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Abstract

3D reconstruction and novel view rendering can greatly benefit from geometric
priors when the input views are not sufficient in terms of coverage and inter-view
baselines. Deep learning of geometric priors from 2D images requires each image
to be represented in a 2D canonical frame and the prior to be learned in a given
or learned 3D canonical frame. In this paper, given only the relative poses of the
cameras, we show how to learn priors from multiple views equivariant to coordi-
nate frame transformations by proposing an S E(3)-equivariant convolution and
transformer in the space of rays in 3D. We model the ray space as a homogeneous
space of SE(3) and introduce the SE(3)-equivariant convolution in ray space.
Depending on the output domain of the convolution, we present convolution-based
S E(3)-equivariant maps from ray space to ray space and to R?. Our mathematical
framework allows us to go beyond convolution to S E'(3)-equivariant attention in
the ray space. We showcase how to tailor and adapt the equivariant convolution and
transformer in the tasks of equivariant 3D reconstruction and equivariant neural
rendering from multiple views. We demonstrate S E(3)-equivariance by obtain-
ing robust results in roto-translated datasets without performing transformation
augmentation.

1 Introduction

Recent years have seen significant advances in learning-based techniques [[67, 68} 60} |69} 161, [73]
11, [53]] harnessing the power of deep learning for extraction of geometric priors from multiple
images and associated ground-truth shapes. Such approaches extract features from each view and
aggregate these features into a geometric prior. However, these approaches are not S F(3)-equivariant
to transformations of the frame where the priors and images are defined. While view pooling or
calculating variance [69, 72,46l [73|[11] can be used to aggregate features and tackle equivariance,
view pooling discards the rich geometric information contained in a multiple view setup.

In this paper, we address the problem of learning geometric priors that are S E(3)-equivariant with
respect to transformations of the reference coordinate frame. We argue that all information needed
for tasks like novel view rendering or 3D reconstruction is contained in the light field [6}37]. Our
input is a light field, a function defined on oriented rays in 3D whose values can be the radiance or
features extracted from pixel values. We will use the term light field, and we will be specific when it
is a radiance field or a feature field. Images are discrete samples of this field: the camera position
determines which rays are sampled, while the camera orientation leaves the sample of the light field
unchanged up to pixel discretization. We model the light field as a field over a homogeneous space of
SE(3), the ray space R parameterized by the Pliicker coordinates. The ray space R is the space of
oriented light rays, for any ray € R, the Pliicker coordinate is * = (d, m), where d € S? is the
direction of the ray, and m = x x d where « is any point on the ray.
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We define a convolution in the continuous ray space as an equivariant convolution on a homogeneous
space [[18]. Since our features are not limited to scalar values, we will draw upon the tools of tensor
field networks and representation theory, discussed in detail in the Appendix. In Sec. B.T]we study the
group action of SE(3) on R, the stabilizer group for R, and how SE(3) transforms the feature field
over R. In Sec. we focus on developing the equivariant convolution in R, providing analytical
solutions for the kernels with the derived constraints in convolution from R to R and from R to R3,
respectively. Meanwhile, we make the kernel locally supported without breaking the equivariance.
By varying the output domain of the convolution, we introduce equivariant convolutions from the ray
space to the ray space and from the ray space to the 3D Euclidean space.

The constraint of the kernel limits the expressiveness of equivariant convolution when used without a
deep structure. In Sec[3.3] we introduce an equivariant transformer in R. The equivariant transformer
generates the equivariant key, query, and value by leveraging the kernel derived in the convolution,
resulting, thus, in invariant attention weights and, hence, equivariant outputs. We provide a detailed
derivation of two cases of cross-attention: the equivariant transformer from R to R and the equivariant
transformer from R to R®. In the first case, the features that generate the key and value are attached
to source rays, while the feature generating the query is attached to the target ray. In the second case,
the feature generating the query is attached to the target point.

