bandit setting with a large (or
even in nite) number of actions and allow an unknown function to parameterize auxiliary feedback.

Motivated by control variate theory (Nelson, 1990), we rst introdhgerid reward which combines

the reward and its auxiliary feedback in such a way that hybrid reward is an unbiased reward estimator
with smaller variance than the observed reward. However, the optimal combination of reward and
its auxiliary feedback requires knowledge of the covariance matrix among auxiliary feedback and
covariance between reward and its auxiliary feedback, which may not be available in practice. Since
the reward and its auxiliary feedback are functions of the selected action, existing control variate
results can not be useful to our sequential setting. Naturally, we face the questiow t6 combine
reward and its auxiliary feedback ef ciently using available informati®n.answer this, we extend
control variate theory results to the problems where known functions can parameterize control variates
(in Section 3) and then extend to setting where unknown functions parameterize control variates (in
Section 4). These contributions are themselves of independent interest in control variate theory.

Equipped with these results, we show that the variance of hybrid rewards is smaller than observed
rewards (Theorem 1 and Theorem 3). We then propose a method that uses hybrid rewards instead of
observed rewards for estimating reward function, resulting in tight con dence bounds and, hence,
lower regret. We introduce the notion Afixiliary Feedback Compatibi&FC) bandit algorithm. An

AFC bandit algorithm can use hybrid rewards instead of only observed rewards. We prove that the
expected instantaneous regret of any AFC bandit algorithm using hybrid rewards is smaller by a factor
of O((1 32 %) compared to the same AFC bandit algorithm using only observed rewards, where

is the correlation coef cient of the reward and its auxiliary feedback (Theorem 2 and Theorem 4).
Our experimental results in different settings also verify our theoretical results (in Section 5).

1.1 Related work

Several prior works use additional information to improve the performance of bandit algorithms. In
the following, we discuss how auxiliary feedback differs from side information and side observation.

Side Information: Several works use context as side information to select the best action to play.
This line of work is popularly known as contextual bandits (Li et al., 2010; Chu et al., 2011; Agrawal
and Goyal, 2013; Li et al., 2017). Here, the mean reward of each arm is a function of context and is
often parameterized, e.g., linear (Li et al., 2010; Chu et al., 2011; Agrawal and Goyal, 2013), GLM
(Li et al., 2017), and non-linear (Valko et al., 2013). These contexts are assumed to be observed
beforean action is taken. However, we consider a problem where additional information is correlated
with rewards that can only be observaftier selecting the action.

Side Observations:Several works consider the different side observations settings in the literature,
e.g., stochastic (Caron et al., 2012), adversarial (Mannor and Shamir, 2011; Kocék et al., 2014), graph
feedback (Alon et al., 2015; Wu et al., 2015; Alon et al., 2017), and cascading feedback (Verma et al.,
2019, 2020a,b). Side observations represent the additional information available about actions that
the learner doesot select Auxiliary feedback is different from side information as it is available

only for selectedaction and provides more information about the reward of that action.

Auxiliary Feedback: We use auxiliary feedback as control variates, which are used extensively for
variance reduction in Monte-Carlo simulation of complex systems (Lavenberg and Welch, 1981;
Lavenberg et al., 1982; James, 1985; Nelson, 1989, 1990; Botev and Ridder, 2017; Chen and
Ghahramani, 2016). Recent works (Kreutzer et al., 2017; Vlassis et al., 2021; Verma and Hanawal,
2021) and (Sutton and Barto, 2018, Chapter 7.4) have exploited the availability of these control
variates to build estimators with smaller variance and develop algorithms that have better performance
guarantees. The closest work to our setting is Verma and Hanawal (2021). However, they only
consider a non-parameterized setting with a nite number of actions. We thus consider a more general
bandit setting with large (in nite) actions and allow a function to parameterize auxiliary feedback.



2 Problem setting

We consider a novel parameterized bandits problem in which the learner can observe auxiliary
feedback correlated with the observed reward. In this problem, a learner has been given an action
set, denoted bX RY whered 1. At the beginning of round, the learner selects an actign

from action seX. Then, the environment generates a stochastic rewafdf (x;) + "¢ for the
selected action;, wheref : R4! R is an unknown reward function afidis a zero-mean Gaussian

noise with variance 2. Apart from the stochastic rewayg, the environment generatg®f auxiliary
feedback. The-th auxiliary feedback is denoted by; = gi(x¢) + " , whereg; : RY! Rand

"% is a zero-mean Gaussian noise with variange. The multiple correlation coef cient of reward

and its auxiliary feedback is denoted byand assumed to be the same across all actions.

The optimal action (denoted by') has the maximum function value, i.&’ 2 argmaxox f ().

After selecting an actior;, the learner incurs a penalty (mstantaneous regret,, wherer; =

f (x?) f(x¢). Since the optimal action is unknown, we sequentially estimate the reward function
using available information on rewards and associated auxiliary feedback for the selected actions and
then use it for choosing the action in the following round. Our goal is to learn a sequential policy that
selects actions such that the total penaltyrégred) incurred by the learner is as minimum as possible.
After T rounds, the regret of a sequential policyhat selects actior; in the round is given by

. X X ,
Rr()= = (f(x) f(xi)): )
t=1 t=1
A policy is agood policy if it has sub-linear regret, i.ém+;; Ry ( )=T = 0. This implies that
the policy will eventually learn to recommend the best action.

3 Known auxiliary feedback functions

We rst focus on a simple case where all auxiliary feedback functions are assumed to be known. This
assumption is not very strict in many applications as the learner can construct auxiliary feedback
such that its mean value is known beforehand (see Kreutzer et al. (2017), Vlassis et al. (2021), and
Chapter 12.9 of Sutton and Barto (2018) for such examples). When auxiliary feedback functions are
unknown, we can estimate them using historical data or additional samples of auxiliary feedback.
However, it will have some penalty in the performance (more details are in Section 4 and Section 5).

The rst challenge we face ihow to exploit auxiliary feedback to get a better reward function
estimator To resolve this, we extend control variate theory (Nelson, 1990) to the problems where a
function can parameterize control variates. This new contribution is itself of independent interest.

3.1 Control variate

Let be the unknown variable that needs to be estimatedyalpe its unbiased estimator, i.e.,
E[y]= . Anyrandom variablev with a known mean valué () can be treated as a control variate
fory if it is correlated withy. The control variate method (Nelson, 1990) exploits errors in estimates
of known random variables to reduce the estimator's variance for the unknown random variable.
This method works as follows. For any choice of a coef cientle ne a new random variable as
z=y (w !): Note thatz is also an unbiased estimator ofi.e.,E[z] = ) as

Elz]= Ely] E[w !)]= (Ew] 1)= ¢ )=
Using properties of variance and covariance, the varianedéfiven by
V(2)= V(y)+ 2V(w) 2 Couy;w):
The variance of is minimized by setting to ? = CoW(y; w)=V (w) and the minimum value is

(L  ?)V(y),where = Couy;w)= V (w)V (y) is the correlation coef cient of andw. We
exploit this variance reduction to design a reward function estimator with tight con dence bounds.

