szt A Appendix

s22. A.1 Proof of Theorem 4.1]
523 Proof. To begin with, let us consider Lv.1 GP:
0 =0, — Vo f(0,, ") =0, —nVef(O
" ¢ —nVef(0n,¢r ") =0, —nVef(0:r, P1)
N =g, — Vg0, d1) = b — 1V 49(61, 1)
524 The differences between (Ot(l), ¢§1)) and (0,50), ¢EO)) are:
168 = 01| = nl| Vo £ (8, b1

ot — o7 = 1l Vo f (61, 1)

525 Recall our definition of A« we have:

1657 — 871 + 5" — & || < 1A max ©)

s26 Then, with w; = [0y, ¢¢]T and wt(k) = [Ot(k), §’“)]T, the differences between Lv.2 agents and Lv.1
527 agents are:

167 — 65| = 1l Vof (8., ¢t") — Vo f (8., ¢
< nLoglldt? — ",
o — ¢t = nll Vs f (01, ) — Vo (617, )]
<nLgoll0f" — 6"
s Recall that L := max{Lgg, Lo, Lys, Ly}, using Equation (9) we have:

162 — 0| + 167 — V|| < NP LA max (10)

520 Similarly, we can derive the differences between Lv.3 and Lv.2 agents:

165 — 0| = nlVof (8., 1”) — Vo f(Or, 01"
< nLoglldf> — iVl
68" — &2 | = nlI Vo FOF, d1) — Vo F(O, 60)]
<nLes|6” — 6"
16 — 67| + 1o — (> || < 0L Ammax (11)

530 Consequently, the difference between any two consecutive states k and & — 1 are upper bounded by:

16 — 6" V| = 0| Vo f(6, V) — Vaf (B, 0"l
< nLoglldt" " — o
k k— k— k—
[ — "V =0l Vo6V, be) — Vuf(0 > b0l
< nLgol|0" ) — 67|
165 — 0%V 4 1% — ¢V < - () D A prax (12)

st Since |wi —wi" V|| < 67 — 08V + 4" — " V|| we have:

wi® — WD < n (L) F D Aoy (13)
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Suppose 17 < (2L)~1, such that the difference between any two consecutive states is a contraction,
then we consider the difference, ||wta) - w§b> ||, where @ > b > 0. We can rewrite it as:

a b 7 1—1
ot = = || 3w —wf Y
i=b+1
< 3 fut? -l
i=b+1
S Z n'(nL)(iil)Amax
i=b+1

< nAmax : [(UL)(b) + .4 (T’L)(afl):|
< nAmax : (’I’)L) (o-1)
<P LD A = O(") (14)

Since n < (2L)~!, we have that L. < 1 and for any ¢ > 0, we can solve for b such that
LU~V Aax < €. Therefore the sequence {wf}?°  is a Cauchy sequence. Moreover, in a

complete space, every Cauchy sequence has a limit: limy_, o wt(k) =wy O

A.2 Proof of Theorem

Theorem A.1. Consider the problem under Assumption[3.1|and Lv.k GP. Let (6*, ¢*)

be a stationary point. Suppose 6, — 0* not in kernel of V 4o f (0%, ®*), ¢+ — @d* not in kernel of

Voo f(0%,¢*) and n < (L)~ . There exists a neighborhood U of (0*, ¢*) such that if SPPM started

at (6g, ¢o) € U, the iterates {0y, ¢, }1>0 generated by SPPM satisfy:

“(I = Voo f*)l|0: — 0°|* + p*(I + Vg f ")l — &*[|°
L+ 72 Amin(Vaog f* Vo f*)

where f* = f(0*, ¢*). Moreover, for any n satisfying:

max(p?(I — Voo f*), p*(I + 1V s f*))

* x P
10241 — 0711 + [ per1 — 7[> <

14172 Amin(Vog [* Vo [*) <h (15)
SPPM converges asymptotically to (0*, ¢*).
Proof. Consider the learning dynamics:
0111 =0, — Vo f(0r, Pri1)
Pt+1 =@t + Vo f(0ri1, 1)
Let us define
0, =06, -6
b=~ ¢
It follows immediately by linearizing the system about the stationary point (8*, ¢*) that
01| o [T —1Vi0 S (67.97) 0 0, 0 —1V5,f (67,67
o =[] 6] bt e T

Let us denote the Jacobian by

{—Vﬁef(ﬁ’*,cb*) —V3¢f(0*7¢*)] _ {—A —B]

V2,/(0°.6") V2,i(6",¢") | " |BT C (16)
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Then we can rewrite the dynamics around the stationary point as
ét+1 =0, — A0, — anf)tH
0141 =6, — 1A, —B(d, + 1B 0,11 +nCéy)
(I +7*BB")0,41 = (I -nA)8, —nB(I +1C)¢:
01 = (I +7°BBY)"" (I -1A)0, —nB(I +1C)¢, (17)
Similarly, for the other player we have
G141 = bt + 1B 0,11 +1Cey
G141 = i + BT (0, —nAb; — nBey 1) + nCé,
(I +7°BTB)yy1 = 1B (I - 11.4)0, + (I +1C)¢
b1 = (I+n*B"B)™! [nBT(I —nA)0i + (I +1C)e|  (19)

Let us define the symmetric matrices Qg9 = (I + n?’BBT)™!, Q4 = (I + #n*BTB)~! and

Py = (I —nA), Py = (I + nC). Further we define 7, = [|6;11]|> + ||@:+1]|2. Based on these
definitions, and the expressions in and we have