We demonstrate the composition of equivariant convolution and transformer modules in the tasks of
3D reconstruction from multi-views and novel view synthesis given the multi-view features. The
inputs consist of finite sampled radiance fields or finite feature fields, while our proposed equivariant
convolution and transformer are designed for continuous light fields. If an object or a scene undergoes
a rigid transformation and is resampled by the same multiple cameras, the SF/(3) group action is not
transitive in the light field sample. This lack of transitivity can significantly impact the computation
of equivariant features, mainly because the views are sparse, unlike densely sampled point clouds.
Object motion introduces new content, resulting in previously non-existing rays in the light field
sampling. Hence, our equivariance is an exact equivariance with respect to the choice of coordinate
frame. In the 3D reconstruction task, we experimentally show that equivariance is effective for small
camera motions or arbitrary object rotations and generally provides more expressive representations.
In the 3D object reconstruction application, we first apply an equivariant convolutional network in
ray space to obtain the equivariant features attached to rays. We then apply equivariant convolution
and equivariant transformer from R to R? to obtain equivariant features attached to the query point,
which are used to calculate the signed distance function (SDF) values and ultimately reconstruct the
object. In the generalized rendering task, our model queries a target ray and obtains neighboring
rays from source views. Our composition of equivariant modules is based on IBRNet [61], which
consists of view feature aggregation and ray transformer. We replace the view feature aggregation in
[61] with the equivariant convolution and transformer over rays and the ray transformer part with the
equivariant transformerover the points along the ray to get the density and color of the point, see Sec.
[3.3l We summarize here our main contributions:

(1) We model the ray space as a homogeneous space with SFE/(3) as the acting group, and we propose
the S E(3)-equivariant generalized convolution as the fundamental operation on a light field whose
values may be radiance or features. We derive two S E(3)-equivariant convolutions, both taking input
ray features and producing output ray features and point features, respectively.

(2) To enhance the feature expressiveness, we extend the equivariant convolution to an equivariant
transformer in R, in particular, a transformer from R to R and a transformer from R to R3.

(3) We adapt and compose the equivariant convolution and transformer module for 3D reconstruc-
tion from multiple views and generalized rendering from multi-view features. The experiments
demonstrate the equivariance of our models.

2 Related Work

Equivariant Networks Group equivariant networks [15} 65} 162} 55 163\ [12} [19} [17} 22} 24| [23]]
provide deep learning pipelines that are equivariant by design with respect to group transformations
of the input. While inputs like point clouds, 2D and 3D images, and spherical images have been
studied extensively, our work is the first, as far as we know, to study equivariant convolution and
cross-attention on light fields. The convolutional structure on homogeneous spaces or groups is
sufficient and necessary for equivariance with respect to compact group actions as proved in [18,[1}136].
Recently, Cesa et al. [8], Xu et al. [70] provided a uniform way to design the steerable kernel in



an equivariant convolutional neural network on a homogeneous space using Fourier analysis of the
stabilizer group and the acting group, respectively, while Finzi €28él. proposed a numerical
algorithm to compute a kernel by solving the linear equivariant map constraint. For arbitrary Lie
groups, Finzi et al[25], MacDonald et al[39], Bekkerq4] designed the uniform group convolutional
neural network. The fact that aly(n) equivariant function can be expressed in terms of a collection

of scalars is shown irB€]. For general manifolds, Cohen et fl6], Weiler et al.[64] derived the
general steerable kernel from a differential geometry perspective, where the group convolution on
homogeneous space is a special case. The equivalent derivation for the light eld is in the Appendix.
Recently, equivariant transformers drew increasing attention, in particular for 3D point cloud analysis
and reconstructior?[7,[48,[10,[7]. A general equivariant self-attention mechanism for arbitrary groups
was proposed irdd4, 43|, while an equivariant transformer model for Lie groups was introduced in
Hutchinson et al[32]. We are the rst to propose an equivariant attention model irBfbeay space.

Light Field and Neural Rendering from Multiple Views The plenoptic function introduced in
perceptionlf] and later in graphics37] brought a new light into the scene representation problem
and was directly applicable to the rendering problem. Instead of reconstructing and then rendering,
light elds enabled rendering just by sampling the right rays. Recently, learning-based light eld
reconstruction41, 34,5, 66, 51, 2] became increasingly popular for novel view synthesis, while
[50, 54,53 proposed non-equivariant networks in the ray space. Due to the smaller dimension of
the ray space, the networks in the ray space are more ef cient compared to neural radiance elds
[42], which leverages volumetric rendering. Several studi€sg1, /53,150, 11,38, (13,131,158, 20
concentrate on generalizable rendering. These works are similar to ours in that they ob3&in the
prior from the2D images, but they are not equivariant since they explicitly use the coordinates of the
points or the rays in the network.