3.2 Auxiliary feedback as control variates

Since the auxiliary feedback functions are known, we de ne a new variable using the reward sample
and its auxiliary feedback. We refer to this variable lgbrid reward. The hybrid reward de nition



is motivated by the control variate method, except the control variate is parameterized by function
in our setting. Asws; is thei'" auxiliary feedback observed with rewayg thehybrid rewardfor
reward §/s) with its g auxiliary feedback ws; g, is de ned by

. xa
Zsq = Vs iWsi G(Xs))=Ys (Ws Qs) 2
i=1
wherews = (Ws;1;::1;Wsq), Os = (01(Xs);:::;09(Xs)), and = ( 1;::0; g 7. Let ww 2
RY 9 be the covariance matrix among auxiliary feedback apd 2 RY * be the vector of covariance
between the reward and each of its auxiliary feedback. Then, the variangg isfminimized by

setting the coefcient vector to ? = ! , , and the minimum value i€l 2) 2, where
2= w we yw = 2 is the multiple correlation coef cient of reward and its auxiliary feedback.

However, ww and y, can be unknown in practice and need to be estimated to get the best estimate
for ? to achieve maximum variance reduction. In our following result, we drive the best linear
unbiased estimator of (i.e., ") usingt observations of rewards and their auxiliary feedback.
Lemma 1. Lett > q +2 2 N andf; be the estimate of functidn which uses all information
available at the end of roungd i.e.,f Xs; ys; ng;:l . Then, the best linear unbiased estimator 6f
is .

"2 (WP W) TWEYG
whereW, isat qmatrix whoses™ row is(ws gs) andY; = (y1  fe(x1):::0ye Fe(Xp)).

The proof follows after doing some manipulations in Eq. (2) and then using results from linear

regression theory. The detailed proof of Lemma 1 and all other missing proofs are given in the
supplementary material. After having a new observation of reward and its auxiliary feedback, the best
linear unbiased estimator of is re-estimated. If y, or yy are known, we can directly use them

to estimate ? by replacingW;” W, with ,, andW,” Y; with yw inLemma 1. The following

result describes the properties of the hybrid reward wheis replaced by'; in Eq. (2).
Theorem 1. Lett>q +2 2 N. If ", as de ned in Lemma 1 is used to compute hybrid revaarg

foranys t2 N, thenE[zsq] = f(xs) andV (zsq) = 1+ - (1 2) 2,

The key takeaways from Theorem 1 are as follows. First, the hybrid reward Osisgn unbiased
estimator of reward function and hence, we can still use it to estimate the reward func8econd,
there is a less reduction in variance (i.e., by a fator 2)=(t q 2) of maximum possible

variance reduction) whefy, is used for constructing hybrid reward in Eq. (2).

The variance reduction (given in Theorem 1) depends on the auxiliary feedback via two ﬁéﬁ%;:

and ? (de ned in Line 142). Setting| = 1 gives the minimum value foir‘q—z, but 2forg=1

will also be small as it only considers one auxiliary feedback, and hence maximum variance reduction
will not be achieved. As we increase the number of auxiliary feedbackicreases, leading to
more variance reduction. However, the tef#ﬁ increases at the same time, which can negate the

variance reduction achieved by smallér Hence, keeping the number of auxiliary feedback used
for hybrid reward small is important. A simple method for selecting a subset of auxiliary feedback
(Lavenberg et al., 1982) works as follows: select the auxiliary feedback whose sample correlation
coef cient with reward is the largest. Then, select the next auxiliary feedback whose sample partial
correlation coef cient with reward was the largest given the rst auxiliary feedback selected. Keep
repeating the process until there is a variance reduction using additional auxiliary feedback.

3.3 Linear bandits with known auxiliary feedback functions

To highlight the main ideas, we restrict to the linear bandit setting in which the reward and auxiliary
feedback functions are linear. In this setting, a learner selects an agtéord observes a reward

yi = X7 7+ ",where ?2 RY(d 1) is unknown and, is the zero-mean Gaussian noise with
known variance 2. The learner also observgswxiliary feedback, wherieth auxiliary feedback is
denoted byw;; = x7 7; + "} . Here, 2, 2 RYis known and'¥} is the zero-mean Gaussian noise
with unknown variance \%;i . Our goal is to learn a policy that minimizes regret as de ned in Eq. (1).
We later extend our method for non-linear reward and auxiliary feedback functions in Section 4.3.



. P .

Let| be thed d identity matrix,V; = tszll XsXz,andV; = Vi + | , where > O0is the
regularization parameter that ensures maifixis a positive de nite matrix. The notatiokxk
denotes the weightdd-norm of vectox 2 RY with respect to a positive de nite matrik 2 RY 9.

As shown in Theorem 1, the hybrid rewards is an unbiased reward estimator with a smaller variance
than observed rewards. Thus, hybrid rewards lead to tighter con dence bounds for parantleser
observed rewards. We propose a simple but effective method to exploit correlated auxiliary feedback,
i.e., using hybrid rewards to estimate reward function instead of observed rewards.

Using this method, we adapt the well-known linear bandit algorithm OFUL (Abbasi-Yadkori et al.,
2011) to our setting and named this algorithm OFUL-AF. This algorithm works as follows. It takes
> 0Oas input and then initialize¢, = | and sets’\i = Oge as initial estimate of parametef.

The superscriptz’ in ’\i implies that hybrid rewards are used for estimatiRgAt the beginning
of roundt, the algorithm selects an actiop that maximizes the upper con dence bound of the

action's reward, which is a sum of the estimated reward for the actdA%) and a con dence bonus
¢ kxkg 1. Inthe con dence bonus, the rstterm () is a slowly increasing function inwhose
t

value is given in Theorem 2, and the second tekrk{; 1) decreases to zero agncreases.
t

OFUL-AF Algorithm for Linear Bandits with Auxiliary Feedback
1: Input: > O
2: Initialization: V1= 1 and”? = Oge
3:fort=1;2;:::do
4:  Select actiorx; = argmaxyax X~ Atz + thk— 1
Observe rewarg; and its auxiliary feedbackw;;; gI 1
Ift>q +2, compute upper bound of hybrid reward's sample variange)(or else . =

5

6

70 Ift gq+2o0r 5 2 set’ = O or else computé; using Lemma 1
8 8 t2N: computezsq using " ¢ |n Eq (2)
9:

10:

© SetViq = Vi + XtX7 t+1 = VH1 s=1 XsZsyqg
end for

After selecting an actiox, the algorithm observes the rewaydwith its associated auxiliary

feedbackf w,; g, . It computes the upper bound on sample variance of hybrid reward (denoted

by ,¢1)ift>q +2 orelse itis set to 2 and then checks two conditions. The rst condition

(i,e.,t g+ 2)guarantees the sample variance is well-de ned. Whereas the second condition (i.e.,
2t > 2) ensures the algorithm at least be as good as OFUL becausmn be larger than? due

to the overestimation in initial rounds. If both conditians g+ 2 and 2 fail, the value of

" is re-computed as de ned in Lemma 1. The updateds then used to update all hybrid rewards,

i.e.,Zsq; 8 Pt 2 N. Finally, the values o¥+; and”’\.; are updated a1 = V; + x;x; and

" =V ' XsZsq, which are then used to select the action in the following round. When

", = 0 for all hybrid rewards, hybrid rewards are the same as the observed rewards, and hence
OFUL-AF is the same as OFUL.