10c+111% + [ $e411” = [QoPobil* + n*|Qo BPyul|” + |QoB” Pobil® + Qg Psbe|”
— 200} P§ Q3 QoBPyb: + 2nd! P{QQ4B" Pob,
(19)
To simplify the expression in (53] we use the following lemma:

Lemma A.1. The matrices Qg = (I + /> BBT)™1, Q4 = (I +n?BT B)~! satisfy the following
properties:

Qo¢B = BQy (20)
QsB" = B"Qq Q1)

Using this lemma, we can show that
0/ P Q;QoBPsd, = 0] P Q) BQyPyd: = ¢ P§QyB" Qo Pob: = ! PLQLQ4B" Pob,

where the intermediate equality holds as a”’b = b a. Hence, the expression in can be simplified
as

18es11% + | pra1ll® = Qo Pob: > + 1°| Qo BPys i | + |QpB” Pob:|* + |Qop Pydi||* (22)
We simplify equation li as follows. Consider the term involving 6,. We have
1QoPob:||” + n°||Qe B Pob:||* = 6] Py Q3 Pob, + n*6] Py BQ%B” Py,

=607 Py (Q} +n*BQ%LB") Py,
= 07 P (Q% + " BQyBT Qo) Pob,
=60/ P (Q§ +1”BB"QoQo) Psb,
=6/ P/ (I +’BB")Q;Psb;
=07 P] (I +17*BB”)"' Py, (23)

where the last equality follows by replacing Qg by its definition. The same procedure follows for the
term involving ¢; which leads to the expression

1QePod:l* + 1*|QoBPyy|*> = ¢ Py (I +1n*B"B) ' Py, (24)

Substitute || Qo Pab: |2 + 12| Qy BT Paby||? and | Qs Py || + 12| Qo B Py ||? in (58) with the
expressions in and (24), respectively, to obtain

160417 + lpesal” = 67 PJ (I + n*BB") " Pob; + $! PL(I +7*B"B) ' Py (25)
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Note that, we assume that the trajectory {0}7 J’t}tzo is not in the kernel of BBT and BT B, thus
BBT6, + 0 and BT B¢, # 0. Now using the expression in and the fact that Py = P],
Py = Pg and BB” and B” B have the same set of non-zero eigenvalues, if we denote the minimum
non-zero eigenvalues by A\yin(BBT) and A\yin (BT B), we can write

p*(I —nA)|6; — 6% + p*(1 +0C) || — ¢*||

I + T)QAmin(BTB) .
Replacing |01 — 0% |2 + ||prs1 — @*||* and ||0; — 6*||> + ||p: — ¢*||* with 7,11 and r; we have:
max(p®(I —nA), p*(I +nC))
1 + 7]2)\Inin(BTB)

Recall that A = Vg (0%, ¢*), B = Vg f(0*,¢*) and C = V44 f(0*, ¢*), therefore for any 7
satisfying that:

16111 — 0712 + || P11 — ¢*|* <

i1 < Tt

max(p*(I —nVeof (0", ¢)), p*(L + 1V s/ (0", ¢")))
1+ nz)\min(v0¢f(0*7 ¢*)V¢9f(0*, d)*))
we have .41 < 7. Since we linearize the system about the stationary point (68*, ¢*), there exists

a neighborhood U around the stationary point, such that, SPPM started at (6, ¢po) € U converges
asymptotically to (6%, ¢*).

<1, (26)

A.3 Proof of Remark[5.1]

Proof. To prove the local convergence of Lv.k GP in non-convex non-concave games, we first
consider the update rule of Lv.k GP:
k
. {9t+1 =6

(k) _p _ (k—1)

Reasoning: Ht(k)_et nv9f(9tbjit1) )

i =@t —nVeg(0; T, dr)
Similar to Section let us denote

{_vgeﬂe*’d’*) —V3¢f<0*,¢*>] = [A B]

V210067 Vi.f%.eY) |~ |BT ¢

and we define the difference between states and stationary points as

Update
bri1 = By

6% =0 _9* and 6, = 0, — 6"
2 (k k * n *
¢ = " — ¢" and . = ¢ — &
Linearizing the dynamical system induced by Lv.k GP about the stationary point (8*, ¢*) we get:

ét-i-l = égk) = (I - UA)ét - TIBQAsgkil)
b1 =) =nBTOF Y 4+ (I +nC)d,

Note, in Lv.k GP, we define Ot(O) = 60, and ¢§O) = ¢, thus for Lv.1 GP, we have:

¢ =nBT, + (I +1C)e,
For Lv.2 GP, we have:

0" = (I -nA)f, — B

Lo o .

" =nBTO" + (I +1C),
Substituting 0At(1) and qg,(gl) into the update rule above we get:

0" = (I —nA)6, — nB(I +1nC)¢; — n*BBT,
) = BT (I —nA)6; + (I +nC)¢; — > BT B,
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Similarly, for Lv.3 and Lv.4 GP we have:
{9,53) = (I -7"BB")(I -nA)9, —nB(I +nC)¢; +n’BBT Be,
") =nB" (I~ 1A)6, + (I —’B"B)(I +C)d, 1’ BB" BY,
and
0Y — (I —*BB”) [(I - 14)6, — nB(I + nC)th} +7*BBTBB"é,
" = (I-1*B"B) [4B"(I -nA)6; + (I +nC)$,| +n'B" BBT B¢,
Summarizing the equations above we have that for Lv.2k GP, its update can be written as:
6/ = (1) (~n*BBT)") |(I - 14)0, —nB(I +nC)$1| + (~1* BBT)"6,
S = (U2 (~n*BTB)¥) [nBT(I - 14)0, + (I +1C)dy| + (~1* BT B)*4,
Similar to Appendix let us define Q9 = (I +7n*BBT)"!, Qy = (I + n*BTB)~! and
Py = (I —nA), Py = (I +nC). Further, we define Ry’ = (¥ (—=2BBT)), RY}) =