The most related equivariant rendering approaches to u2#ré4, [45). The equivariance in the
paper(R]] is not the equivariance we mean in this wolR1] enforces the geometric consistency via

a loss function.l47] is not strictly equivariant and it depends on the assumption of upright views and
the camera ID embeddings, which results in its non-equivariance to camera permutation. It achieves
data-driven equivariance by randomly choosing the rst camera frame as the canonical frame. While
[45] addresses the frame problem through relative pose, it is not theoretically equivariant in cases of
individual camera rotations around their axes or minor individual rotations accompanied by small
content changes. We want to emphasize that our central contribution is to propose an equivariant
convolution and transformer on ray space, which can be integrated into a wide range of 3D learning
models.

Reconstruction from Multiple Views Dense reconstruction from multiple views is a well-
established eld of computer vision with advanced results even before the introduction of deep
learning R8]. Such approaches cannot take advantage of shape priors and need a lot of views to pro-
vide a dense reconstruction. Deep learning enabled semantic reconstruction, i.e., the reconstruction
from single or multiple views by providing the ground-truth 3D shape during traiflidgg7, (68, [4Q].

These approaches decode the object from a global code without using absolute or relative camera
poses. Regression of absolute or relative poses appli&bid], 56, 69, 72, 57, 3, 46, 33, 2(] is
non-equivariant.

3 Method

In this section, we will rstintroduce the (feature) eld on the ray space @8bdEuclidean space,
respectively, and the correspondif (3) group actions on the values of the elds in Sec. 3.1.

To offer readers a holistic grasp—from a broad overview down to the intricate speci cs and from
foundational concepts to advanced techniques— we will present the reconstruction and the generalized
rendering with the neural components of their architectures (convolutional and attentional) and their
inputs and outputs in Sec. 3.2 and Sec. 3.3. Following that, we expose our central contribution:
equivariant convolution and attention in ray space in Sec. 3.4 and Sec. 3.5.

3.1 Feature eld on Ray Space andB3D Euclidean Space
3.1.1 Ray Space

The ray space is the space of oriented light rays. As introduced in the introduction and App. Ex. 1,
we use Plicker coordinates to parameterize the ray $paéer any rayx 2 R, x can be denoted as
(d;m), whered 2 S is the direction of the ray, antt = x  d is the moment of the ray witk



Figure 1: Feature attached to rays: we shoWigure 2: Features attached to points: we
the scalar feature and type-1 feature. Wheshow scalars and vectors (type-1 features).
2 is the trivial representation, tensor feaThe black dot in the gure is the point, and
tures can be viewed in the plane orthogathe square and the vectors are the scalar
nal to the ray (the blue plane). When rotaand type-1 features attached to the point.

tions act on the feature eld, the scalar feawheng 2 SE(3) acts on the feature eld,
ture only changes position as attached to theve will see that the scalars are kept the
rays:(Lg¢f )(x) = f (g x); while the type-1 same while the attached position is rotated,
feature changes position and is itself rotatedind the vector features change their posi-
(Lof)(x)= (h(g 1;x) Hf(g x), where tionand alter their direction.

(;t)=¢€.

being a point on the ray. Then agy= ( R; t) 2 SE(3) acts on the the ray space as:
gx=g(d;m)=(Rd;Rm +t (Rd)): 1)

The ray spac® is a homogeneous space with a transitive group actiddibd). Given the origin

in the homogeneous space as ([0;0;1]";[0; 0; 0]") (the line representing-axis), the stabilizer
groupH that leaves unchanged i$SO(2) R (the rotation around and translation along the ray).
The ray space is, thus, isomorphic to the quotient space SE(3)=(SO(2) R). We parameterize
the stabilizer groupd asH = f(;t)j] 2[0;2 );t 2 Rg.