The regret analysis of any bandit algorithm hinges on bounding the instantaneous regret for each
action. The following result gives an upper bound on the instantaneous regret of OFUL-AF.

Theorem 2. With a probability of atleasl 2 , the instantaneous regret @FUL-AF in roundt is

rf(OFUL-AF) 2 + 'S kxiky 1;
r

where = P min( % ;1) ok’ S.and (= dlog LT

.Fort>q +2 and

1
st < 2 E[r((OFUL-AF)] @ (tf)(qil;) “r{(OFUL) : Here,® hides constant terms.

!Let”,; bethe sample variance estimate of hybrid rewards (details in Appendix A.2). Ther, (LZZ)A—“
1 it

where 2 4 denotesl00(1 )™ percentile value of the chi-squared distribution with 2 degrees of freedom.



The proof follows by bounding the estimation error of the parametevhen the estimation method

uses auxiliary feedback. This result shows that auxiliary feedback leads to a better instantaneous
regret upper bound and a better regret (as de ned in Eq. (1)) than the vanilla OFUL algorithm. Since
the improvement in instantaneous regret increase twhhving a single constant to compare with
regret of OFUL may lead to weaker regret upper bound than the sum of all instantaneous regret.

4 Estimated auxiliary feedback functions

Auxiliary feedback functions may be unknown in many real-life problems. However, the learner can
construct an unbiased estimator for the auxiliary feedback function using historical data or acquiring
more samples of auxiliary feedback. But these estimated functions offer a lower variance reduction
than known auxiliary functions. To study the effect of using the estimated auxiliary feedback functions
on the performance of bandit algorithms, we borrow some techniques from approximate control
variate theory (Gorodetsky et al., 2020; Pham and Gorodetsky, 2022) as we discussed next.

4.1 Approximate control variates

Lety be an unbiased estimator of an unknown variabsnd a random variabl with a known
estimated mean ¢) be a control variate of. As long as the known estimated mean is an unbiased
estimator ofw, one can use it to reduce the variance afs follows. For any choice of a coef cient

e, de ne a new random variable as = y eW, wherew = w ! .. Since! ¢ is an unbiased
estimator ofw, it is straightforward to show that, is also an unbiased estimatoryof

By using properties of variance and covariance, the varianzgisfgiven by

Var(ze) = Var(y)+ 2Cov(w;w) 2 ¢Covy;w):

The variance of, is minimized by setting to 2 = Covw;w) Cowy;w) and the minimum

value of Vafze) is (1 2)Var(y), where ¢ = Cov(y;w) Cov(w;w) =Var(y) Covy;w).

4.2 Auxiliary feedback with unknown functions as approximate control variates

We now introduce a new de nition diybrid rewardthat uses estimated auxiliary feedback functions.
Letws; be thei® auxiliary feedback observed with rewaydandge;; be the unbiased estimator of
functiong;. Then, the hybrid reward with estimated auxiliary feedback functions is de ned by

xd
Zesg = Vs eiWsi Gei (Xt)) = ¥s  (Ws  Qes) e (3
i=1

wherews = (Ws;1;:::; Wsyq), Jeis = (Gei1(Xs);:i150eq(Xs)), and ¢ = ( e15:::; eq) . Let
ww 2 R9 9denote the covariance matrix among centered auxiliary feedbackui.es, wWs ge;s),

and y, 2 R% ! denote the vector of covariance between reward and its centered auxiliary feedback.

Then, the variance df.s.q is minimized by setting theeto 2= i, yw, and the minimum

value of Va(zeis,q) is(1 2) %, where 2= 7, .o yw= 2

The de nition of hybrid reward given in Eq. (3) is very exible and allows different estimators

to estimate auxiliary feedback functions. The only difference among these estimators is how they
partition the available samples of auxiliary feedback to estimate auxiliary fungtigks no optimal
partitioning strategy is known, we adopt the Independent Samples (IS) and Multi-Fidelity (MF)
sampling strategy for our setting where nite samples of auxiliary feedback are available. Both
strategies are proven to be asymptotically optimal (Gorodetsky et al., 2020), implying the variance
reduction is asymptotically the same as if auxiliary feedback functions are known.

IS and MF sampling strategy: Letsands; s be the sample sets used for estimating functions

f andg, respectively. Then, for the IS sampling strategy,ns)\ (sj ns) = ? fori 6 j, ie.,

the extra samples used for estimating the funcgpare unique. Whereas, for the MF sampling
strategysi = s[ -1 s° ands?\ s’ = ? fori 6 j, i.e., the estimation of functiog uses the samples

that were used for est|mat|ng {unctlgn 1 with some additional samples. Refer to Fig. 1 for the
visual representation of both sampling strategies. After adopting Theorem 3 and Theorem 4 from



Figure 1:Left two gures: Visualization of IS and MF sampling strategies. Each column represents
samples used for estimating function (written at the top), and the same color is used to show shared
samples among auxiliary function estimatidtight two gures: Interaction between AFC bandit
algorithm and environment. AFC bandit algorithm that only uses observed rewards (second from
right), and AFC bandit algorithm that also uses auxiliary feedback as hybrid rewards (rightmost).

Gorodetsky et al. (2020) to our setting, we can further simplify, and y. when IS and MF
sampling strategies (denoted &yare used for estimating auxiliary feedback functions as follows:

ww =( ww Fe)=tand y, =(diag(Fe) yw)=t,

wheret denotes the number of reward observations with its auxiliary feedbléa{A) represents a
vector whose elements are the diagonal of the métriand denotes an element-wise product. The
ij -th element of matridk, 2 R9 9is

( ((ri  2)(r;  2))=(riry) ifi 6 ande= IS
feijj = (min(ri;r;)  1)=min(ri;r;) ifi 6 j ande= MF
(ri  1)=ri otherwise

wherer; 2 R* is the ratio between the total number of samples used for estimating fuigctign
sampling strategg and the total number of samples used for estimating

Since ww and y, may be unknown, they must be estimated to get the best estimaté.f@ur

following result gives the best linear unbiased estimator ofi.e., ’\e;t) that used observations of
rewards and their auxiliary feedback with estimated auxiliary feedback functions.

Lemma 2. Lett >q +2 2 N, eis the sampling strategy, arfd be the estimate of functidnat the
end of round which used Xs; Ys; ngtszl . Then, the best linear unbiased estimator gfis

Ae;t = (W W, F¢) ! diag(Fe) WYy ;
whereW, isat gmatrix whoses™ row isws ges andY; =(y1  fe(Xa);:iye fe(xi)).

After adopting matrix manipulation tricks from Pham and Gorodetsky (2022) to our setting, the proof
follows similar steps as the proof of Lemma 1. We now characterize the properties of the hybrid
reward that uses either IS or MF sampling strategy for estimating auxiliary feedback functions.

Theorem 3. Lett > q +2 2 N ande is the sampling strategy. I’fe;t as de ned in Lemma 2 is
used to compute hybrid rewamd.s.q for anys t 2 N, thenE[zesq] = T (Xs) andV (Zess;q) =

1+ f(qiqz (1 2) % wherea(IS)=1,a(MF)= “Lifrj = r; 8 2f1;2:::;qgwhen using

MF sampling strategy for estimating auxiliary feedback functions.

