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Abstract

In this supplement we provide additional background material and all the technical
results and proofs not included in the main article. For the convenience of the
reader, we repeat the statements of results that we prove here. We continue the
equation numbering scheme from the main document to the supplement.
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A Remaining proofs: Lemmas (446, and Theorem [3|

A.1 Proof of Lemmas 416

Lemma @ Let fo € L2[0,1]¢, f,, = EY[f|Y] denote the posterior mean based on a mean-zero
Gaussian process prior I1 on L[0,1] and set 2 = Ey, || fn — fol|2.. Then forn > 1,

= _nug
Pry (Ifn = follzz < pip/4) < de” 57
Proof. Using (8), under Py, the posterior mean equals
. nAL nAL wk
fn—zn)\ T Yiedr = Z >\+1f0k¢k+z >\+1f

Since fo = >, for®r, we deduce

2
F o2 VA
1fn = Follz2 _zk:(nAkJrl T +1f°’“>

1
= Z o T2 [nAZ(wi — 1) + nA; — 2V wk for + for]
K

=I+1T+1IT+1V.

Taking E,-expectation yields

Epllfo = foll7 =D U S S G
0 L — (nA, +1)2  (nAg +1)2

We will now show that I + I11 are of smaller order with high Py, -probability, so that || f, — fo||2.
is close to its expectation, and hence the size of its expectation drives its behaviour.

I: Using Lemma 1 of [4]] with aj, = we get

n)\i
(nAk+1)2°
P (11| = 2falle,va + 2||afle, z) < 2e77

for any x > 0 (we write P instead of Py, here to emphasize the above probability does not depend

on fy). Further set o, = )\kj\-ikl/n’ so that nay = 3. Then

2
ledl?, < lledll?,-

2 2 _ 4 2 2 _ k
el = lall, < s louf o = s or

Using that ||a[|7, = nI1, this implies ||al|¢, < Lllalle, = v/TI/n. For the £, term,

n2)\i
(nAx +1)2

In conclusion, we have the exponential inequality

Iz 2
<I >0/ 4 x) < 27"
n n

1 1
lalle.. = —sup < -
n r n

Or: We have IIT ~ N(0,>, (ﬁ\?ﬂ);‘*) whose variance is bounded by

bup,C (n)\k+1)2 Zk (n/\iﬂ)g < %IV. Thus using the standard Gaussian tail bound, for

any x>0,
A (\IH\ > 2«/]V/n:c) < 2e7/2,

uniformly over fy € L2



The triangle inequality gives ||| fn — foll22 — Efo|lfa — foll22| = |[I + I11| < |I| + |II1]. Since
for any real numbers a, b, Py, (|I| + |[I1I| > a+b) < Py, ({|I| > a} U{|ITI| > b}) < Py, (|I| >
a) + Py, (|I1I| > b), combining the bounds for I and I11, we get

_ i Iz 20 [81Vz .
wp Py (um ol — Bl pol] 2 225 4 22 ) <1
focL? n n n

for all z > 0, a non-asymptotic inequality. Using ab < (a®+b?)/2 gives \/81Vz/n < IV/2+4x/n
and 2\/ITx/n < I1/2+ 2z /n. Since Ey, || fn — fol|2. = II 4+ IV, it holds that for any z > 0,

_ - 1 = 3z —z
sup Pfo <“|fn - f()”%2 - Efo”fn - fUH%,?’ > iEfonn - fOHQL2 + ) <de™".
fo€L? n

Set x = nu2 /32 so that 8x/n = u2 /4. Then the last inequality implies that for all fo € L?,

_ , 1 _ sl 2
Pr, (1 = Dl < 3Bl — ol — ) < 4%,

Substituting in 2 = Ey, || f, — fol|2. gives the result. O

Lemma |5} Let I1,, be a sequence of mean-zero Gaussian process priors on L?[0, 1]4. Then the
corresponding posterior means f, = E"[f|Y] satisfy

Ppy (1Fa = follzz 2 27) <24/ EgILa(f 5 1f = follz2 = alY)

for any sequence ~y,, and n > 1.