We follow the generalized convolution derivation for other homogeneous spac#g],imvhich
requires the use of principal bundles, section maps, and t@igkexplained in the appendix section
A.2 and onwardsSE(3) can be viewed as the princip80(2) R-bundle, where we have the
projectionp : SE(3) ' R , foranyg 2 SE(3),p(g) = g ;asectionmap : R! SE(3) can

be de ned such thgd s = idg. In App. Example 6, we elaborate on how we de ne the section
map from the ray space ®E(3) in our model. Generally, the action 8 (3) induces a twist as
0gs(x) & s(gx). The twist can be characterized by the twist functionSE(3) R! SO(2) R,
gs(x) = s(gx)h(g; x), we provide the twist function in our model and its visualization in App.
Example 6.

3.1.2 LightField

The light eld can be modeled as a function from the ray space to a vector dpaée! V. We
also need to de ne th8 E(3) group action on the values of that eld. Since the group action will
be on a vector spade, we will use the corresponding group representation of the stabilizer group

:S0(2) R! GL(V),see details in App. A.3. For example, a light eld can be a radiance eld
f that maps the ray space of oriented rays to their observed radiance (RGB) RS which is a
concatenation of three scalar elds owr The group representationin this case is the identity
andg 2 SE(3) acts on the radiance elfl as(L4f )(x) = f (g *x), shown as the scalar features in
Fig. 1. Given that the stabilizét = SO(2) R is a product group, the stabilizer representation
can be written as the product ;t )= 1( )  2(t), where ; is the group representation 800(2)
and » is the group representation Bt If the light eld is a feature eld (Fig. 1) with > being
the identity representation and corresponding to a type-1 eld;( ) = € , then type-1 features
change position and orientation whgr2 SE(3) acts on it. Having explained the examples of scalar
(type-0) and type-1 elds, we introduce the action on any feature fels [18]:

(Lof)(x)= (h(g ;%) Hf(g *x); )

where is the group representation 80(2) R corresponding to the spavt determined by the
eld type of f , and h is the twist function introduced IS (3) as shown in App. Example 6.

3.1.3 Feature Field onR®

R? is also a homogeneous spacesd (3) like the ray spac® , with the stabilizer group aSO(3),
as stated in App. Example 2. For agy ( R;t) 2 SE(3), it acts on the eldf overR? also follows



Figure 3: The pipeline of equivariaBD reconstruction: Firstly, we obtain the feature eld over the
ray space. Secondly, we perform an equivariant convolution from ray space to point space. Thirdly,
we apply aSE(3) equivariant cross-attention module to obtain an equivariant feature for a query.

[18]:
(Lof)X) = (R (R *(x 1)

.where is the group representation 80(3), since the twist function can be independent of3be
position due to the fact th&E(3) = R® 0 SO(3) is a semidirect product group as stated in App.
Example 4. The feature eld ovéR® and the corresponding group action is also use®m§3]. Fig.

2 visualizes the scalar featudg ¢ = 0) and vector featurd{,; = 1) attached to one point, offering
an intuitive understanding of the feature eld ovR¥.

Given the feature eld on the ray space aBd Euclidean space and the corresponding group
actions ofSE(3). We will show two 3D multi-view applications of the equivariant convolution and
transformer:3D reconstruction and generalized neural rendering. In each application, we start with
the speci ¢ de nition of equivariance and then outline the corresponding pipeline.

3.2 Equivariant 3D Reconstruction

The radiance eld serves as the input for 82 reconstruction, which ultimately generates a signed
distance eld (SDF) denoted by the functien R® ! R. As aforementioned, the radiance eld is the
multi-channel scalar eld oveR , while SDF is the scalar eld oveR3. A 3D reconstruction: F !

E, whereF denotes the space of radiance elds @&denotes the space of signed distance elds, is
equivariant when for ang 2 SE(3), anyx 2 R%, andanyf 2F, ( L4f )(x)= Lg(( fN(x);
wherelL 4 andLg are group actions on the light eld and the SDF, respectively. Speci cally, aad
eare scalar elds(Lyf )(x) = f (g *x) foranyx 2 R, and(Le)(x) = e(g *x) foranyx 2 R3.

