Supplementary Material for “Tensor Completion Made
Practical"

A Onmitted algorithms from Section 3|

Our initialization algorithm is based on [22]. For ease of notation, we make the following definition:

Definition A.1. Let 11 be the projection map that projects an n X n matrix onto its diagonal entries
and let 11| denote the projection onto the orthogonal complement.

Algorithm 3 INITIALIZATION

Input: Let T be an input tensor where each entry is observed with probability p;

LetU = U, (T ) be the unfolded tensor with all unobserved entries equal to 0
Define

B= p—H(UUT) + HL(UUT)
1

Let X be the matrix whose columns are given by the top r singular vectors of B

. 2 5
Zero out all rows of X that have norm at least T\/g where 7 = (2’—” . U—1> and let X be the

2 o2
resulting matrix '
Let V.2 be the subspace spanned by the columns of X,

Compute V), V? similarly using the corresponding unfoldings of T
Output: V0 V0 VY

Now we present our algorithm for post-processing.

Algorithm 4 POST-PROCESSING VIA CONVEX OPTIMIZATION

Input: Let Tbea sample where each entry is observed with probability ps
Input: Let V;, V,,, V, be subspace estimates that we are given
Split T" into two independent samples 7, T.. where each entry is observed with probability p3/2

Let S be the set of observed entries in 7_
Define:

2
T' =arg  min AH(T'—T,)\SH
T'eEV,RV,QV, 2

Run Jennrich’s algorithm (see Section [F.2.1)) to decompose T” into r rank-1 components
T'=Ti+ +1T,

Foreach 1 <i < r, write T; = 7,;%; ® §; ® Z; where I;, y;, z; are unit vectors and &; > 0.
Let S be the set of observed entries in T,

Solve the following constrained optimization problem where a1, b1, c1, ..., ar, b, ¢ € R™:
2
min <T Z (G3(T; + a:)) @ (s + bs) @ (5 +ci)>
a’Ly 1767.

S~ g

over the polytope Q(T1, -, Try U1, - - - » UYry 21, - - - » 2r) (defined below).
Output:

Test:_Z@(:am)) (T +bi) @ (i + i)

Definition A.2 (Deﬁnltlon of Q) For eachl < i<, let yl be the unit vector in span(yi, . .., )
that is orthogonal to 1, . .., Yi—1, Yit1, - - - , Ur and define 2/ similarly. Let

Q(xla'"7'I7'7y15"'7y7"5217"'azr)
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be the polytope consisting of all {a1,b1,¢1,...,ar, by, ¢} such that:

10
. Og||ai||oo,||bi\|oo,||ci|\oo§( co, ) forall1 <i<r.

10no1

o b -yl=0andc; -zl =0foralll <i<r.

Remark. Note we will prove that the constrained optimization problem is strongly convex (and thus
can be solved efficiently) in Section |G}

A.1 “Exact" Completion and Bit Complexity

Technically, exact completion only makes sense when the entries of the hidden tensor have bounded
bit complexity. Our algorithm achieves exact completion in the sense that, if we assume that all of
the entries of the hidden tensor have bit complexity B, then the number of observations that our
algorithm requires does not depend on B while the runtime of our algorithm depends polynomially
on B. This is the strongest possible guarantee one could hope for in the Word RAM model. Note
that the last step of our algorithm involves solving a convex program. If we assume that the entries
of the original tensor have bounded bit complexity then it suffices to solve the convex program to
sufficiently high precision [12] and then round the solution.

B Outline of Proof of Theorem

Here we give an outline of the proof of Theorem [3.2] The first step involves proving that with high
probability, the INITIALIZATION algorithm outputs subspaces that are incoherent and have constant
principal angle with the true subspaces spanned by the unknown factors. The proof of the following
theorem is in Section

Theorem B.1. With probability 1 — ﬁ when the INITIALIZATION algorithm is run with

([ 2prlogn o? |
b1 = 072072 372

the output subspaces V., Vyo, VY satisfy

e max (Oz(Vm VIO),a(Vy, Vy0)7a(Vz, VZO)) <0.1

= o

2ur o
2 o

S

) 10
Next, we prove that each iteration of alternating minimization decreases the principal angles between

our subspace estimates and the true subspaces. This is our main contribution.

Theorem B.2. Consider the KRONECKER ALTERNATING MINIMIZATION algorithm. Fix a timestep
t and assume that the subspaces V!, Vyt, V! corresponding to the current estimate are ji’-incoherent

e The subspaces V,),V,), V2 are ji'-incoherent where i/ = (

2ur o}

10
where 1/ = ( 5 02) . Also assume

max (a(Vz, V), a(V,, V;), a(V., V) <0.1.