Proof. Write v,, = E IL,(f : ||f — follLz > 7»]Y). We may assume v,, < 1/4, otherwise the
right side is greater than one and there is nothing to prove. Using Markov’s inequality, the events

An,jo = {Tn(f 2 [ = Joll2 = alY) < \/on} then satisfy Py, (A7 ) < \/0n.

Recall that the posterior distributions II,(f|Y) are also Gaussian by conjugacy, see (7). Since
{f € L% :||fllz> < ¥n} is convex and symmetric, Anderson’s inequality (e.g. [3], Theorem 2.4.5)
implies that

1—wv, = EfoHn(f = follze < lY) < EfoHn(f f - JFHHL2 < lY).

Using the same argument as above, we thus have Py, (BS) < v/v,, for B, = {IL,(f : || f — fullz2 >
YlY) < \/Un}, sothat Py (A, r, N By) > 1 — 2,/v,. Now on the event A,, s, N B,,, we have

o (f 2 1f = follzz < s If = Fallz < 9alY) 21 =T (f : ||f = follzz > 7alY)
=T (f : f = fallze 2 7lY)
>1— 2/,

The right-hand side is strictly positive for v,, < 1/4 and hence so is the left posterior probability.
Thus there must exist f € L? in the left set, in which case

1o = foll2 < fu = Fllze +If = foll e < 27
We have thus shown that Py, (|| f — follzz < 27,) > 1 — 2,/v,, as required. O

Lemma @ Let fo € L?[0,1)%, TI,, be a sequence of mean-zero Gaussian process priors with
corresponding posterior means fn, = E™[f|Y], and set p2 = Ey,||fn — fol|32. Then for n > 1,

1 a2 \?
Ep(f < If = follez = pa/41Y) = 5 <1 —4e” 7w > :
+

Furthermore, suppose F,, C L? satisfy sup focF Eroll fn — foll22 > ~2 > 0 for some sequence
Yn for which ny2 — oo as n — oo. Then for any 0 < § < 1/4 and n such that ny? >

32log (% )

swp EnTla(f : [If = folle 2 7 /5Y) = 1/4— 5.
fo€Fn

In particular, the posteriors cannot contract at rate 7y, /5, uniformly over JF,.



Proof. Using Lemma(5]and then Lemma[] the square-root of the left-side of the first display is lower
bounded by

nH %1

1 - 1 _
§Po (”fn _fOHL2 > ,UJn/Z) > 5 (1 — 4e” 32 > X

Squaring everything then gives the first result.

By hypothesis, for any 1 > 0, there exists fo,,, € F, such that pi2 = Ey, || fo — fonl2: =72 —n.
Let 7 = 7,, be small enough that e 32 < 5/4 and \/72 — 17/4 > 7, /5. By the first part of the lemma,

1 _n2\?
B oS 51 = fonllze = VA= 0/ = (155 )
+
After rearranging, the right-side is at least 1/4 — § for ny2 > 32log (1—\/%745) The second part

then follows from upper bounding the left-side of the last display by Ey, . IL,(f : ||f — fonllz2 >
Tn/5[Y)- =

A.2 Proof of Theorem

Similar to the proof of Theorems and we derive a lower bound for the L2-risk of the posterior
mean over a suitable subset of the class G.