In practice, we have a nite sampling of the radiance eld corresponding to the pixels of multiple
viewsV = ff(x)jx 2 Lyvg, whereLy denotes the ray set of multi-views afd2 F is the
radiance eld induced by multi views sample from. TB2 reconstruction is equivariant when
foranyg2 SE(3)andanyx 2 R®: (g V)(x)= ( V)(g %x):If we denoteV as(Ly;f),

g V=(g Lv;Lgf), whereg Ly isgacting on the rays de ned Eq. 1.

We achieve equivariance using three steps as illustrated in Fig. 3: (1) the transition from pixel colors to
a feature-valued light eld (equi-CNN over rays), (2) the computation of featur&s iftom features

on the ray space by equivariant convolution frBto R3, and (3) the equivariant transformer with

the query generated by the feature on the point we want to compute SDF and key/value generated
by features on rays. Note that we need (3) following (2) because the output feature of a single
convolution layer is not expressive enough due to the constrained kernel.For the detailed practical
adaption of the convolution and transformeBID reconstruction, please see the App. B, where we
approximate the intra-view witB E (2) equivariant convolution.

3.3 Generalized Neural Rendering

The light feature eldfi, : R'! V serves as the input for neural rendering, which ultimately
generates the light eld : R! R3, a multi-channel scalar eld oveR. A neural rendering

I ' F , wherel denotes the space of the light feature elds &hdenotes the space of the
light eld, is equivariant when for ang 2 SE(3), anyx 2 R, and anyfi, 21, ( Lgfin )(Xx)=
( fin)(g x);whereLq is the group operator on the light feature €ig , as shown in Eq. 2
depending on the feature type. In the experiment of this paper, the input light feature eld is



Figure 4: The pipeline of equivariant neural rendering. Firstly, we obtain the features of the points
along the target ray through convolution over rays. Secondly, we apply the equivariant cross-attention
module to obtain features for generating the color of the points. Finally, we use equivariant self-
attention over the points along the ray to obtain features for generating the density of points.

scalar, i.e.L¢fin (X) = fin (g 1x). Similar to reconstruction, in practice, the neural rendering
is equivariant when for ang 2 SE(3) andanyx 2 R: ( g V)(x)= ( V)(g %x);where
V = ffin (X)jx 2 Lv g, and if we denot&/ as(Lv;fin),theng V =(g Lv;Lgfin),

By restricting the eld type of the output eld over rays to have a group representati&®©g®) R

as (;t)= 1() 2(t), where ; is the regular representation, we can obtain the feature of
points along the ray by convolution or transformer fr&mo R. See App. Example 9 for more
explanation of the regular representation. Alternatively, we can obtain the desired feature by applying
convolution or transformer frorR to R, with output features attached to the target ray corresponding

to different irreducible representations of the stabilizer group. These features can be interpreted as
Fourier coef cients of the function of the points along the ray. The Inverse Fourier Transform yields
features for the points along the ray. More details are in the App. I.1.

The feature of the points along the ray can be used to generate density and color for volumetric
rendering 61, 73], or fed into attention and pooling for the nal ray featuf8]. In this paper, we

opt to generate the density and color and utilize volumetric rendering, which can be viewed as a
specialized equivariant convolution from points to the ray. Method details are in App. I.

We achieve the equivariant rendering through three steps as shown in Fig. 4: (1) we apply equivariant
convolution from rays to rays to get the equivariant feature for points along the rays, which is a
speci ¢ eld type overR; 2) to enhance the feature expressivity, we apply an equivariant transformer
from rays to rays to get the color for each point; (3) we apply the equivariant self-attention over the
points along the ray to reason over the points on the same ray; the output feature of the points will be
fed to multiple perceptron layers to get the density of the points.

3.4 Convolution in Ray Space
3.4.1 Convolution from Rays to Rays

The convolution, as stated in App. A.4 and [18] is then de ned as
z

flot (x) = . (s(x) ty) in (h(s(x) *s(y)f'™ (y)dy; ®3)

whereh(g) is the simpli ed form of the twisth(g; ). Eq.3 is equivariant tSE(3) if and only if the
convolution kernel satis esthat (hx) = oy (h) (X) in (h 1(h;x)), where i, and oy are the
group representations 8fO(2) R corresponding to the input feature tylpe and output feature
typelout , respectively. We derive the solutions of the kernel in the App. Example 9.