, 10
Iy > log®((no1)/(car)) (107"“ -ﬂ) then after the next step, with probability 1 —

n? c o

-

104 log((no1)/(coy))
o max (a(Va, Vi), a(Vy, Vi), V., VITY)) < 0.2max (a(Va, V), a(V,, V), V2, V1))
e The subspaces V1, V;Jrl, VIt are y'-incoherent

This theorem is proved in Section[E]

In light of the previous two theorems, by running a logarithmic number of iterations of alternating
minimization, we can estimate the subspaces V, V,,, V., to within any inverse polynomial accuracy.
This implies that we can estimate the entries of the true tensor 7' to within any inverse polynomial
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accuracy. A robust analysis of Jennrich’s algorithm implies that we can then estimate the rank one
components of the true tensor to within any inverse polynomial accuracy. Finally, since our estimates
for the parameters &;, T;, ¥;, 2; are close to the true parameters, we can prove that the optimization
problem formulated in the POST-PROCESSING VIA CONVEX OPTIMIZATION algorithm is smooth
and strongly convex. See Section [Fand Section[G] for details.

C Preliminaries

C.1 Basic Facts
We use the following notation:
e Let U, (T) denote the unfolding of 7" into an n x n? matrix where the dimension of length
n corresponds to the x;. Define U, (T'), U, (T") similarly.
e Let V,, be the subspace spanned by x4, ..., z, and define V,,, V., similarly.
e Let M, be the matrix whose columns are z1,. .., z, and define M, M similarly.
The following claim, which states that the unfolded tensor U, (T") is not a degenerate matrix, will be
used repeatedly later on.

Claim C.1. The v largest singular value of U, (T) is at least o,
Proof. Let D be the r x r diagonal matrix whose entries are o1, .. ., 0,. Let N be the r x n? matrix
whose rows are y1 ® 21, ...,y ® 2z, respectively. Then

U,(T)=M,DN

For any unit vector v € V,, |[uM]||2 > c. Also N consists of a subset of the rows of M, ® M, so
the smallest singular value of N is at least ¢2. Thus

[|vU(T)||2 > Ao

Since V, has dimension r, this implies that the " largest singular value of U, (T') is at least c>c,.. [

A key component of our analysis will be tracking principal angles between subspaces. Intuitively, the
principal angle between two r-dimensional subspaces U, V' C R" is the largest angle between some
vector in U and the subspace V.

Definition C.2. For two subspaces U,V C R"™ of dimension r, we let «(U, V) be the sine of the
principal angle between U and V. More precisely, if U is a n X r matrix whose columns form an
orthonormal basis for U and V| is an x (n — r) matrix whose columns form an orthonormal basis
for the orthogonal complement of V', then

(U, V) = HVfUHOP
Observation C.3 (Restatement of Observation[3.1). Given subspaces Uy, Vi C R™ of dimension
dy and Us, Vo C R™2 of dimension da, we have
a(Ul QU VI ® ‘/2) < Oé(Ul, Vl) + Oé(Ug, VQ)
Proof. We slightly abuse notation and use Uy, V7, Us, V5 to denote matrices whose columns form an

orthonormal basis of the respective subspaces. Note that the cosine of the principal angle between Uy
and V; is equal to the smallest singular value of U{F V7 and similar for Uy and V5. Next note

(U1 @ U)T (Vi @ Vo) = (UL V1) @ (UF Va).

Thus
1—a(Uy®@Us, Vi @Va)? = (1 — (U, V1)*)(1 — a(Us, V2)?)

and we conclude
a(U; @ Us, Vi @ Va) < Uy, V1) + a(Ua, V2)
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In the analysis of our algorithm, we will also need to understand the incoherence of the tensor product
of vector spaces. The following claim gives us a simple relation for this.

Claim C.4. Suppose we have subspaces Vi C R™ and Vo C R™ with dimension 1,19 that are i,
and o incoherent respectively. Then Vi ® Vo is i1 pio-incoherent.

Proof. Let M7, M> be matrices whose columns are orthonormal bases for V7, V5 respectively. Then
the columns of M; ® M, form an orthonormal basis for V; ® V5. All rows of M; have norm at most

\/ “;L—:l and all rows of M5 have norm at most , / "3:2 so thus all rows of M; ® Ms have norm at

most , /% and we are done. O

C.2 Matrix and Incoherence Bounds

Here, we prove a few general results that we will use later to bound the principal angles and
incoherence of the subspace estimates at each step of our algorithm.