The key takeaways from Theorem 3 are as follows. First, the hybrid reward with estimated auxiliary
feedback is still an unbiased estimator, so one can use it to estimate the reward fin&emond,
there is a potential loss in variance reduction as it has an extra multiplicative &gejoand 2 2,

Remarkl. As samples for estimating auxiliary functions increase compared to the reward function,
the variance reduction from IS and MF sampling strategy converges to the reduction achieved using
known auxiliary functions. A8i :r; !'1 ,thenFe! 14 4. Itis now straightforward to see that

ww Willbecome yy , yw Will become y,, ,and hences = 2as8i:r;i!1

Remark2. The IS and MF sampling strategies are shown to be asymptotically optimal (Gorodetsky
et al., 2020), i.e., the variance reduction achieved by both strategies is asymptotically the same as if



auxiliary feedback functions are known. However, both sampling strategies are useful in different
applications, e.g., the IS sampling strategy suits the problems in which different auxiliary feedback
can be independently sampled. In contrast, the MF sampling suits the problems where auxiliary
feedback can not be sampled independently.

4.3 Parameterized bandits with estimated auxiliary feedback functions

We now consider the parameterized bandit setting described in Section 2, where the reward and
auxiliary feedback function can be non-linear. To exploit the available auxiliary feedback in linear
bandits, we propose a method in Section 3.3 that uses hybrid reward in place of rewards to get tight
upper con dence bound for the estimator of an unknown reward function and hence smaller regret as
compared to the vanilla OFUL due to the smaller variance of the hybrid rewards. We generalize this
observation and introduce the notionAudxiliary Feedback Compatible (AF®@pandit algorithm.

De nition 1 (AFC Bandit Algorithm ). Any bandit algorithmA is Auxiliary Feedback Compatible
if: (i) A can use correlated reward samples to construct upper con dence bound for reward function
and (i) with probabilityl ~ , its estimated reward functidi® has the following property:

iFAX) F(X)i h (% 0+ I(x; O);

wherex 2 X, 2 is the variance of Gaussian noise in observed reward,Gndenotes the
observations of actions and their rewards with the parametexsabthe beginning of round

As the estimated coef cient vector uses all past samples, the resultant hybrid rewards become
correlated due to using this estimated coef cient vector. Bandit algorithms like UCB1 (Auer et al.,
2002) and kl-UCB (Cappé et al., 2013) are not AFC as they need independent reward samples to
construct upper con dence bounds. In contrast, bandit algorithms like OFUL (Abbasi-Yadkori et al.,
2011), Lin-UCB (Chu et al., 2011), UCB-GLM (Li et al., 2017), IGP-UCB, and GP-TS (Chowdhury
and Gopalan, 2017) are AFC as they all use techniques proposed in Abbasi-Yadkori et al. (2011) for
building the upper con dence bound, which does not need reward samples to be independent.

As AFC bandit algorithms use the noise variance of observed reward for constructing the con dence
upper bound, they can also exploit available auxiliary feedback by replacing reward with its respective
hybrid reward as shown in Fig. 1 (rightmost gure). We next give an upper bound on the instantaneous
regret for any AFC bandit algorithm that uses hybrid rewards instead of observed rewards.

Theorem 4. LetA be an AFC bandit algorithm witff A (x)  f(x)j  h (x; O¢) + I(x; O¢) and
ezt e the upper bound on sample variance of hybrid reward, whose value is sefdot  q+2.
Then, with a probability of at leagt 2 , the instantaneous regret 8f after using hybrid rewards

(namedA-AF) for reward function estimation in rounidis

r(A-AF)  2min(; ( ezi)2)h(x; O + 1(x; O);
wheree = fIS, MF, KFg, and KF denotes the case where auxiliary functions are knownt ¥ag +2
1
and czp < ZE[M(A-AF)] 6  LE A3 g 2y Tr(A) ;wherea(KF)=1.
After using Theorem 1 and Theorem 3 to replace the variance of hybrid reward, the proof follows

similar steps as the proof of Theorem 2. We have given more details about the vahfgs©f) and
[(x; Oy) for different AFC bandit algorithms in Table 1.

Table 1: Values oh(x; O;) andl(x; O¢) for different AFC bandit algorithms

AFC bandit algorithm h(x; Oy) [(x; Oy)
I

OFUL (Abbasi-Yadkori et al., 2011) dlog ™= kxky 2 Skxky 1

r t t
Lin-UCB (OFUL for contextual setting) dlog 1= kxky: 1 2Skxky 1

. q kaV 1
GLM-UCB (Lietal., 2017) % log(1 + 2t=d) + log(1= )— 0
IGP-UCB (Chowdhury and Gopalan, 20].7)p 2(¢ 1+1+log(1=)) ¢ 1(X) B ¢ 1(x)




5 Experiments

To validate our theoretical results, we empirically demonstrate the performance gain due to auxiliary
feedback in different settings of parameterized bandits. We repeat all our expert@éntes and

show the regret as de ned in Eq. (1) with98% con dence interval (vertical line on each curve
shows the con dence interval). Due to space constraints, the details of used problem instances are
given in Appendix A.5 of the supplementary material.

Comparing regret with benchmark bandit algorithms:  We considered three bandit settings for

our experiments: linear bandits, linear contextual bandits, and non-linear contextual bandits (details
are given in Appendix A.5). The formal setting of a contextual bandits with auxiliary feedback is
given in Appendix A.4. We used the following existing bandit algorithms for these settings: OFUL
(Abbasi-Yadkori et al., 2011) for linear bandits, Lin-UCB (Chu et al., 2011) for linear contextual
bandits, and Lin-UCB with the polynomial kernel (which we named NLin-UCB) for non-linear
contextual bandits. We compare the performance of these benchmark bandit algorithms with four
different variants of our algorithms. The rst variant assumes the auxiliary feedback functions
are known (highlighted by adding “-AF' to the benchmark algorithms). When auxiliary feedback
functions are unknown, we use IS and MF sampling strategy while maintairir®) (i.e., getting

one extra sample of auxiliary feedback in each round). The IS and MF sampling strategies are the
same when only one auxiliary feedback exists. Since we only use one auxiliary feedback in our
experiments, we highlight this variant by adding “-IS/MF' to the benchmark algorithms. When
IS and MF sampling strategies are used, one needs to update the auxiliary feedback functions in
each round to get better estimators. However, it leads to the re-computation of all variables that are
needed for updating the hybrid rewards, which is not needed when auxiliary feedback functions are
xed. Therefore, we consider two more computationally ef cient variants for the unknown auxiliary
functions setting. One variant assumes the knowledge of biased auxiliary feedbagk(x)et, "4

is available instead df (x) (highlighted by adding "-BE' to the benchmark algorithms). Another
variant assumes that some initial samples of auxiliary feedback are available, which are used to get
the auxiliary feedback function estimator. We highlight this variant by adding “-EH' to the benchmark
algorithms. All variants with given parameters perform better than benchmark bandit algorithms (see
Fig. 2a, Fig. 2b, and Fig. 2c). We observe the expected performance among these variants as the
variant with a known auxiliary feedback function outperforms all other variants. At the same time,
IS/IMF sampling strategy-based variant outperforms the other two heuristic variants for the setting of
unknown auxiliary feedback function.