(o
- k k k k
(X1 (—*BTB)*) and By = Ry — Qe. EYY) = R} — Qq.
Since < L™, we have that:
QO — Z(_nQBBT)k
i=0
Qs =Y (-’B"B)
i=0
and
Ey =RJ) -~ Qo =Y (—*BB")" = ~(I+#*BB")"' . (-*BB")"  (27)
i=k
EY) =R} —Qup=-> (-n*BTB)" = ~(I+*B"B)"' - (-’BTB)* (28
i=k
Also, from Lemma[A.T]and the definition of the error terms, it can be verified that
E}"B = BE}’ (29)
EYBT = BTE““) (30)
Then we can rewrite the update rule of Lv.2k GP:
61" = (Qo + E) |[Poby — nBPydy| + (—1* BBT)*6,
™ = (Qy + EY)) [nBT Pob, + quqSt} + (—2BTB)*é,
Let us consider the following sum:
16 — (=’ BB)*6,[* + |6 — (—n*B"B)* |
. . .12
= [|@o + BS) [Pob, ~ By | + |(@s + BS) [1BRob, + Poa] | a1

The R.H.S. of Eq.(31)) can be written as:
H(Qe + B [Pgét - nBPd,gZ)t} ‘2 + H(Q¢ +EY) [UBTPQét + Pd,gz}t} ‘2
=07 Py Q}Pob; — 210! P] Q3 BPy, + n*¢{ P; BT Q3 BPy,
+207 PY QgE(k)Pgét — 40T P} QoES BPyg, + 21°¢T PL BT QoES” BP 4,
+07 PT(E{) 12 Pob, — 298] PL [ESY 1P BPyd, + n*d! PL BT [E)) 2 BPys¢,
+¢/ P§ Q5 Py, + 206] P{ BQY Py + 1’0/ P BQ%;BTPBG}
+2¢] PLQuEY Py + 4107 PY BQEY) Py, + 21207 P BQ4E' BT Pob,
+¢7 PLIEY 1> Py + 2007 P B[E) 2 Py, + 11267 PY BIEL))2 BT Pob, 32)
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Now, before adding all terms in Eq.(32), note that all of the cross terms in Eq.(32) cancel out.

For instance, using Lemma[A.T|and Eq.(29), Eq.(30) we can show that

400 Py BQYEY Py, — 4107 P] Qo Ey BPy¢, = 4107 P§ Qe BEY Py, — 410] PJ Qo Ey’ BPy
= 4067 P§ Qo Ey” BPypy — 410] P] QoES’ BP,y¢,
=0

By using similar arguments it can be shown that terms in Eq.(32)) leads to:

|(@0+ ESY) [Pob, — 1B Py ]2 + (@ + E) [nBT Pob, + Py ’2

=0/ P/ Q5P +0*${ Py B' Q3 BPy,

+207 P QoEy) Pob, + 20*¢T PL BT QoE}" BPyé,

+07 PY (B Pob, + &} P} BT (B BPyd,

+} Py Q5 Pydr +n°0] Py BQy B Pob,

+2¢7 PJQ4EY) Py + 2067 P§ BQ4E BT Pyb,

+¢7 PJIEY 2 Py + 0?67 Py BIEY 12 BT P, (33)

Similar to Eq.(23)) we have the following simplification:
07 Py Q3 Psb, + 0] P BQL,B" Pyb, = 6] P Qo Py,
b Py QG Py +0°¢f Py BT Q3BPy¢r = ¢ Py QuPysd:
207 P{ Qo Ey" Pob, + 2167 P{ BQ4EY B” Pof, = 20] P] Ey") Py,
26! PYQEY Py, +20° ¢! PYBTQoES BPsd, = 267 P E\) Py,
Now we can further simplify Eq.(32) as:
R R R L1112
|(@o+ E) [Pob, ~nBPyd ]|+ |[(@o + ES) [nB" Pob + Pods |
—(Pob))" [Qo + 2B + (B + * BIES BT (Pb)
+(Pydi)" |Qp+ 2B + (B2 + 1 BIES B | (Pyby)
Using Eq.(27) and Eq.(28) and definition of Qg and Q4 we have:
(Po0,)" |Qo + 2B + [E{"? + n*BIEY 2B (Py6))
—(Pyb,) (I + 2 BBT) "\ (Pa,) — 2(Ps6,)" (I + BBT) " (— BBT)*(Peb)
F(Pob)T(I + P BBT)(I + 1 BBT)*(—* BBT)*(Psf),)
—(Po)(I + *BBT) (I — 2(—? BBT)® + (i BBT)™)(Pyf)
=((I - (="BB")")Ps6,)" (I +n*BB") "' ((I - (-’ BB")")Psb,)
Similarly, we have that
(Pydo)" Qo+ 2B + [BY 2+ BT (B2 B| (Pybr)
=((I = (=*B"B)")Pyp)" (I + 7’ B"B)"((I - (—°B" B)") Pyh1)
Thus we simplify the R.H.S. of Eq.(31) as
R N R <102
|(@o+EY) [Pob, —nBPyb] |+ |[(@o+ ES)) [nB" Pob + Pody] |
=((I - (=*"BB")")Ps6,)" (I + " BB")"'((I - (-n*BB")")Ps0,)
+((I = (="B"B)")Pyp)" (I + n’B"B)"'((I - (~°B" B)") Pyp1) (34)