For a wavelet prior II,, defined as in (@) (with possibly n-dependent A ) and fn the corresponding
posterior mean, the conclusion of Lemmaﬂ]reads, form=1,

Elfu—fI3: > 3 (Fmldah any f € I2(0,1)", (10)

yerd

By applying Lemma 2 in [5]] (with &« = K = 1), for a constant ¢(d, ) > 0 only depending on d and
the wavelet basis, letting j,, € N satisfy

, 2+d
l < c(d7w)2—h(2+d) < 27
n n
there exists for each n a Lipschitz function h;, : [0, d] — [0, 1] with Lipschitz constant bounded by 1
such that the generalized additive function f;, (z1,...,2q) 1= hj, (x1 + - - - + 4) satisfies for all
P, pa €{0,1,... 20n—a=v _ 1},

—j 1
<fjn7w(j7172q+vp1)7---7(]’7172q+ul)d)>%2 = C(d7w)22 Jrz(2+d) Z E

Above, ¢ > 0 is such that the mother wavelet 1) is supported within [0, 29] and v = [log, d] + 1.
Noting that with our choice of j, we have 2/ > 1(c(d,v)%n) 74, it follows from (10} that

_ 1
In— fjn ”%2 > Z .

X n
P1,.-,pa€40,1,...,2dn 4=V —1}

Ey,,

- 2—(qd+vd)l2jnd > 2—(q+u+1)d(c(d7w))z%n—ﬂ%_
n

Since f;, € G, this proves the second claim of Theorem [3| Another application of Lemma @
with 7, = {f;,} C G. 2 = 2-(@+v+1Dd(¢(d,4)))7¥an" 754 then proves the first claim taking
N(d,8) = 321og (1=A= ) /72 and C = C(d, ) = 2 D42 (e(d, )77 5.
B An alternative proof of Theorems [I|and 2|

As part of the proofs of Theorems andin Section we directly lower bounded the L2-risk of the
posterior mean in Lemma[7} We now provide an alternative strategy to prove a lower bound via first
reducing the regression setting to a one-sparse sequence model in which we can explicitly evaluate
the minimax risk for linear estimators.



B.1 Reduction to a one-sparse sequence model

Consider the Gaussian white noise model (2)) with finite parameter space F,, = {f1,..., fm},
m = my, satisfying

(fis fi) 12 = dijen, cn >0 (an
[we will ultimately take f1,..., f € G as in Lemma 8] but this approach may be useful for other
function classes]. Denote by f € F,, the regression function driving (2) and define

Y = ciQ /[0 » fi(z)dY, = %<fi»f>L2 +— ch /[0 ” fi(z)dW,, (12)
i =1,..., m. Further write
1 1 iid 1
= %<fz,f> w; = — o fi(x)dW, ~** N(0,1), o = o (13)
Since f € F,, in our statistical model satisfy (TT), & = (61, ...,0,,)T is a one-sparse vector. The
present statistical model thus yields an observation from the finite Gaussian sequence model
y; = 0; + opw;, i=1,...,m, (14)
with @ € ©,, = {e1, ..., e} for e; the it" basis vector, that is €ij = 0;j.

We now relate estimation in the full Gaussian white noise model with f € F,, with estimation in (T4).
Since 0; = (f;, f)12/c2, fi/cn are L>-normalized and orthogonal, and f € F,, trivially lies in the
linear span of {f1,..., fm }, we can express the function f in terms of § = (61, ...,0,,)7 via

f Z fza L? i Zefz

Any estimator 6 = (04, ...,0,,)T for 0 thus yields a series estimator fé =", 0. f; for f € F,,
and

m

fo—f52 = (0= 0:)°|Ifill22 = ¢ Z (6: —6,)" = 216 — 0. (15)

i=1

We next show that in the full Gaussian white noise model with restricted parameter space F,,, the risk
of the posterior mean is larger than that of an estimator of the form f; with 6 = Ay a linear function
of the observations y = (y1, ..., ym)? in (12).

Lemma 7. Let I1,, be a sequence of mean-zero Gaussian process priors on L*[0,1]% with corre-
sponding posterior means f, = En[f|Y]. Then there exists a matrix sequence A,, € R™*™ such

that for every n.and every f € F,, = {f1,..., [m} satisfying (T1),
Efl\ fo = fllz > Egll fa, = fllz2,
where 4 = S (Any)ifi and ya, . . ., ym are defined in (T2).