Regret vs. different biased estimator:To know the effect of bias in auxiliary feedback (i.&) in

the mean value of auxiliary feedback, we run an experiment with the same linear contextual bandits
experiment setup mentioned above. To see the variation in regret, We=sdt1; 0:2; 0:1; 0:07, 0:05g.

As shown in Fig. 2d, the regret increases with an increase in bias and even starts performing poorly
than Lin-UCB. This experiment demonstrates that as long as the bias in auxiliary feedback is within
a limit, there will be an advantage to using this computationally ef cient variant.

Regret vs. number of historical samples of auxiliary feedback increasing the number of historical
samples of auxiliary feedback for estimating the auxiliary feedback function reduces the error in its
estimation, leading to better performance. To observe this, we use estimators using different numbers
of auxiliary feedback samples, i.@y, = f5;7;10; 15, 20g in linear contextual bandits setting. As
expected, the regret decreases with an increase in auxiliary feedback samples, but using an estimator
with a few samples even performs poorly than Lin-UCB, as shown in Fig. 2e.

Regret vs. correlation coef cient: As theoretical results imply that the regret decreases when the
correlation between reward and auxiliary feedback increases. To validate this, we used problem
instances with different correlation coef cients in linear contextual bandits setting. As expected, we
observe that the regret decreases as the correlation coef cient increases, as shown in Fig. 2f.

6 Conclusion

This paper studies a novel parameterized bandit problem in which a learner observes auxiliary
feedback correlated with the observed reward. We rst introduce the notion of "hybrid reward, which
combines the reward and its auxiliary feedback. To get the maximum bene t from hybrid reward,
we treat auxiliary feedback as a control variate and then extend control variate theory to a setting



(a) Linear Bandit (b) Linear Contextual Bandits (c) Non-linear Contextual Bandits

(d) Biased Estimator (e) Estimator from historical data () In uence of correlation

Figure 2:Top row: Comparing regret of different variants with their benchmark bandit algorithms in
different settingsBottom row: Regret vs. different biases in Lin-UCB-BE (left gure), regret vs.
number of historical samples of auxiliary feedback in Lin-UCB-EH (middle gure), and regret of
Lin-UCB-AF vs. varying correlation coef cients of reward and its auxiliary feedback (right gure).

where a function can parameterize control variates. Equipped with these results, we show that the
variance of hybrid rewards is smaller than observed rewards. We then use these hybrid rewards to
estimate the reward function, leading to tight con dence bounds and hence smaller regret. We have
proved that the expected instantaneous regret of any AFC bandit algorithm after using hybrid rewards
is improved by a factor oD((1 2)%), where is the correlation coef cient of the reward and

its auxiliary feedback. Our experiments also validate our theoretical results. An interesting future
direction is to extend these results to bandit settings with heteroscedastic and non-Gaussian noise.
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A Supplementary material

A.1 Missing proofs related to auxiliary feedback
Results from linear regression
We rst state results for linear regression that we will use in the subsequent proofs. Consider the
following regression problem withsamples and features:
Z :X> +"S; |2f1.2 ..... g
wherezs 2 R is thes™ target variablexs = (Xs1;::: i Xsq) 2 RYis thest" feature vector, 2 R%is

the unknown regression parameters, ant a normally distributed noise with me@rand constant
variance 2. The values of nois&s form an 1ID sequence and are independent af Let

0 1 0 1 0.1
X11 i Xig

Z 1
ZF%;&; Xt:%; ;g;and "G%;g:
Z Xi1 11 Xy "
Then, the best linear unbiased estimator @ ", = (X7 X¢) X7 Zy, which has the following
nite sample properties.
Factl. The follhowing are the nite sample properties of the least square estimator
i

LE "jX. = ; (unbiased estimator)
2:Var("jX )= (X7 X, % and (expression for the variance)
ZVar("gjX )= A(X X)L (element-wise variance)

where(X X ); tistheii element of the matrixX 7 X ) *.

In the above result, the rst two properties are from Proposition 1.1 of Hayashi (2000), whereas the
third property is from Van De Geer (2005). The following result gives the nite sample properties of
the estimator of noise variancé.

. .- —_ 1 P t > N y\2 : 2
Fact2. (Hayashi, 2000, Proposition 1.2) L&f = T§ st (zs  x2 "t)“ be estimator of < and
t>q (so that*? is well de ned). Then\? is an unbiased estimator of, i.e.,E "ZjX; = 2.

Using the Schur complement, we have the following results about the inverse of the block matrix.

tB

Fact3. LetG = C D be a block matrix, where2 Rnf0g, B, C, D are respectivelst q,

q 1,andg qmatrices of real numbers. The@,;' =t 1+t IB(tD CB) !C.

Control variates theory

Lety be the random variable of interest with unknown meaithere arej control variates correlated
with y, wherei®™ control variate has mean and itss" observation is denoted bys;. For any

s2f1;:::;tg, we de ne a variablez usmgs”‘ observation of/s and its control variates as follows:
=ys (ws ')
wherews = (Ws;1;::1; Ws,q) and! = ( I'1;::5; 1 g). The above equation can be re-written as:
Ys=Zs+(ws ')

Under the assumption af being a unbiased estimator of we can writeys as follows:

Yys= +(ws ') +"zs:
where";.1;:::;" ;¢ are lID and have zero mean Gau35|an noise with varlahce 2) 2 Let
0 Vi 1 0 1w, ! 1 1
Y= g W, = %3 g; = ;and" 2y = %} gi
yt 1wy ! "zt
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The best linear unbiased estimator ofs * = (Wt> W) w, Y . To get”, and”"?, we expand
N as follows:

0o 1,0 1 1 10, 1,0 1
1 wp; ! 1 wi ! Y1
BB X%; g ?ﬁ %) - K Bk
1 wy ! 1 wy 1 wq ! Yt
0 0 11 , 0 1
1 1 bW 1 1 %
=B, e B KR, T T Bk
1 Wt ! Yt
P 1 P
= Pt t Pt 3:1(W5> !) pt slyS
=1 (Ws 1) =1 (Ws )7 (ws 1) =1 (Ws  1)ys
N .
After taking rst matrix from RHS to LHS and using) = At we have
t
P t P t
p . t p . s=1 (Ws> ! ) A/%;t - P . s=1 Ys . (4)
=1 (Ws 1) ss1(Ws 1) (ws 1) t =1 (Ws  1)ys
From above, we get the following equation:
Xt A X
thy + (ws 1) t = Ys
s=1 s=1 |
1X 1X '
=) M = T Ys T (ws 1) At'
= s=1 s=1
Using”ye = 17 L ysandh = 17 1 ws, we get
N =y (M ) )
Similarly, we have another equation as follows: |
Xt Xt N ' A X
"zt (ws 1)+ (ws 1) (ws 1)) t= (ws 1)ys
s=1 s=1 s=1
- !
A Xt N Xt
=) = ws 1) (ws 1)) (Ws  1P)Ys "zt)
s=1 s=1
0 1 0 1
wp ! Y1
UsingW { = % : X andY; = : E,We have
wp ! Vi Pt
=) = (WEWY) WY (6)

In the following, we rst state the fundamental results from the control variates theory.
Fact4. (Nelson, 1990, Theorem 1) L& = ( Ys; Ws;1;:::;Wsq)” followa(g+1) vanalr_.p normal

distribution with mean vectar; ! ) andfOg;:::;0cgbe allD sequence. Assume; = _; Zs,
wherezg = ys  (wg ! )At and”; used here is given by Eq. (6), then
E[*:]= and
- q .
V(*z)= 1+ t q 2 @ V()

where vy Wlw 7w = 2isthe square of the multiple correlation coef cienf = V (Y), and
yw = (Cov(Y;Wp);:::;CovY; W) (we have dropped the subscripas observations are IID).