Claim C.5. Let X be an n x m matrix such that:
o The rows of X have norm at most c\/g

o The r'" singular value of X is at least p

Then the subspace spanned by the top r left singular vectors of X is %—incoherent.

Proof. Let the top r left singular vectors of X be v1, ..., v,. There are vectors uq, ..., u, such that
viT = Xwu; for all 7. Furthermore, we can ensure

1
[Juilla < =
P

for all 2. Now for a standard basis vector say e, its projection onto the subspace spanned by vy, . .., v,
has norm

rl

2. .
Cp,j -incoherent. O

Thus, the column space of X is

Claim C.6. Let A, B be n x m matrices with rank r. Let § = ||A — Bl||,,. Assume that the rih

singular value of B is at least p. Then the sine of the principal angle between the subspaces spanned
by the columns of A and B is at most %.

Proof. Let V4 be the column space of A and Vi be the column space of B. Let V| bea (n —r) X n
matrix whose rows form an orthonormal basis of the orthogonal complement of V4. Note that

HVJ—B” Z pOé(VA7 VB)
Now |V B|| < ||VL(B — A)|| < 4. Thus a(Vy, Vi) < % which completes the proof. O

C.3 Sampling Model

In our sampling model, we observe each entry of the tensor 7" independently with probability p. In
our algorithm we will require splitting the observations into several independent samples. To do this,
we rely on the following claim:

Claim C.7. Say we observe a sample T where every entry of T' is revealed independently with

probability p. Say p1 + pa < p. We can construct two independent samples ﬁ, j’; where in the first
sample, every entry is observed independently with probability p1 and in the second, every entry is
observed independently with probability p.
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Proof. For each entry in T that we observe, reveal it in only 7 with probability pl_p#, reveal it in
only T, with probability % and reveal it in both with probability %. Otherwise, don’t reveal

the entry in either ﬁ or i’; It can be immediately verified that ﬁ and i’; constructed in this way
have the desired properties. O

C.4 Concentration Inequalities

Claim C.8. Say we have real numbers —y < x1,...,x, < . Consider the sum
X:61$1+"'+€n$n

where the €; are independent random variables that are equal to 1 — p with probability p and equal
to —p with probability 1 — p. Assume p > % Then foranyt > 1,

Pr[|X| > /pnyt] < 2e7 /4

Proof. Let 3 be a constant with 0 < 3 < L. Using the fact that e* < 1 + = + 22 between —1 and
1, we have

]E[eﬁfi} _ pe(l—P)ﬁLt + (1 _ p)e—Pﬂm <1 +p(1 _ p)ﬁ2l‘? < ePBZT?

Thus
E[eﬂx] < ep52(wf+--v+a:i)

Similarly
Ele-F%] < (P (at+ertad)

Now set 5 = %. Note that this is a valid assignment because we assumed p > % Thus

Pr|X| > /Biyt] < 2eP8°m7°—BVIII < 9et/4

O

Claim C.9. [Matrix Chernoff (see [28])] Consider a finite sequence { X} } of independent self-adjoint
n X n matrices. Assume that for all k, Xy, is positive semidefinite and its largest eigenvalue is at most
R. Let jimin = Amin (D_; E[X4]) be the smallest eigenvalue of the expected sum. Then

8% wmin
Pr [Amin (Z Xk) < (1 - 6)Mmin] <ne 2R
k

Claim C.10. [Matrix Chernoff (see [28])] Consider a finite sequence { Xy} of independent self-
adjoint n X n matrices. Assume that for all k, X, is positive semidefinite and its largest eigenvalue
is at most R. Let imax = Amax (D_ 5 E[Xk]) be the largest eigenvalue of the expected sum. Then

2 ax
Pr [Amax (Z Xk> <(1+ 5)umax1 < ne— TER
k

D Initialization

The main purpose of this section is to prove that the INITIALIZATION algorithm obtains good initial
estimates for the subspaces. In particular we will prove Theorem [B.1] First note that

o [Ua(D)llop = [1U=(T) (51 ® 20)ll2 = 13251 0il(wi - y1) (2 - 21))ill, = o1
e The largest norm of a row of U, (T') is at most 7o /£~

e The largest norm of a column of U, (T) is at most o ‘%2

e The largest entry of U, (T) is at most 701 (’”)3/2

n
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Thus U, (T) is (), 1, p)-incoherent for A = ”723, p="~
we use U, to denote U, (T').