Proof. Recall from that the posterior mean takes the form fn = 220:1 arYror, where ap, =

122% with (A\g), (¢r) the eigenvalues/vectors arising in the Karhunen-Logve expansion (3)), and
Y = (Y, ¢) 2 defined in (6). We can decompose each ¢y, as
d)k:wk—’_gka wkzzwk,ifiGspan{flv"'vfm}v ng—{flv‘“»an}
i=1

using the orthogonality relation (T1), giving

Fo = Zak<y7 Yk + gr) L2k + ZakW’ Uk + gk r2gk = f1+ fo.

k=1 k=1
Define the matrix 4,, € R™*™ by

(An)ij = i Z A Vk,iVk,j-

k=1



Using that (Y, f;) 2 = c2y; from (I2), we can rewrite

Zak Zwm Y, fi)ez + (Y, gr)L Zwmﬂ

k=1 j=1

= Z Z [Z akwk,ﬂ/}k,j] Ay;+ Zakwk,i(Y, Nz | fi
i=1 \j=1 Lk=1 k=1

= Z ( Any)i + Z akiﬁk,iﬁf, g>L2> fi-
=1 k=1

Since fo L fforall f € Fo, |f — fullZ. = If = fll32 + [1f2ll32 > If — fill32. Writing
f=3"10:fi, where 0; = (f, f;)12/c2, and recalling (f;, f;) 2 = 6;;¢2,

< i = (Any)i = Y axtora(Y, gk>L2> fi
i=1 k=1
m oo 2
=cp Z <9i — (Any)i — Z akPr,i(Y, gk>L2> -
=1 k=1

Using the independence between y; = (Y, f;)z2/c2 and (Y, gi) 2 foralli = 1,...,mand k > 1,
and that E¢(Y, gi) 2 = 0, we obtain that for all f € F,,,

2

If = fill= =

L2

m

0o 2
Efllf = fallzz = B Y § (6: = (Any))® + <Z arr,i(Y, gk>L2>

=1 k=1

>3 Ep 0 — (Aay)il” = Efllf — fa, |13

Using Lemma([7]and (T5), we thus obtain

inf max E¢| f, — f||2> > f Ay — 0] 16
inf max I fa = fllZ2 = ch W, ax [Ay — 6], (16)

where the infimum on the left side is over all posterior means based on mean-zero Gaussian processes.
If thus suffices to lower bound the right-side, which is the minimax risk for linear estimators in the
one-sparse sequence model (T4).

B.2 Minimax risk for linear estimators in the one-sparse Gaussian sequence model

We now study the minimax risk for linear estimators in the one-sparse model (I4) for arbitrary noise
level o,, > 0. Recall that = (61, ...,0,,)T has exactly one non-zero coordinate, which is equal to
one, so that the parameter space is ©,,, = {e1,...,en} for e; the it" basis vector, i.e. €eij = 0ij.

A linear estimator of 6 in model (T4) takes the form
QA = Ay7
for some matrix A € R™>*™ and y = (y1,...,¥ym)” . We now show that in this one-sparse model,

such estimators are dominated by diagonal homogeneous linear estimators in terms of their maximal

mean-squared error Eg|f4 — 0]2, where | - | denotes the usual Euclidean norm on R and Ej the
expectation in model (I4) with true parameter . Hence the minimax risk for linear estimators is
attained by a diagonal homogeneous linear estimator.

Lemma 8. Let A = (a;;) € R™ ™ be any matrix and let a*> = L Z;nzl a?;. Then
max Fyl04 — 0> > max Ey|0.;,. — 0]2.
jugx Eolba = 6" = max Eolbar,. —f|

In particular,

inf max E9|9A — 9| = inf max Fy|0.r,, — 9|2.
AERMXm 0€0,, a€ER OO,



Proof. Using the bias-variance decomposition,
E@|éA — 9|2 = |E9éA — 9|2 + tr[COV.g(éA)]
= |(A = I,,)0|* + tr[ACovy (y) A™]