14



Auxiliary feedback as control variates

Lemma 1. Lett > g +2 2 N andf; be the estimate of functidn which uses all information
available at the end of round i.e.,f xs; ys;wsg;:1 . Then, the best linear unbiased estimator 6f
is .

2 (W W) WY
whereW, isat gmatrix whoses™ rowis(ws gs) andYy = (y1  fe(x1);::5ye fe(xp)).

Proof. Recall Eq. (2) fos™ hybrid reward with known auxiliary functions, i &sq = Ys (Ws

gs) ; which can be re-written ags = zgq + (Ws 0s) . By denition, zgq = f(Xs) + "3
for optimal , where",s is zero-mean Gaussian noise with variaite 2) 2. Then,ys =
f(xs)+(ws @s) + "zs:Let' bean unknown function that maps everyo a space where
f(x) = ' (x)”f holds. Then we can re-write the above equation as follows:

Ys = 7" (Xs)+(Ws  Qs) + "zs:
Adapting Eq. (4) to our setting, we have

P t ' >0 P t ' > P t '
P, sl (Xs)™" (Xs) P, sl (Xs)” (Ws  Os) fAt = P, sl (Xs)Ys
s=1 (Ws  09s)”" (Xs) s=1 (Ws  0s)” (Ws  Qs) t s=1 (Ws  0s)Ys

Letf, is the estimatedl using available information, i.ef.xs; ys; Ws0i-; . To get best linear unbiased
estimator for ?, we use the following equation from above matrix,
| |

Xt N ’ Xt N ' A Xt
(Ws  9s)"" (xs) fi+ (Ws  gs)" (Ws Qs) t = (Ws  0Os)Ys
s=1 | s=1 s=1
> N xt Xt > >
=) (Ws  Os) (Ws Qs) t= (Ws  Os)Ys (Ws  0gs)” " (Xs) fy
s=1 s=1 s=1
g
N X[ > ><[ >
=) Tt = (Ws  09s)” (Ws 0s) (Ws  09s) ¥s ' (xs) Ty
s=1 | s=1
N X . S ix
=) i = (Ws  09s)” (Ws  0s) (Ws  gs)(ys  fi(xs))
s=1 s=1
0 1
W1 Os y1  fe(xa)
Using de nitionf;(xs) = ' (Xs)” ft, Wy = %} : 2 andY; = %) : E,we get
Wt Os ye o fe(xp):
=) N E(WIW) WY O

Since the reward and its auxiliary feedback observations are functions of the selected action, we can
not directly use the control variate theory due to parameterized mean values of the reward and its
auxiliary feedback. To overcome this challenge, we centered the observations by its function value
and de ned new centered variables as follows:

Ys=VYs f(Xs); wg=ws gs;and zgq = z5q f(Xs):
In our settlng these centered varlably,g W<, andz$;) follow zero mean Gaussian distributions
with variance 2, 2 =( 2.,;::1; 2.4), and(l 2) 2 respectively.
Theorem 1. Lett>q +2 2 N. If *; as de ned in Lemma 1 is used to compute hybrid revaayg

foranys t2 N, thenE(zsq] = f(xs) andV (zeq) = 1+ - (1 %) 2

Proof. The sequencéyS; w)t_, is an 1ID sequence and follows a Gaussian distribution with
mean0. We now denezg, = ys WS =Yg (Ws 0s) , which can be re-written as

Ysq = Zs+(Ws gs) . Letf be the estimatefl using available information, i.6fXs; Ys; WsOhey
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and hence we can write estimateg, as?2sq = f(xs) and hencetg;q = fi(xs) f(Xs). Now,
adapting Eqg. (6) to our setting and replacing estimated meaf iny 25, st value ofY; is
Ys 25q=Ys F(xs) (fr(xs) f(Xs))=ys fi(xs). With these manipulations, we get the
following best linear unbiased estimator fof:
At = (Wt> W) 1Wt> Yi;

which is the same as de ned in Lemma 1.
By adapting Fact 4 for a single sample (i&,y) while using”; to de ne hybrid reward, we have

E z5q =0and

Vzey = 1+ 1

s tq 2 1 AHVI;

By extending the de nition oE z¢,, we have,
Elzsg f(Xs)]=0 =) Elzsq] f(Xs)=0 =) El[zsq]=f(Xs)
This proofs the hybrid reward is an unbiased estimator of reward.
Since variance is invariant to constant change, we have
V(zsq) = V(zsq T (Xs))

=V zg,
= 1t @ VD)
= Lt VO ()
= 1+H%2 1 V()
SinceV (ys) = % wehaveV (zsq) = 1+ - (1 ?) % O

Lemma 2. Lett>qg +2 2 N, eis the sampling strategy, arfd be the estimate of functidnat the
end of round which used xs; ys; wsgtsz1 . Then, the best linear unbiased estimator @fis

Ae;t = (W W, F¢) ! diag(Fe) W/ Yy ;
whereW, isat gmatrix whoses™ row isws ges andY; =(y1  fe(Xx1);::ye fe(xy)).
Proof. Recall thes™ hybrid reward de ned in Eq. (3) using sampling strateggSz8.c.q = Vs

(Ws  des) e; Which can be re-written ag = zg..q +(Ws  es) e: Following similar steps as
of Lemma 1, we can re-write the above equatiogas f~' (Xs) +(Ws Qes) et "zs:

0 1
W1 Qe;s y1  fi(xa)
UsingWe; = %} : X, andY; = %} : X, we get"er = (WS Weyr) W2 Yy
Wt Qes yo o fe(xi):

From Appendix D and E of Gorodetsky et al. (2020), we h#vg Wer = W W, Fe and
W, Yy = diag(Fe) W, Y;: Using these two equality, we have
e = (W W, Fe) *(diag(Fe) W, Yy): m
Theorem 3. Lett > q +2 2 N ande is the sampling strategy. ﬁe;t as de ned in Lemma 2 is
used to compute hybrid rewamd s, foranys t 2 N, thenE[zesq] = f(Xs) andV (Zesq) =
1+ ta(g)qz (1 2) % wherea(IS)=1,a(MF)= “2Lifri =r, 8 2f1;2:::;qgwhen using
MF sampling strategy for estimating auxiliary feedback functions.