20



603 Let us consider the L.H.S. of Eq.(31)

169 — (=? BBT) 6, + |6 — (—n> BT B)*é,|?
=659 — 26", (—> BBT)*,) + ||(—n*BBT)*6,|?
A2 = 26 (—? BT B) ) + [|(—n* BT B)* ¢ |* (35)

604 Substituting Eq.(35) and Eq.(34) into L.H.S. and R.H.S. of Eq.(31) respectively we get:

102)]12 — 26, (—i? BBT)6,) + ||(~n* BBY)"6,||?
I |12 = 2 (—n?BTB)* i) + ||(—1* BT B)* by ?
=((I - (-n*BBT)*)Po0,)" (I +1* BBT) (I - (—1? BB)*) Ps0,)
+((I — (-0 BT B)*)Pyp) (I +1*BTB)~Y((I — (> BT B)*)Pyp1)

605 Now we have the following equation:

10512 + (165> |12
=((I — (~*BBT)")Py6,)" (I + n”* BBT)"((I - (~?BB")")P4#,)
+2(0”", (—i*BB")"0,) — |[(-n* BB")"0,)
(I - (~n>BTB)*)Pyd)" (I +n*B"B) (I - (1> B"B)*)Py)
)ede) — |(—n* BT B) ||

+(
+2(¢ 27@)’( 2BTBk

606 Note that

200", (~* BBT)*6,) = 2((—* BBT) 56", (1’ BBT)%6,) (36)
< nzkét(Zk)T(BBT)két(%) + anétT(BBT)két (37)
607 Similarly
206", (~n*BBT) d,) = 2((—n* BT B)% ¢{"", (nQBTBﬁqu ) (38)
< T (BTB) ) + n* T (BTB) (39)

608 Summing everything together we have:

(07" (I = (PBB")")(0,) + (&))" (I - (" B"B)")(¢;")
(I = (=n*BB")*)Py0,)" (I + 1’ BB") (I ~ (~1 BB")")Ps6))
(6" (1 BB")*(6,) — || (~n*BB")*6,|’
(
(

+ IA

(I - (—n*B"B)")Py,)" (I +1*B"B) (I - (=1 B" B)")Psb,)
$)" (" B"B)"($

+

+ é:) — (=BT B)k ¢, ||

600 Note that, we assume that the trajectory {8y, ¢ }¢>¢ is not in the kernel of BB and BT B, thus
sto BBTO, # 0 and BT B¢, # 0. Now using the expression in and the fact that Py = P],
611 Py = Pg and BB” and BT B have the same set of non-zero eigenvalues, if we denote the minimum
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s12  non-zero eigenvalues by Ay (BBT) and A\yin (B” B), we can write

(1= (P Anaa (BBT)F) 0V + (1= (1 Amaa (BT B))) 622

(1 — (—=*A\(BB™))*)%p*(1 — nA)| 6,2
147 )\mm(BBT)

— (=m2)MBT k\2 2 O, 1|12 . N
_|_(1 ( n 1(fni)ilz(g;;§ Ui )||¢t|| + (UQ/\(BTB))k||¢tH2 _ (772/\(BTB))2k||¢tH2
_ (1= (=PA(BB")*)*p*(1 — nA)| 6|
o 14 7]2/\mm(BBT)

_(_ )\ BTB 2 2 C . 2 . “
L= f+nX22u;;$n WO | (7B B2 — (PABTB) 1
(1 — (—=*A(BBY))*)2p*(1 — nA)||6,? (*ABBT))*(1 — (®A(BBY))") 6,

< + (PABB™))"|6.)* — (P NBB™))** (|6, ]*

+ (PABBT)) (1 — (?A(BBT))") |16,

~ (14 0?Amin(BBT))(1 = (* Amax (BBT))") (1 = (7*Amaz(BBT))k)
n (1= (=n*A(B”B))*)?p*(1 4+ nC)||¢: > n (*A(BTB))*(1 — (*A(B” B))") |||
(1+772/\min(BTB))(1 ( 2>\max(BTB)) ) (1_( 2/\ma3:(B B)) )
(40)
613 Let us define the distance as:
212 = 1617 + 164711 )
lrell? = 11617 + 1 e (42)

614 Then we have

10| < (1= (=n®A(BBT))*)(p*(1 = nA)|16:]> + p*(1 + nC)||$:]*) n (PP ABBT))*(1 = (PP AMBBT))")||r|1?
! - (1+ 772>\min(BBT))(1 - (772>‘maac(BBT))k) (1- (772>‘ma:c(BBT))k)
2 _ A 112 2 22
_ PO nANBIE PO OB )
1+ n2Anin(BBT)
615 where
Hn A:zgggggk for odd k,
@7\ =P (BBT)"
T (P (BBT)F for even k
616 and
b— (UQ/\maX(BBT))k(l - (UQ/\mirl(BBT))k) (44)
1- (772/\maX(BBT))k
617 O

618 A.3.1 Proof of LemmalA.]l

619 Let B =UXVT be the singular value decomposition of B. Here U and V are orthonormal matrices
620 and X is a rectangular diagonal matrix. Then we have:

QyB = (I+7’uxvivTuh)-luxvT
= U@ + nuh)'luzv?
Uz’ + n'vTuzv?®
=Um*Ex” + 1) 'zvT

621 Here we used the fact that U and V are orthonormal matrices. Now, we simplify the other side to
622 get:

BQ,=UsvVT(I+p?vE'UTUTZVT)!
=Uuzv (V(pPE's+ v
=Uuzvivp’sTs + 1) vt
=US(*E's+1)7'v7?
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623 Now we consider the following equation:
PESTS 4+ =S0*2TS + 1) = (*3=T +1)Z (45)