Local kernel support The equivariance stands even if we constrain the kernel to be local. When
x = (dy;my) meets the condition that(dy;[0;0; 1]") oandd(x; ) do, (x) 60, this
local support will not violate the constraint thathx) = ou (h) (X) in (h 1(h;X)).



Then, convolution in Eq. 3 is accomplished over the neighbors only as visualized in Fig. 5. In Fig. 5,
any rayy = (dy; my) (denoted in blue) in the neighborhood of a say ( dx; my) will go through
the cylinder withx as the axis andp as the radius sincd(x;y) do.

Moreover, for anyy, \ (dy;dy) o- Any rayy 2 N (x) is on one tangent plane of a cylinder with
x as the axis and(x;y) as the radius whed(x;y) > 0.

3.4.2 Convolution from Rays to Points

In applications such &8D reconstruction,
key point detection, an8D segmentation,
we expect the output to be the eld over
R3. Using a convolution, we will de ne an
equivariant map from light elds (elds on
R)to elds onR3. We denote wittH ; and
H the stabilizer groups for the input and
output homogeneous spaces, respectively,
i.e.,, SO(2) R andSO(3) in this case.
Figure 5: Neighborhood of a rayin the convolution. AS Shown in the App. Example 4, we can
choose the section map : R®! SE(3):
s2(x) = (I; x) foranyx 2 R® and | is the
identity matrix. Following [1%], the convolution from rays to points becomes:

f3 (x) = . (5200 1Y) in (ha(s20%) *su(M) 1" (y)dy;

whereh; is the twist function corresponding to section: R!  SE(3) de ned aforementioned,i,

is the group representation bf; (SO(2) R) corresponding to the feature tyhg. The subscripts

1 and2 denote the homogeneous spaces the features are de ned on. The convolution is equivariant
if and only if the kernel satis es that (hax) = oue (h2) (X) in (hy L(hy;x)) for anyh, 2 Ho,

where o is the group representation Hf, (SO(3)) corresponding to the feature typg: .

In 3D reconsﬁuctiont ln s the scalar eld oveR, i.e., i, = 1. The convolution is simpli ed

tofé"“‘ (X) = &on ) (s2(x) 1y)f{‘” (y)dy and the corresponding constraint becom@g;x) =
out (N2) (X). App. Example 10 provides analytical kernel solutions.

3.5 Equivariant Transformer over Rays

We can extend the equivariant convolution to the equivariant transformer model. In general, the
equivariant transformer can be formulated as:

exp(hf q(x; f ) Fi(x;y; FAM)i)
yaN (x) EXP(H qOGE M y; FiM)i)

X
f U (x) = P
y2N (x)

fuoy:fin); 4)

where the subscript denotes the homogeneous spate = G=H; of the feature eldf]" that
generates the key and value in the transformer; the subgdphotes the homogeneous space
M, = G=H; of the feature eldf)' that generates query in the transformer, which is also the
homogeneous space of the output feaff€; x andy represent elements in the homogeneous
spaceM, andM 1, respectively, wherg 2 N (x) indicates that the attention model is applied oyer
the neighbor ok based on a de ned metriéy, f 4, andf, are constructed equivariant keys, queries,
and values in the transformdi, andf, are constructed by equivariant kerngland  whilef 4 is
constructed through an equivariant linear map, see App. F for detailed construction.

When the transformer is a self-attention model, homogeneous kpaeadM are the same since

f5' = f". The above equivariant transformer could be applied to the other homogeneous space other
thanR, R3, and acting group other th&E (3). This paper presents the equivariant cross-attention
model over rays, i.eM 1 is R. When the transformer is the cross-attention from rays to Myss

alsoR, the equivariant kernely and  is the convolution kernel we derived in convolution from

rays to rays in Sec. 3.4.1. When the transformer is the cross-attention from rays to [oigsR?,

the equivariant kernely and  is the convolution kernel we derived in convolution from rays to
points in Sec. 3.4.2. With the construction in App. F, we claim that the transformer from rays to rays
or from rays to points, as shown in the equation 4, is equivariant. The proof is in App. G.
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