The key ingredient in the proof of Theorem [B.1]is the following result from [22], which says that the
matrix B is a good approximation for U,UZ.

Lemma D.1 (Restatement of Corollary 3 in [22]). When the INITIALIZATION algorithm is run with

([ 2urlogn o? 10
b1 = 2 ;% n3/2a

we have
103\p(logn)4

||B_UJUU;IZ/FHOPS p%n3 ||U:13H(2Jp

with probability at least 1 — (%)2?

Let D be the r x r diagonal matrix whose entries are the top r signed eigenvalues of B. We first note
that B can be approximated well by its top r principal components.

Claim D.2. ~ ~
IXDX™ = Bllop < ||B = UzU[[|op

Proof. Let o be the r + 1% largest singular value of B. Note || XDX7T — B lop = 0. Let Y be the

r 4+ 1-dimensional space spanned by the top r + 1 singular vectors of B. Note that there is some unit
vector y € Y such that Uy = 0 (since U has rank ) so

1B~ UUTlop > |(B = U,UN)yll2 = ||Byll2 > o
O

Let IT be the n x n diagonal matrix with O on diagonal entries corresponding to rows of X with norm
at least T\/g and 1 on other diagonal entries. Note Xy = I1.X.

Lemma and Claim imply that X DX 7 is a good approximation for U,UZ". To analyze the
INITIALIZATION algorithm, we will need to rewrite these bounds using X in place of X.

Claim D.3.

10
1 XoDXT — UyUT||op < 0.1 (CUT) o2

g1

with probability at least 1 — #

Proof. First note that the squared Frobenius norm of X is r so there are at most 5 entries of II that
are 0. Next note

XoDXg —U,U; = ((IIX)D(IIX)" — <HUI><HUI>T> + (U, (U,) " = U,UF

Note that (TIU, )(HU ) — U,UT is 0 in all but at most 2%~ * entries. Furthermore, all entries of

U,UT are at most #2oir® Thus

|(U,)(U,) " — U, Uy

Also
=~ 203 \p(logn)*
[|(ILX) D(ILX) T —(1U, ) (1) ) [lop < || X DXT U, Uy |lop < 2/|B=UsUy [[op < THUH\&)

where we used Claim[D.2]and Lemma[D.T] Combining the previous two equations and noting that
Uzllop < (o17)

2003 203\p(logn)* A\
1 XoDXT — UUT|[op < 2007 2008 )T sy g (€om) 52
T pan?

18



To prove that V2, the space spanned by the columns of Xy is incoherent, we will need a bound on
the smallest singular value of Xg. In other words, we need to ensure that zeroing out the rows of X
whose norm is too large doesn’t degenerate the column space.

2
Claim D.4. With probability 1 — # the r'™ singular value of X is at least < (ﬁ>

1073 \ o1

Proof. By Claim|[C.1} the ™ singular value of U, U is at least c®2. Thus by Claim [D.3] the 7
singular value of XoDX{ is at least 0.9c¢%c2.

Also note that the operator norm of U,UZ is at most (o17)? so by Lemma all entries

of D are at most 2(co17)2. Also, the largest singular value of Xy is clearly at most 7. Thus the
smallest singular value of X is at least

0.9¢502 S I or 2
2(o17r)?r — 1013 \ o0y

Now we can use the results from Section [C.2]to complete the proof of Theorem [B.T]
Corollary D.5. With probability at least 1 — ( )25, the subspace spanned by the columns of X is

1

10 "

2

(2—“! . (%) -incoherent.
C U,’,

Proof. Note all rows of X have norm at most T\/g . By Claim and Clairn the column
space of X is incoherent with incoherence parameter

2ur  o? ) 10

T (
2 —_—
o ()2 2 o2
103 \ o1

Corollary D.6. With probability at least 1 — # we have o (V,,, V) < 0.1.

Proof. Note that XoDX{ and U,UI are both n x n matrices with rank r. By Claim the 7t
singular value of U, is at least c®c,. and thus the r™ singular value of U, U7 is at least c°o2. Now
using Claim and Claim we have with probability at least 1 — #

O

Proof of Theorem[B.1] Combining Corollary [D.5]and Corollary [D.6 we immediately get the desired.
O

E Alternating Minimization
This section is devoted to the proof of Theorem [B.2]

E.1 Least Squares Optimization

We will need to analyze the least squares optimization in the alternating minimization step of our
KRONECKER ALTERNATING MINIMIZATION algorithm. We use the following notation.

o Lettherowsof Hypqbery,...,r,.
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e We will abbreviate U, (T) with U,. Let the rows of U, (T') be uy, . .., Uy.
e Foreach 1 < j < n,let P; C [n?] be the set of indices that are revealed in the j row of
Um (Tt+1 ) .

e Let I, be the n? x n? matrix with one in the diagonal entries corresponding to elements of
P; and zero everywhere else.