Proof. The proof follows the similar steps as Theorem 1 except we adapt the part (b.) of Theorem
4 from Pham and Gorodetsky (2022) instead of using Fact 4 to show the variance reduction when
sampling strategy (IS or MF) is used for estimating auxiliary feedback functions. O
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A.2 Unbiased estimate of variance

Consider the following regression problem with target varighlevhich is de ned as follows:

Ys= +(ws ) +"zs!
where",.1;:::;" ;¢ are IID and have zero mean Gaussian noise with varighce 2) 2. Let
0 1 0 1 0 ) 1
Y1 1 W1 ! 21
7t: g,it:% g; = ;and"z;tzégg:
Yt 1 W ! "Z;t

Now, using Fact 1, we havé (",;) = (W, W),.5; where(Y Y ). is the upper left most
element of matriXY > Y ) ! (Schmeiser, 1982). Then afteobservations, the unbiased variance
estimator ofV (~,) is given by

— A2 A oWy L.
Mot = Az;t (Wt Wt)n’

P
Where"f;t = tq% tszl (Ys "z:t)? (Nelson, 1990), which is also an unbiased variance estimator

of 2 (from Fact 2). Further},, is also an unbiased estimator\6{”,), i.e.,E[*:]= V (*21)
(Nelson, 1990, Theorem 1). We can adapt this approach to our setting. However when noise variance

() is unknown, computinth> Wt)lll may not be possible to general functibras' function

may not be known. Though the setting in whi@', W ;),;' can be computed, we have to use the
upper bound of variance to construct the con dence bound for reward furfctimrandom sample
variance estimate can be small and leads to invalid con dence bounds. GalEervations, the

upper bound of the sample variance is given by = (2% where ? . denoteslOO(1 )™
1
percentile value of the chi-squared distribution with 2 degrees of freedom

A.3 Missing proofs related to regret analysis

Theorem 2. With a probability of at least 2 , the instantaneous regret @FUL-AF in roundt is

r{(OFUL-AF) 2 | + S kxiky 1
r

where | = " min( % ;i D k’k, Sand (= dlog ML=

.Fort>qg +2 and
1
2zt < 2, E[r{(OFUL-AF)] @ (tta)(qilsz) “r{(OFUL) : Here,® hides constant terms.

Proof. When only observed rewaligs are used for estimating underlying unknown parameters in the

linear bandit setting, i. e’y = =V, <=1 XsYs, then with probabilityl  , the con dence bound
(Abbasi-Yadkori et al., 2011, Theorem 1) is
S

1+tL2= _
o7 v dlog ——— + s; (7)

where ? is the variance of observed rewards given action (since the noise variangp i$o

ensure the performance of OFUL-AF is as good as OFUL, we only used hybrid reward samples
for estimation when the upper bound on the variance of hybrid rewards is smaller than the variance
of rewards, i.e., ;4 1 < 2. Atthe beginning of round, the variance upper bound of hybrid
rewards is computed usirtg 1 observations and given by 1 = ug)# where”,+ 1 isan
unbiased sample variance estimate of hybrid rewards wsing observaﬂons and?  (implying

the variance upper bound holds with at least probability of ) denotesl00(1 )™ percentile

value of the chi-squared distribution with 2 degrees of freedom. When, < 2, we replace
rewardsf ysgi_, with its respective hybrid rewards, i.€2.q05-, to estimate underlying parameter

and use it for next round. After using hybrid rewards to estimate the unknown parameter, we replace
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2 in Eq. (7) with the variance upper bound of hybrid rewards. Then we get the following upper
bound which holds with a probability df 2 .

s
9 —— 1+tL2=
T v min( 2, ;4 1) dlog ——— + 25
t
q N —
= min( 2 2 1) o =23
:) At ? - ¢ + 1:28;
Vi
D r
where ( = min( % ,; 1) (and (= dlog H%&=

Let actionx; be selected in the rourtd Then, the instantaneous regret is given as follows:

re=maxx> 7 x7 7
x2X
=x7 7 xg (asx? =max x” ?)
x2X
=(x" x)” 7
=(xX7 x)” TH(x7 x)” C x)h

> AN

=(X? Xt)” 't (X? Xt)>(At ?)5

A sub-optimal action is only selected when its upper con dence bound is larger than the optimal

action. Then,if v 7 _ = , + 1725 thenwe have

Vi
? ? N ?
It thth‘ 1 1kX'kv!1 (X' Xt)>( t )

kx¢ Ko kx?ko 1 K X7 Xk 1
tRARY 1 t v ! thy, ot

t

t kXt kvt 1 t kX?kvt 1+ kX? Xt kvt 1
= (kxikg ok x?kvt L+ kx? xiky 1)
t(kthVt 1k X?kv‘ 1+ Xt;af vt 1+ kthvx 1)
=2 kXt kv 1
=) e 2(, + ¥2S)kx ky

LetX = fxsgi, . Fort>q +2 and ,; < 2, the ex_pected instantaneous regret of OFUL-AF is

E [r:(OFUL-AF)] E:Z( ) kxi kg 1| _
= E 2(p oo+ 29) kxi kg 1I )
= 2E Eh(pT;t o+ 1=2S)kxtkvgjxt"

h i
=2E tkxiky 1 E pT;tht + 2 Skxiky
tnong wo
A.
2 kxikg 1 E E D%y 4o 25 kxiky-
s h 1 it I
=2 thth‘l (t2 2)E P Mg 1 +2 1=28kxtkv‘1:

1t
Since”;+ 1 is an unbiased estimator of the sample variance of hybrid rewfds; 1] = V (zs,q)
fors 2 f1;:::;tg. Using Theorem 1, we haw (z5q) = 1+ tq% @ 2y 2 =
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“3)27132) 2 ast' observation is not available at the beginning of the roundith increasing
r

t,Ci = %i) tends to 1. With all these observations, we have
1 it

2y 7
E[r{(OFUL-AF)] 2C; (G IC) tkxiky 1 +2 2Skxikg

t g 3 | Vi

1
- t 3@ 3 * 1=2
- 2 Ct ﬁ t + S kXt kv[ 1
Letr¢(OFUL) be the upper bound on instantaneous regret for OFUL algorithm;i(@®@FUL) =
2+ 7S kxikg 1. Then, we have
t

t 3y 2 *?

E[r{(OFUL-AF)] 2C, 1+ 1S kxiky 1

t q 3 t
N
t 33T 3 7 o
+ 2 1 C’[ W S kXt kv[ 1
C t 3 9 ) : r{(OFUL)
t t q 3 t I
t 3y 3 oL .
+2 1 Ct W 1 ZS kthv‘ 1.
|
2y 7 '
=) E[r{(OFUL-AF)] @& (tt\?.);—ls) ri(OFUL) : O

Theorem 4. LetA be an AFC bandit algorithm witff A (x)  f(x)j  h (x; O) + I(x; O¢) and
ezt be the upper bound on sample variance of hybrid reward, whose value is sefdot  q+2.
Then, with a probability of at least 2 , the instantaneous regret &f after using hybrid rewards

(namedA-AF) for reward function estimation in rounidis

re(A-AF)  2min(; ( ezt )%)h(x; Oy) + I(x; Oy);
wheree = fIS, MF, KFg, and KF denotes the case where auxiliary functions are knownt ¥ag +2
1

and oz < ZE[r(A-AF)] 6 L ANA3 (1 2) "r(A) ;wherea(KF)=1.