624 which indicates that X(n?°Z7E + I) = (n?Z X7 + I)X. Multiplying both sides of this equation by
625 (N°2XT +1I)"'and (n*ZTS + I)~! we have:

PEST + DS ETE+ D@PETE DT = (P2 4+ D PR  DEPETE 4+ DY
PEST + D' =20*2Ts + 1)
626 Therefore, we have Q9B = BQg. Using a similar argument, we can also prove the equality in

627 Equation (Z1).

628 A.4 Theorem 5.1 without kernel assumption

620 Theorem A.2. Consider the problem under Assumption[3.1land Lv.k GP. Let (6*, ¢*)

630 be a stationary point. Suppose ) < (L)~'. There exists a neighborhood U of (0*, ¢*) such that if

631 SPPM started at (6o, o) € U, the iterates {0y, ¢, }1>0 generated by SPPM satisfy:

p*(I —nA)6, —6*|>  p*(1+nC)|¢: — ¢*|

1 + "72)\min(BBT) I + ng)\min(BTB) '

632 where f* = f(0*, ¢*). Moreover, for any ) satisfying:

p*(I —nA)||6, — 6% N p*(1+nC)|d: — ¢*||
I + 772)\min(B-BT) I + 772)‘min(BTB)

16241 — 07 + |41 — ¢7[|* <

<6 — 67> + [lpe — ™[> (46)

633 SPPM converges asymptotically to (6*, ¢*).
634 Proof. Following the same setting and procedure as in Appendix [A.2] we have that

10c1[I* + o1 |® = 6] P (I + 1" BBT) "' Pob, + ¢{ Py (I +7*B"B) ' Py, (47)

635 Now using the fact that Py = P}, P, = Pg , We can write

p*(I —nA)|6: — 6| n p*(1+10)|l¢: — ¢*|?
T+ 112 \min(BBT) I+ 7 Amin(BTB)

10241 — 07 + |41 — ¢7[|* <
636 For any 7 that satisfying

p’(I —nA)|6. —6*|>  p’(L+1C)|¢ — &*|?
I + 772)\min(BBT) I + UQ)\mirl(BTB)

637 we have that

<[16: — 07> + llpe — ™[> (48)

1641 = 0°[1” + | pe41 — ™[I < 116: — 6*[* + [ pr — @™ (49)
638 i.e., SPPM converges asymptotically towards (6*, ¢*). O

639 A.5 Proof of Theorem/[5.2]

640 Proof. In order to proof the convergence of SPPM in bilinear games, we first show that the SPPM
641 update rule is equivalent to that of the following Proximal Point Method:

{9t+1 =6, —nVof(0i11,Pr11) (50)
Gir1 =P + 0V f(Or41, Pry1)

s42 In the[Bilinear game] the SPPM update is:

{9t+1 =0, —nVof(6:,Pr11)

D111 =Dt + Vo f(Or, Pri1)

{9t+1 =60, —nMaei1
Gri1 =P +nMTO,,
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643 and the PPM update is:
{9t+1 =6; —nVof(0i11,Pt11)
D11 = bt + NV f(Ory1, Pir1)
_ {9t+1 =0; — UM¢t+1
Gre1 =Pt + M7 O,

644 Thus SPPM and PPM are equivalent in the Bilinear game] The convergence result of PPM in bilinear
645 games has been proved in Theorem 2 of [49]:

sss  Theorem A.3. Consider the|Bilinear game|and the PPM method. Further, we define vy = ||0; —
847 0% + ||@r — @*||%. Then, for any 1) > 0, the iterates {0;, ¢ }+>0 generated by SPPM satisfy

1

< . 51
Tip1 < 1+772)\min(MTM)Tt (51)
e4s Therefore, SPPM and PPM have the same convergence property in bilinear games. O
s49 A.6 Proof of Theorem 5.3
650 Proof. Consider the learning dynamics:
Oi1 =0, —nVof(0:, Pry1)
i1 =G+ Vo f(Ors1,P1)
65t In the[Quadratic game] the SPPM update rule can be written as:
0111 =0, —1A0; — Chi 1
T (52)
bir1 = ¢ +nBpy + C* 04

652 Then we can rewrite the learning dynamics:
0i11 =0, —nA0; —nCodii1
O:41 = 0; — nAO, — nC (¢ +nC" 0,11 +nBoy)
(I +17°CC")0y41 = (I —nA)8, —nC(I +nB)¢,
i1 = (I +7n*CCT)" (I ~1A)8; —nC(I +1B)d] (53)
653 Similarly, for the other player we have

G411 =1 +nCT 0,1 + By
¢i11 = ¢ +1CT (6, — 1A, —Cy 1) + B
(I+7n°CTC)pr11 =nC" (I —nA)0; + (I +nB)d;
bii1 = (I +7°CTC)~ [nCT(I —nA)8; + (I +nB)¢,] (54)
es4 Let us define the symmetric matrices Qg = (I + n?CC™T)™!, Qg = (I + n*CTC)~! and

55 Py = (I —nA), P, = (I +nB). Further we define r; = ||6;11]|? 4 ||¢++1]*>. Based on these
es6  definitions, and the expressions in (53) and (54) we have

10141117 + |e4111” = Qo Pob:|* + n*||QoeC Py ||* + ||QpC” Poby||* + || Qo P ||
— 200 P Q§QoC Py, + 2nd] PLQLQ,CT Py,

(55)