LetE = Hyyq — UthT and let its rows be s1, . .., s,. Note UthT is the solution to the least squares
optimization problem if we were able to observe all the entries i.e. if the optimization problem were
not restricted to the set Sy 1. Thus, we can think of F as the error that comes from only observing a
subset of the entries. The end goal of this section is to bound the Frobenius norm of E.

First we will need a technical claim that follows from a matrix Chernoff bound.

, 10 20
ClaimE.1. [fp’ > % (10% . ﬂ) then With at least 1 — <%) probability

Opr noi

| o

(BB ™| <

/

3

foralll < j <n.

Proof. Note by Claim the columns of B; have norm at most % Consider iBtHj BtT . This is

a sum of independent rank 1 matrices with norm bounded by ‘; ,2;:“2 and the expected value of the sum
is I, the identity matrix. Thus by Claim|[C.9]

1 T 1 ,M COp 25
Pr )\min f/BtHjBt < 5 < ne 8202 <
p

O

The claim below follows directly from writing down the explicit formula for the solution to the least
squares optimization problem.

Claim E.2. We have forall1 < j <n
rj = wll; B (B,I; B)™

Proof. Note r; must have the property that the vector u; — 7; B; restricted to the entries indexed by
P; is orthogonal to the space spanned by the rows of B; restricted to the entries indexed by P;. This
means

(uj —7;By)(B,11;)" = 0
The above rearranges as

rj(BL BY') = uIl; B
from which we immediately obtain the desired. O

After some direct computations, the previous claim implies:
Claim E.3. We have forall1 < j <n

sj = uj(I — Bf B)I; B (B,I; B )™
Proof. Note
sj =rj —u;B = wl;Bf (BB )™ —w;B{ = u;(I — Bf B)I; Bf (B,I; B )™
[

Now we are ready to prove the main result of this section.
Lemma E.4. With probability at least 1 —

1
10% log((no1)/(coy))

10°4/'r3011/log((na1)/(coy))
np'

I1E]]2 < ((Vy, V) + a(V2, V1))
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Proof. Note B;B]' = I since its rows form an orthonormal basis so u; (I — B} B;)B}' = 0. Thus
sj = uj(I — B} By)(IL; — p'I) B (BI; B )™
Let g; = u;(I — B B;). By Observation 3.1}

laill2 < [ujll20(Vy @ V2, Vy @ VE) < [l ((Vy, V) + a(V2, V) )
Now we upper bound ||q; (II; — p'T) BI'||. Let the columns of Bf be cy, ..., c,2 respectively. Note
that since the entries of II; — p’I have expectation 0 and variance p’(1 — p’
P'llg;|3pr?
Elllq; (I = p'Tes|[3] < Mlggll3 - ' (1 =) - il < #
Thus /H HZ 12,4
P gl
E[llq; (I; — p'T) B |3] < % (5)

20
Now by Claim L with probability 1 — ( o ) we have
2

(BB ™| < v

for all 1 < j < n. Denote this event by I'. Let

Er [[|E|3] = Pr[T]E[||E|f3 | T]
In other words, Er[|| E||3] is the sum of the contribution to E H |E| |§} from events where I" happens.
Using (@) and () we have

4//24 n

r [I1B113] ZEF 15113] <z Z||QJ||2

12,4

Ap=r
p'n?

( (‘/;/7Vt)+O‘VZ7Vf ZHUJ||2

4u?r8g? 2
721 (a(Vy, V) + a(V2, V)

By Markov’s inequality, the probability that I' occurs and

10°u/'r3011/log((nay)/(co,))
121]> > N (a

7o) Thus with probability at least

Vy, Vi) + a(V., V1))

Yty

is at most

1
2-10° log((no1)

1 cor \2° 1
~ 2-10°1og((noy1)/(coy)) (nm) =195 log((noy)/(cay))
we have

B, < 103u/r301\/log((nal)/(cgr))( (

t t
n\/]7 Vy,Vy)-i-Oé(VZ,V;))