=[(A — L,)0]* + o2tu[AAT)
2

m m m

2 2
= Dlai —diy)b; | +ob D aly,
=1 \j=1 3,j=1

since Covy(y) = Covg(w) = 021,,. Since § € ©,, = {e1,...,en}, let j* € {1,...,m} be the
index such that § = e;-. Then

m m
Eploa — 01> = (aije — 0ij+)* + 02 Y al).
i=1 i,j=1

However, applylng this last expression also with A= diag(A), the diagonal matrix with entries
Gij = a;j04, gives

m
E9|0A - 0| (a] g 1 + Un a’u < E9|0A - 9'
=1

a bound which holds for all # € ©,,,. Thus we need only consider the estimator 0 ; with diagonal
matrix A. Using the last display,

mnax Eyl0; —0)* = e (aj; — 1)* 4+ oZma®.

Since the matrix al,, is also diagonal, this further yields
Eold-r —012 = (G —1)2 2, -2
fax Ey|0ar,, — 0" = (a — 1) + opma’,

so that it is enough to show (@ — 1)? < max;(a;; — 1)?. Since the function p(z) = (y/z — 1)? is
convex on (0, 00), Jensen’s inequality implies

1 & 1 &
— Z —1] <Y (el = 1) < max (ag;— 1)°

i=1

as desired. O

The last lemma immediately gives the minimax risk for linear estimators in this model.

Lemma 9 (Linear minimax risk in the one-sparse model). Consider model (14). For 04 = Ay, we

have )

mo;,

2
inf  max Fy 9,4—9 —_—r
AcRmxm §€O,, | ‘ 1 + mO’?L

Proof. Lemma|g]implies that a linear estimator of # with minimal maximal risk over ©,, necessarily

has the form 6,;,, = ay for some a € R. For such an estimator and any 6 € O,,, the bias-variance
decomposition gives

EolOar,, —0)? = (a —1)> + mo2a?,
which can be explicitly minimized at a* = H# with corresponding minimal risk
22 2 2
- mo mo mo
E9|0a*Im _ 0|2 — ( n) n n

Axmo22  (T4+mo2)?  14mod



B.3 Proof of Theorems[Iland

We do not keep explicit track of constants in this version of the proof, noting simply they will finally
depend only on the dimension d.

Proof of Theorems[Il|and [} Let rq = 5rzgy, k = [(rqn)?@] and m = k<. By Lemma there
exist orthogonal function f1, ..., fm € G with || f;]|2. = rgm= 5" Set F,, = {f1,---, fn} sothat
(TT) is satisfied with ¢2 = rqm= 2", Using (T6) and Lemma@

m02 m 1

E¢llfn — flI32 > E _mo, _m
?Oup f||fn f”L2 7?’618“}.}7(1 f”fn f”L2 = n1+m0_2 n1+m/(n6%)

. 2 m . —1+1/d
since o2 = nc2 by (13). Since m = m,, satisfies L n /4 < 1, we deduce

_ 24d
A A

which proves Theoreml Theoreml 1| then follows by applying Lemma@wnh Fo=Af1,- s fm} C
24d

G and 7n ~ o~ 242d, O

C Background material

C.1 Minimax estimation

Describing the large sample behavior of the smallest achievable worst case risk over all estimation
procedures, minimax (estimation) rates are a standard tool to establish statistical optimality of
a method. For a statistical model (P}’ : § € ©) with sample size n and a loss function ¢, the

minimax risk is R, = infz supyece Eo [€(6,,,0)], where the infimum is taken over all estimators

5 The minimax rate is any sequence (7,), such that r,, < R,,. Any estimator 67” with R,, <

Supgee Fo [é (6,,8)] is called minimax rate optimal. By definition, the risk of minimax rate optimal
estimators is at most a constant factor larger than the minimax risk R,,.

If the posterior contraction rate is €,,, then under very weak assumptions one can find an estimator
with worst case risk of the order ¢,,, see Theorem 2.5 [2]. This in turn implies that the posterior
cannot contract faster than the minimax rate.