657 To simplify the expression in (55) we use Lemma[A.T|to obtain the following equations:
QeC =CQy (56)
QsC" =C"Qo (57)

ese Using this lemma, we can show that

67 P} Q5 QeC Py, = 07 PY Q5 CQuPs¢: = 6] PLQLCT Qo Ps8, = o7 PLQLQSCT Po,
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659 where the intermediate equality holds as a”’ C = C7Ta. Hence, the expression in (55) can be
e60 simplified as

18c41]1” + [ @er1]” = Qo Pob:* + n*|QoCPyi|” + |QpC” Pob:|” + |Qp Pobe||* (58)
e61  We simplify equation as follows. Consider the term involving 8;. We have

1QoPob:|* + 1*|QeC” Pob:||*> = 6] Py Qg Pob; + 1°6] Py CQLC" Py,
=0 P/ (Q5 +n°CQLC™)Pyb,
=0/ P{(Q5 +1°CQ4C" Qo) Py,
=6{ Py (Q5 +1°CC"QeQo)Psb;
=0T P} (I + n*CCT)Q3Ps0,
=0 Pl (I +n*CCT)" ' Py0, (59)

es2 where the last equality follows by replacing Qg by its definition. The same procedure follows for the
663 term involving ¢, which leads to the expression

1QePpd:|* + 1°|QeC Pyi||*> = ¢f PL(I+1*CTC) ™ Py, (60)

se4  Substitute || Qo Po8: > + 1°(|QyCT Pe,||? and ||Q 4 Pp:||> + 1n?||QeC Py || in (58) with the
e65 expressions in (59) and (60), respectively, to obtain

101111 + |e11]1* = 67 Pg (I +7n*CCT) ' Poby + ¢/ Py (I +17°CTC) ' Pypy.  (61)
666 Now using the expression in and the fact that Py = PJ, P, = Pg and \pin (CTC) =

667  Amin(CCT), we can write
2 * (|2 2 * |2
.2 a2 o P~ —nA)||6, — 07[|* + p° (1 + nB)||¢: — @7

[0t41 — 077 + [[pr41 — @7[|” < T+ 722mm(CTC) :

668 O

ess  A.7 Competitive Gradient Descent as an Approximation of SPPM

670 In this section, we justify our results in Section 4.1 that Competitive Gradient Descent is a first order
671 Taylor approximation of SPPM. Firstly, we consider the standard definition of CGD:

{0t+1 =0, — TI(I + nzvecbf(etv ¢t)v¢9f(0tv ¢t))71(vaf(9t7 ¢t) + nVa¢f(9t, d)t)vd)f(etv ¢t))
D41 = bt + 0T +1°Vo f(0r, 01) Voo f (0, D) (Vo f (01, ) =V g0 f (0, d1) Vo f(0:, b))
672 Rewriting the update rules we can get:

(I+10°Vosf (01, 0)V o f (01, ) (041 — 0:) = —n(Vo f(Or, dt) + 1V oo f (01, 0 )V s (0, 1))

0t+1 =6, — 77V9f(9t7 ¢t) - 772V0¢f(0t7 d)t)vqsf(am ¢t) - 772V6'¢f(9t7 ¢t)v¢9f(0t7 ¢t)(9t+1 - 9t)
673 Similarly, we have:

b1 = Py + nVef(G't, ¢t) - 772V¢9f(9t7 ¢t)v9f(0t7 ¢t) - 7)2v¢0f(9t7 ¢t)ve¢f(9t7 ¢t)(¢t+1 -

674 Therefore, CGD is a first order approximation of SPPM. Then we prove that the standard definition of
675 CGD is equivalent to the update rule in Table[T} Consider the update rule in Table[T]and its footnote,
676 we have:

{0t+1 =0, — nv9f(0tv ¢t) - 77V6¢f(9t, ¢t)(¢t+1 - d’t) (62)

Grr1 =D + V[ (01, d¢) + 1V g0 f (61, D) (0111 — 0;)
677 Substituting (¢p:+1 — ¢) into the first equation of we get:
0111 =01 —nVof(0r,01) —1Vas f (01, 00) (V4 f(Or, 1) + 1V po f (01, $1)(0111 — 6:))
Oi11=0; —1Vo [ (8, 01) = 1*Vos f (01, 0)V o f(0r, b1) — 1° Vg (8, 01)V o f (01, $1) (Or 1 — 6r)
I+ 772v9¢f(9t> D)V f(0:, @) (0111 — 0;) = —nVo f(Or, i) — 772V0¢f(0t7 &)V f (01, dr)

01 =0 — (I +1°Vou f (e, $:) Vo f (01, 01)) (Vo (Br, d1) + 1Vos f(8r, )V s f (6, B1)).
678 Substituting (6;11 — 6;) into the second equation of and applying similar arguments we get:

GDiy1 = Pt +77(I+772V¢9f(0t7 &+)Voo f(0:, ¢t))_1<v¢f(0t7 &:) =1V f(0r,0:)Vof(O:, Pr))

679 Thus the update rule in Table[I]is equivalent to the standard definition of CGD and it is equivalent to
680 the first order Taylor approximation of SPPM.
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681

682

683
684
685

A.8 Experiments on Bilinear and Quadratic Games

Bilinear Game Consider the following bilinear game:

iy paycato ©

the example presented in Figure[T]is an example of using different algorithms to solve the bilinear
game above with coefficient a = 10. For sake of completeness, we also provide a grid of experiment
results for different algorithms with different coefficients a and learning rates 7, starting from the
same point (6, ¢o) = (—12,10). The result is presented in Figure[f] The experiment demonstrates

o GDA P LEAD 0 EG
9 9 9
8 8 8 g ]
7 7 T 7

[
6 6 6
© 0.06 0.08 0.1 0.12 0.06 0.08 0.1 0.12 0.06 0.08 0.1 0.12
1=
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=
(4]
o
© Lv.2 GP Lv.10 GP SPPM
10 10 T
|
9 [ 9 :E
ol o
7 7
|
6 I1 6 I1
0.06 0.08 0.1 0.12 0.06 0.08 0.1 0.12 0.06 0.08 0.1 0.12