O

We will need one additional lemma to show that the incoherence of the subspaces is preserved. This
lemma is an upper bound on the norm of the rows of E. Note this upper bound is much weaker than
the one in the previous lemma and does not capture the progress made by alternating minimization
but rather is a fixed upper bound that holds for all iterations.

c or noi

, 10 15
LemmaES. Ifp' > 1og2((n212)/(car)) (10ru ' ﬂ) then with probability at least 1 — (&) all

3
rows of E have norm at most O'lcin‘”
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Proof. We use the same notation as the proof of the previous claim. Fix indices 1 < j <n,1 <i <
r2. It will suffice to obtain a high probability bound for

|q;(I1; — p'T)c]
and then union bound over all indices. Recall

qj = u;j —u; B/ By

. . . . \3/2 .
and by our incoherence assumptions, all entries of u; have magnitude at most 1o (%) / . By Claim
all entries of u; B} B, have magnitude at most

pr p'r
n

i /
T KT wr
|u; By HQT < ||Uj‘|27 <roy -

Thus all entries of ¢; have magnitude at most 270y /=5 ££L. Let 7 be the vector obtained by taking

the entrywise product of g; and ¢; and say its entries are 71, ..., 7,2. Note that by Claim [CE] the
entries of ¢; are all at most % Thus the entries of 7 are all at most

ur ,u’27°2
Y =2ro/ ———
Vn n

Next observe that ¢, (IT; — p'I)c; is obtained by taking a sum €171 + - - - + €,27T,,2 Where €1, . . ., €2
are sampled independently and are equal to —p’ with probability 1 — p’ and equal to 1 — p’ with
probability p’. We now use Claim Note p’ > -5 clearly. Thus

Pr | [g;(I1; — p'Dei] = 10* log((no) / (co)nyv/o/| < (m )

noq
Note 55 0
n’y\/ﬁz 2 un/;)t/';\/}?m
Thus
- [ (L — Dl < 2 10° log((ncn)/(;g/rQ))Ts‘E’MQuO'S\/?m} Sl (7?;2)25'

23
Union bounding over 1 < i < r? implies that with probability at least 1 — (%)

1

2 10% log((no) /(co))r = 20 /il
n3/2

llg;(M; — p'HBE|| <
Finally, since
sj =u;(I — Bf B,)1l; — p'I)B (B,I;BY ) ™' = ¢;(11; — p' 1) Bl (B,11; Bl ) ~*
combining with Claim [E.T] and union bounding over all 1 < j < n, we see that with at least

15
1— (%) probability, all rows of E have norm at most

4-103log((noy)/(co))r*>u?ul5oy < 0.1c%0,
n3/2\/pf =

which completes the proof. O

E.2 Progress Measure

Now we will use the bounds in Lemma|E.4Jand Lemma [E.5]on the error term E to bound the principal
angle with respect to V,, and the incoherence of the new subspace estimate V,/*!1. This will then
complete the proof of Theorem We first need a preliminary result controlling the " singular
value of U, B]'". Note this is necessary because if the ™ singular value of U, B] were too small, then
it could be erased by the error term E.
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Claim E.6. The r'" largest singular value of U, B is at least (1 — a(V,, V) —a(Vz, V1) o,

Proof. By Claim|C.1] the " largest singular value of U, is at least c3,.. Therefore there exists an
r-dimensional subspace of R", say V' such that for any unit vector v € V, |[vU,|| > ¢®0,.. Now for
any vector uin V, ® V.,

B || = /1= a(V, @ V2, Vi @ VE)2I[ul]

Next vU, is contained in the row span of U, which is contained in V,, ® V.. Thus for any unit vector
veV

UL BT 2 o1 = a(Vy @ Vo, Vi 0 V2 2 (1 - a(V,, Vi) — a(Va, V) o,
[

Now we can upper bound the principal angle between V. and V,!™! in terms of the principal angles
for the previous iterates.

, 10
Corollary E.7. If p > 10g2(("012)/(cm)) (10T“ -ﬂ> then (VI V,) <

n c oy

0.1 (a(Vy, Vi) + a(Vz, VYE)) with at least 1 —

105 Iog((ni—l)/(ch)) pVObablllty

Proof. Note H =U,B}' + E.
By Lemma with probability at least 1 —

1
10% log((no1)/(cor))
103u'r3014/log(n/(coy))
v

If this happens, the largest singular value of E is at most

1El, < (a(Vy’V;)+a(‘é>W))

103u'r3o1+/log(n/(co,))
nVp'

Let p; > --- > p, be the singular values of U, B} . By Claim

Pr > (1 - a(Vya Vyt) - Oé(‘/z, ‘/zt)) 6307“

o <|El; < ((Vy, V) + a(V2, V1))

Let H, be the rank-r approximation of H given by the top r singular components. U, B has rank r
and since H, is the best rank r approximation of H in Frobenius norm we have H,, = H + E’ =
U.B! + E + E' where ||E’||2 < ||E||2. Now note

Thus by Claim (applied to the matrices H,., U, Bl')
_ 21l _ 4Bl

a(Vy, VITH < 0.1 (a(Vy, V) + a(V2, V)))

Pr opc?