C.2 Sequence representation and posterior mean

We provide here some explanation behind the sequence representation (6) of the Gaussian white noise
model (Z)) and the derivation of the posterior distribution (7). Recall that we can realize a random
element f ~ II distributed according to a GP prior on L2[0, 1] via its series expansion (3], namely

f= Z VAGkdE, &~ N(0,1),
k=1

known as the Karhunen-Loeve expansion.

The Brownian motion W in () can equlvalently be viewed via the action of integration on test
functions g € L?[0, 1]¢ through W, = f[o 14 g(x)dW,, leading to the mean-zero Gaussian process

W = (W, : g € L*0,1]%) indexed by L2 [0,1]¢ with covariance E(W,W},) = (g, h)r2. In this
form, the Gaussmn white noise model (2)) can be interpreted as observing the Gaussian process
Y = (Y, : g € L?[0,1]%) with

Yy = (f.g)r2 +n"12W,, g € L0, 1)%

It is then statistically equivalent to observe the subprocess (Y, = Yy, : k > 1) for any orthonormal

basis {¢ : k > 1} of L?[0,1]%, in particular the basis corresponding to the Karhunen-Logve
expansion of the prior. The white noise model () is thus equivalent to observing
w
Yim [ oloddYe = (0 ot = [ onla)dWe = b+ 2
[0,1)¢

\F [0,1)¢ ﬁ7



for k = 1,2,3,... and where wy, ~"@ N(0, ||¢x[2.) = N(0,1). The observations (Y} : k > 1)
in the last equation and the original white noise model (2)) are equivalent in the sense that each
can be perfectly recovered from the other as we now explain. One can clearly obtain (Y%) as in
the last display from the whole trajectory (Y, : = € [0,1]¢) by simply computing the integrals
(f ¢ (2)dY, : k > 1). Conversely, suppose one observes (Y}, : k > 1). For any g € L?[0, 1], one
can recover Yy in the second last display using the basis expansion g = >, (g, ¢r) r2 P via

Yy = /g(x)de = /Z@»%)Lz@bk@)dYI = {9, 6x) 125
k=1 k=1

Since this holds for arbitrary g € L?[0,1]%, one can reconstruct the process (Y, : g € L2[0,1]%)
and thus the whole trajectory (Y, : x € [0, 1]¢) as in (Z). This shows these two representations are
equivalent, and thus we may consider either as our ‘data’.

Viewing the prior IT through its series expansion (3), IT can be viewed as a prior on the space of coef-
ficients in the basis expansion of {¢y, } leading to the prior distribution f = (0)r ~ @52 N (0, Ag).
Denoting by Py = P} the distribution of the sequence representation (), we have

Pf = ®zO:1N(9k, 1/71)

Using Kakutani’s product martingale theorem ([[1]], Theorem 2.7), the measures (Py : (6x)i € ¢2)
are absolutely continuous with respect to ®32, N (0, 1/n) with density

dP, = N — n
efn(H) = d—Pg = exp (ﬂZ@kYk -3 ZO%) = exp (ﬁ(f,Y}Lz — §Hf||2L2) ,
k=1 k=1

so that e“»(f) and £,,(f) are the likelihood and log-likelihood of the model, respectively. Note that
the likelihood is invariant to the choice of basis {¢y}, but the particular choice can (and will) provide
a convenient representation.

Since the likelihood factorizes in terms of the coefficients (6y )y, a prior that makes the (6)x
independent as in (3)) will yield similar independence in the posterior. The posterior distribution is
therefore conjugate and takes the form

> , i A
=Y 0,v;, ~md N[ 12y
f ; KDk, Y (nAk+1 k>n)\k+1)»

where the exact form follows from standard one-dimensional conjugate computations for the normal
likelihood Yy |0 = N(6j,1/n) with normal prior 8, ~ N(0,\g). This gives the form of the
posterior (7) and its mean (8).
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