686
687

688
689

learning rate n

Figure 6: A grid of experiments on the bilinear game for different algorithms with different values
of coefficient a and learning rates 7. The color in each cell indicates the distance to the equilibrium
after 50 iterations.

that, in a bilinear game, Lv.2 GP is equivalent to the extra-gradient method, and higher level Lv.k GP
performs better with increased coefficient a and learning rate 1 as long as it remains a contraction
(ie.,n <ab.
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interaction ¢

696

697

698
699

700
701
702

703
704

6 6
006 007 008 009 01 011 012 006 007 008 009 01 011 012

Quadratic Game For the quadratic game presented in Figure 3] we randomly initialize the matrices
A and B:

1.8398 0.5195 1.2537 1.7470 1.2769 1.0821 1.2427 1.0093 1.3335
0.5195 0.6586 0.4476 0.8898 1.1309 1.2427 2.2031 1.3236 1.8566
A= |1.2537 0.4476 1.4440 1.3923 0.8877| B=— |1.0093 1.3236 1.2393 1.3675
1.7470 0.8898 1.3923 2.1249 1.7664 1.3335 1.8566 1.3675 1.9081
1.2769 1.1309 0.8877 1.7664 2.1553 0.6761 0.9394 0.9065 0.9693

where A is symmetric and positive definite and B is symmetric and negative definite. The interaction
matrix is defined as:

Q

Il
coocoaon
cooan o
coan oo
ocnocoo
coocoo

where c represents the strength of the interaction between the two players. The starting point 8 and
@ are [0.1270,0.9667, 0.2605,0.8972,0.3767]7 and [0.3362, 0.4514,0.8403,0.1231, 0.5430] 7 re-
spectively.

GDA SGA (LOLA) LEAD

6 6
0.06 007 008 009 01 011 012 006 007 008 009 01 011

6 o M 6
006 007 008 009 01 011 012 006 007 008 009 01 011 012 006 007 008 009 01 011 012 006 007 008 009 01 011
learning rate n

Figure 7: A grid of experiments on the quadratic game for different algorithms with different values
of coefficient a and learning rates 7). The color in each cell indicates the distance to the equilibrium
after 50 iterations.

A.9 Experiments on 8-Gaussians

Dataset The target distribution is a mixture of 8-Gaussians with standard deviation equal to 0.05
and modes uniformly distributed around a unit circle.

Architecture The architecture for the generator and the discriminator, each consists of four hidden
layers followed by ReLU activation function. The weight initialization uses PyTorch’s default
initialization scheme. The architecture is presented in Table [8

Experiment For our experiments, we used the PyTorch framework. Furthermore, the batch size we
used is 128.
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Reasoning: { ¢

Table 5: Architecture used for the Mixture of 8-Gaussians

Generator Discriminator
Input: z € R%* ~ N(0, 1) Input: © € R?
Linear(64 — 2000) Linear(2 — 2000)
RelLU ReLU
Linear(2000 — 2000) Linear(2000 — 2000)
ReLU ReLU
Linear(2000 — 2000) Linear(2000 — 2000)
ReLU ReLU
Linear(2000 — 1) Linear(2000 — 1)

A.10 Experiments on CIFAR-10 and STL-10

For our experiments, we used the PyTorc framework. For experiments on CIFAR-10 and STL-
10, we compute the FID and IS metrics using the provided implementations in Tensorﬂowﬂ for
consistency with related works.

T T T T T
Lv.6 GP
@ 102 ; Lv.6 Adam =
o ]
(&)
92]
a
LL
10]_ | | | | |
0 100 200 300 400 500 600

Epochs

Figure 8: Comparison between Lv.k GP and Lv.k Adam on generating CIFAR-10 images. We can
see significant improvements in FID when using the Lv.k Adam algorithm we proposed.

Lv.k GP vs Lv.k Adam In experiments, we compare the performance of Lv.k GP and Lv.k Adam
on the task of CIFAR-10 image generation. The experiment results is presented in Figure[§] The
experiments on Lv.k GP and Lv.k Adam use the same initialization and hyperparameters. According
to our experiments, Lv.k Adam converges much faster than Lv.k GP for the same choice of k£ and
learning rates.

Adam vs Lv.k Adam We also present a comparison between the performance of Adam and Lv.k
Adam optimizers on the task of STL-10 image generation. The experiment results is presented in
Figure 9] Under the same choice of hyperparameters and identical model parameter initialization,
Lv.k Adam consistently outperforms the Adam optimizer in terms of FID score.

Accelerated Lv.k Adam In this section, we propose an accelerated version of Lv.k Adam. The
intuition is that we update the min player 8 and the max player ¢ in an alternating order. The
corresponding Lv.k GP algorithm can be writen as:

0,11 =0, —Vaf(6;, ")
i1 = Pr — Tlv¢g(9t(k), b+)

0% = 0, — Vo f(0:, V) (Alt-Lv.k GP)

Update:
P =1 — V901" 1) {

“https://pytorch.org/
*https://tensorflow.org/
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Figure 9: Comparison between Adam and Lv.k Adam on generating STL-10 images. We can see that
Lv.k Adam consistently outperforms the Adam optimizer in terms of FID score.