Proof. Let A be an AFC bandit algorithm withi A (x)  f(x)]  h (x; Ot) + 1(x; Ot) and ey
be the upper bound on sample variance of hybrid reward. Afteses hybrid rewards for estimating
functionf , then, with probability at least 2 ,

A F0F min(; (ezt) D)X O) + 1(x; Oy) (8)

The proof follows similar steps as the rst part of the proof of Theorem 2. The only key difference is
the upper bound of variance of hybrid rewards, which depends on the underlying sampling strategy
based on whether auxiliary functions are known or unknown. The upper bound on sample variance

. . (A . . - - .
isgiven by ezt = Doz 1 where”e;+ 1 is an unbiased sample variance estimate of hybrid

1 it

rewards using 1 observations with sampling strategyand 2  (implying the variance upper

bound holds with at least probability &f ) denotesl00(1 )™ percentile value of the chi-squared
distribution witht 2 degrees of freedom.

Let actionx; be selected in the rourtd Then, the instantaneous regret is given as follows:
re=max f(x) f(x)=fx") f(x) (asx” = max f (x))
x2X x2X
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FAOT) + min( ;(ez:0)2)h(X7;0p) + 1(xX%;0¢)  F(xe)
£20¢) + min( ;5 (eiz:) 2)(xe; Or) + 1(xe; 0)  F(xy)
fA(xe) F(xe) +min( ;( ezit)2)N(Xe; O) + I(X¢; Or)
2min( ; ( e:z:0) 2)N(Xe; Op) + 1(X¢; O);

in which the first and last inequalities have used the upper bound given in Eq. (8), and the second
inequality follows because actions are selected using the upper confidence bounds. The remaining
proof will follow the similar steps as the second part of Theorem 2 except using Theorem 3 instead
of Theorem 1 for quantifying the variance reduction due to hybrid rewards when IS or MF sampling
strategy is used for estimating auxiliary feedback function. O

A.4 Auxiliary feedback in contextual bandits

Many real-life applications have some additional information readily available for the learner before
selecting an action, e.g., users’ profile information is known to the online platform before making any
recommendations. Such information is treated as contextual information in bandit literature, and the
bandit problem having contextual information is refereed as contextual bandits (Li et al., 2010). Since
the value of the reward function also depends on the context, the learner’s goal is to use contextual
information to select a better action.

We extend our results for the contextual bandits problem. In this setting, we assume that a learner
has been given an action set denoted by A. In round t, the environment generates a vector

Xt:a; Yt:a; th;a;ig?zl for each action a 2 A. Here, X4 is the context-action d-dimensional
feature vector of observed context in round t and action a, Yt:5 is the stochastic reward received
for context-action pair Xt.a, and Wy.q:j is the i" auxiliary feedback associated with the reward
Yt:a. We assume that the reward is a function of the context-action pair Xt.a, wWhich is given as
Yia = F(Xta) +"'t, where T : RY § R is an unknown function and "¢ is a zero-mean Gaussian
noise with variance 2. The auxiliary feedback is also assumed to be a function of the context-action
pair Xga, given as Wea;i = 0i(Xt;a) + "¢y, where gj : RY ¥ Ran " is a zero-mean Gaussian
noise with variance 2. The correlation coefficient between reward and associated auxiliary feedback
is denoted by

We denote the optimal action for a context observed in the round t as a] = argmaxaza f(Xt.a). The
interaction between a learner and its environment is given as follows. At the beginning of round
t, the environment generates a context, and then the learner selects an action a; from action set A
for that context using past information of context-actions feature vector, observed rewards and its
associated auxiliary feedback until round t 1. After selecting action @y, the learner receives a
reward (Yt.a,) With its associated auxiliary feedback and incurs a penalty (or instantaneous regret) Iy,
where It = f(Xt.a7)  F(Xta,). We aim to learn a sequential policy that selects actions to minimize
the total penalty and evaluate the performance of such policy through regret, which is the sum of the
penalty incurred by the learner. Formally, for T contexts, the regret of a policy that selects action
a for a context observed in round t is given by

X
Rr()= f(Xta7) F(Xea,) - )
t=1
A policy is a good policy when it has sub-linear regret. This implies that the policy will eventually
learn to recommend the best action for every context. Similar to the parameterized bandit problem
case, we can use the existing contextual bandit algorithms, which are AFC bandit algorithms.
Depending on the problem, an appropriate AFC contextual bandit algorithm is selected that uses
hybrid rewards to estimate reward function. The smaller variance of hybrid rewards leads to tighter
upper confidence bound of the unknown reward function and hence smaller regret.

A.5 More details about experiments

To demonstrate the performance gain from using auxiliary feedback, we have considered three
different bandit settings: linear bandits, linear contextual bandits, and non-linear contextual bandits.
The details of the problem instance used in our experiments are as follows.
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Figure 3: Top row: Experiment using linear bandits problem instance. Bottom row: Experiment
using non-linear contextual bandits problem instance. Left to right:: Regret vs. different biases (left
figure), regret vs. number of historical samples of auxiliary feedback (middle figure), and regret vs.
varying correlation coefficients of reward and its auxiliary feedback (right figure).

Linear bandits: We use a 5-dimensional space in which each sample is represented by X =
(X1;::1;Xs), where the value of X; is restricted in ( 3;3). We randomly select a 5-dimensional
vector * with a unit norm whose each value is restricted in (0; 1). In all linear bandits experiments,
weuse =0:01,L=2:236,S =1,and = 0:05. In round t, the reward for selected action Xt is

Yt = Vi + Wy,

where V¢ = X7 J+"Y andwy = X7 & +"V. Weset ¢ =(0; 2;0; 7;0)and 2 =( 7;0; Z;0; 2).
As we treat Wy as auxiliary feedback, ¢, may be assumed to be known in some experiments. The
random noise "} is zero-mean Gaussian noise with variance 2. Whereas "}’ is also zero-mean
Gaussian noise, but the variance is 2, We assumed that > = 2+ 2 is known, but not the 2
and 2. The default value of 2.=0:01and 2 = 0:01. It can be easily shown that the correlation

coefficient of ye and weis = 2=( 2+ 2). We run each experiment for 5000 rounds.

Linear contextual bandits: We first generate a 2-dimensional synthetic dataset with 5000
data samples. = Each sample is represented by X = (X1;X2), where the value of
Xj is drawn uniformly at random from ( 1;1). Our action set A has four actions:
F(x1;%2); (X1, X2);( X1;%2);( X1; X2)g. We uniformly generate a * such that its norm is
1. In all experiments, the data samples are treated as contexts, and we use = 0:01, L = 1:41,
S =1,and = 0:05. The observed reward for a context-action feature vector has two components.
We treated one of the components as auxiliary feedback. In round t, the reward context-action feature
vector Xt:a is given as follows:

Yt;ar = Vtae T Weays

where Ve.a, = Xgg oY and Wea, = X o+ 'w. Weset 7 =(0; 3;0; 2)and (, =( 7;0; Z;0).
As we treat Wy.a, as auxiliary feedback, ., is known for some experiments. The random noise "y is

t
zero-mean Gaussian noise with variance 2. Whereas "} is also zero-mean Gaussian noise, but the
variance is 2. We assumed that 2 = 2+ 2 is known, but notthe 2 and 2. The default value

of 2 =pO:01 and 2 = 0:01. It can be easily shown that the correlation coefficient of Yt.5 and Wy.a
s o= 23+ 8.
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