We also upper bound the incoherence of V!, relying on Lemma

)10_

: , 10
Corollary E.8. Ifp' > 10g2((n212)/(cw)) (102“ : g) then the subspace V1 is (M .

o c?

ﬂqm‘)aq N

log

10
incoherent with at least 1 — (flL) probability.
1

n .

10
Proof. By Lemma with 1 — (%) probability, each row of E has norm at most 0.1\;370,,. This
implies || E||, < 0.1¢%0,..
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Let the top 7 singular values of H be p},...,p. and let the top r singular values of U,B]
be py,...,pr. Note pr. > pr — | E||5p. Also by Claim

pr > (1—a(V,, V) —a(Va,V))) o,

Thus

Ao,

2

P2 pr = 1Bl 2 (1= alVy, Vy) — a(V, VY)) o — || B, >

Next observe that each row of U, BT has norm at most 70 4 / B and since each row of F has norm

0.1c%0,
at most \cf" we deduce that each row of H has norm at most 2ro1/ . Now by Claim

V*+1 is incoherent with incoherence parameter

4r3po? - 16urdo?
30, \2 o2
(=)
Clearly
6ot _ (2 of\"
So? 2 o2
so we are done. O

We can now complete the proof of the main theorem of this section, Theorem

Proof of Theorem Combining Corollary [E.7]and Corollary we immediately get the desired.
O

Theorem [B.2]immediately gives us the following corollary.
Corollary E.9. Assume that V,), V.0, V? satisfy

e max (a(Vw, V), a(Vy, Vy0)7a(Vz, VZO)) <0.1

S

X

Then with probability 0.99, when KRONECKER ALTERNATING MINIMIZATION is run with parame-

o The subspaces V°, Vyo7 V0 are ji'-incoherent where i’ = (% :

a2

ters
_ (prlogn oy 300
P2 = foir W
y = 10g*(no)/(eor)) (10md’ oy 10
n? c o
we have

10?
o,C
max (a(Vy, V), a(Vy, V), V2, VF)) < (100171) '

F Projection and Decomposition

After computing estimates for Vz, Vi, say Vz, Vy, Vz, we estimate the original tensor by projecting

onto the space spanned by V ® V ® V Our first goal is to show that our error in estimating
T by projecting onto these estlmated subspaces depends polynomially on the principal angles
b3

a(Vy, f/;), a(Vy, f/;), a(Vy, T/:) This will then imply (due to Theorem [B.2)) that we can estimate the
entries of the original tensor to any inverse polynomial accuracy.
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F.1 Projection Step

We will slightly abuse notation and use V,;, V,,, V, to denote n X r matrices whose columns form
orthonormal bases of the respective subspaces. Let

o~

d = max ((X(Vm, Vm), a(vyv ‘//;)7 a(VZ7 f/:))

Let M =V, ®V, ®V, be an r3 x n3 matrix. Let S be a subset of the rows of M where each row is

10
chosen with probability p’ = 105; L (HJ% : %) . Let Mg be the matrix obtained by taking only
the rows of M in S.

The main lemma of this section is:

10
Lemma F.1. Assume that 6 < (f%) . When the POST-PROCESSING VIA CONVEX OPTIMIZA-

R 10
TION algorithm is run with ps = 2](’572” (10% . %) , the tensor T satisfies

||T - T/||2 S 100’157’”
with probability at least 1 — ﬁ
We first prove a preliminary claim.

10
Claim F.2. Assume that § < (C"—T) . Then with probability at least 1 — ﬁ the smallest singular

noi

. 1
value of Mg is at least -

Proof. First we show that all of the entries of V. are at most 2/ %r in magnitude. Assume for the
sake of contradiction that some entry of V is at least 2,/£. Let ¢ be the column of V, that contains
this entry. Let IT(c) be the projection of ¢ onto the subspace V. Note that all entries of II(c) are at
most /£~ since V, is p-incoherent. This means that

ur
1 2>
le =TI > &

SO
n

—~ 10
contradicting the assumption that a(V;,, V,,) < (7%1) . Similarly, we get the same bound for the

. 5 .. . 3/2,3 .
entries of V,,, V.. This implies each row of M has norm at most 8’; 72— Now consider I%MgM S.