Instead of responding to Ht(k_l), in Alt-Lv.k GP, the max player ¢§k) acts in response to the min

player’s current action, 0§k). A Lv.k min player in Alt-Lv.k GP is equivalent to a Lv.2k — 1 player in
the Lv.k GP, and a Lv.k max player in Alt-Lv.k GP is equivalent to a Lv.2k player in the Lv.k GP,
respectively. Therefore, it is easy to verify that Alt-Lv.k GP converges two times faster than Lv.k GP
and the corresponding Alt-Lv.k Adam algorithm is provided in Algorithm 2]

Architecture In this section, we describe the model we used to evaluate the performance of Lv.k
Adam for generating CIFAR—l(ﬂ and STL-10 datasets. With ’conv’ we denote a convolutional layer
and ’transposed conv’ a transposed convolution layer. The models use Batch Normalization and
Spectral Normalization. The model’s parameters are initialized with Xavier initialization.

Images generated on CIFAR-10 and STL-10 In this section, we present sample images generated
by the best performing trained generators on CIFAR-10 and STL-10.

*CIFARI0 is released under the MIT license.
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Algorithm 2: Accelerated Level £ Adam: proposed Adam with recursive reasoning steps

Input: Stopping time 7', reasoning steps k, learning rate ng, 14, decay rates for momentum
estimates (31, B2, initial weight (g, ¢), P, and P, real and noise-data distributions,
losses L& (0, ¢, x,z) and Lp(0, ¢, x, z), e = le — 8.

Parameters : Initial parameters: 0, ¢¢

Initialize first moments:12g o <— 0,1m4 < 0
Initialize second moments:vg o <— 0, vy 0 < 0

for r=0,...,7-1 do
Sample new mini-batch: ¢, z ~ P, P,,

et(O) — 025) ¢§O) — ¢ta
for n=1,...,k do

Update estimate of first moment: mo t

Correct the bias for the moments: mé”t)

Perform Adam update: 0,5") =0,—1n

Update estimate of first moment: m(”)

Update estimate of second moment: v! ¢ t
(n) _

Perform Adam update:p\™ = ¢, —

k k
01— 0 iy — o

k k
me ¢ <— mé,t),m¢7t — m;,g,

k k
Vot — ’Ué’t), v¢,t < vg(b,g

Update estimate of second moment: vé t)

Correct the bias for the moments:7i , ; =

Compute stochastic gradient: g‘9 t Vgﬁg(@t, (i)t" Yoz ,2);

= fimg—1 + (1 —51)99“

= Bovg -1+ (1 — 52)(99,75 )2

_my) o) = vy
a-5D" =55’
)
o
an+6

Compute stochastic gradient: g V¢£D(0( , O, T, 2);
=fimg -1+ (1— 51)9(55”,5),

= Bovgi1 + (1- B2)(g5))%
mn) o™

Moo sn) Yo .
(1-B1) "5t (1-B3)’
. (n)

Mot .
f)((;t)%»e’

Table 6: ResNet blocks used for the SN-GAN architectures on CIFAR-10 image generation, for the

generator (left) and the discriminator (right).

D-ResBlock (I—th block)

G-ResBlock
Shortcut:
Upsample(x2)
Residual:
Batch Normalization
ReLLU
Upsample(x2)

conv (ker:3 x 3, 256 — 256; stride: 1; pad: 1)
Batch Normalization
RelLU
conv (ker:3 x 3, 256 — 256; stride: 1; pad: 1)

Shortcut:
[AvgPool (ker: 2 x 2)],ifl =1
conv (ker: 1 x 1, 3;=1/128;; — 128; stride: 1)
Spectral Normalization
[AvgPool (ker: 2 x 2, stride: 2)],if [ =1
Residual:
[ReLU], ifl # 1
conv (ker: 3 x 3, 3;—1/128;..1 — 128; stride: 1; pad: 1)
Spectral Normalization
ReLU
conv (ker: 1 x 1, 128 — 128; stride: 1)
Spectral Normalization
AvgPool (ker: 2 x 2)
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Table 7: SN-GAN architectures for experiments on CIFAR-10

Generator Discriminator
Input: z € R128 ~ N(0,1) Input: T € R3x32%32
Linear(128 — 4096) D-ResBlock
G-ResBlock D-ResBlock
G-ResBlock D-ResBlock
G-ResBlock D-ResBlock
Batch Normalization RelLU
RelLU AvgPool(ker:8 x 8)
conv (ker:3 x 3, 256 — 3; stride: 1; pad: 1) Linear(128 — 1)
Tanh Spectral Normalization

Table 8: SN-GAN architectures for experiments on STL-10

Generator Discriminator
Input: z € R12 ~ N(0,1) Input: x € R3*48x48
Linear(128 — 6 x 6 x 512) D-ResBlock down 64 — 128
G-ResBlock up 512 — 256 D-ResBlock down 3 — 128
G-ResBlock up 256 — 128 D-ResBlock down 128 — 256
G-ResBlock up 128 — 64 D-ResBlock down 256 — 512
Batch Normalization D-ResBlock 512 — 1024
RelLU ReLU, AvgPool (ker: 8 x 8)
conv (ker: 3 x 3, 64 — 3; stride: 1; pad: 1) Linear(128 — 1)
Tanh Spectral Normalization
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Figure 10: The presented samples are generated by the best performing trained generator on CIFAR-
10, using Lv.6 Adam. This gives a FID score of 10.12.
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Figure 11: The presented samples are generated by the best performing trained generator on STL-10,
using Lv.6 Adam. This gives a FID score of 25.43.
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