. . . . . 3 3,6
This is a sum of independent rank-1 matrices with norm at most i - 64% and the expected value of

the sum is 7, the identity matrix. Thus by Claim|[C.9]

1.+ 1 1
Pr |:/\min (p’MS MS) < 2:| < ﬁ

In particular, with probability at least, 1 — n% the smallest singular value of Mg is at least
/
N
2 7 n

Proof of Lemma For 1 < i < r, let Z; be the projection of z; onto V,. Define 7;, % similarly.
Let

O

T:iam@@@zﬁ
i=1
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Note
I|Zi @Y ® % — 2 @ yi @ 2ill2 < ||Ti — zill2 + |70 — will2 + |70 — 2|2
< a(Ve, Vo) + a(V,,, V) + a(V, V2)
<39

Thus B
|T —T||2 < 3d017 (6)

Now consider the difference 7 — T”. By the definition of 7" We must have

(T =T sl < (T =T) s, < 3007

Thus ||(T" - T) |s||2 < 6601 7. Since T, T are both in the subspace V, ® ‘//; © V., when flattened
T',T can be written in the form Mv’, Mo respectively for some v/, 7 € R™”. Now we know
[|[Ms(v' —)||2 < 65017

so by Claim [F.2] we must have
[lv —T||]2 < 60111
Thus B
1T = T|z = |M (' =)l < 6o167n
and combining with (6) we immediately get the desired. O

F.2 Decomposition Step

Now we analyze the decomposition step where we decompose 7" into rank-1 components. First, we
formally state JENNRICH’S ALGORITHM and its guarantees.

F.2.1 Tensor Decomposition via Jennrich’s Algorithm

JENNRICH’S ALGORITHM is an algorithm for decomposing a tensor, say 7' = >\ (; @ y; ® 2;),
into its rank-1 components that works when the fibers of the rank 1 components i.e. x1, ..., z, are
linearly independent (and similar for yy,...,y, and 21, ..., 2.).

Algorithm 5 JENNRICH’S ALGORITHM

Input: Tensor 77 € R™*"*™ where
T =T+EFE

for some rank-r tensor 7" and error F/

Choose unit vectors a, b € R™ uniformly at random
Let 7(@) T(®) be n x n matrices defined as

(@) _ v
Tij =T;;.-a

®) _ v
Ly’ =Ty b

Let Tr(a), Tr(b) be obtained by taking the top 7 principal components of 7(®), T'®) respectively.
T
Compute the eigendecompositions of U = T\ (T\”)*+ and V = ((Tr(a))JrT,gb)) (where for a

matrix M, M denotes the pseudoinverse)

Letuy,...,u,,v1,...,v, be the eigenvectors computed in the previous step.
Permute the v; so that for each pair (u;,v;), the corresponding eigenvalues are (approximately)
reciprocals.

Solve the following for the vectors w;
2

arg min

T’—iui®vi®wi
=1

2

Output the rank-1 components {u; ® v; @ w; }r_,

26



Moitra [21]] gives a complete analysis of JENNRICH’S ALGORITHM. The result that we need is
that as the error I goes to 0 at an inverse-polynomial rate, JENNRICH’S ALGORITHM recovers the
individual rank-1 components to within any desired inverse-polynomial accuracy. Note that the exact
polynomial dependencies do not matter for our purposes as they only result in a constant factor
change in the number of iterations of alternating minimization that we need to perform.

Theorem E.3 ([21]). Let

ks
T = Zgi(xi QY ® 2)
i=1
where the x;,y;, z; are unit vectors and o1 > --- > o, > 0. Assume that the smallest singular value
of the matrix with columns given by x1, ..., x, is at least c and similar for the y; and z;. Then for
any constant d, there exists a polynomial P such that if

01

Ye) oy

1E]l, <

then with 1 — ﬁ probability, there is a permutation w such that the outputs of JENNRICH’S

ALGORITHM satisfy

oC
Haﬂ(i)(%(i) ® Y (i) ® Zr(s)) — Ui @ V; @ wzH2 <o (1001n>

foralll <i<r.

Remark. Note that the extra factors of o1 in the theorem above are simply to deal with the scaling
of the tensor T.

F.2.2 Uniqueness of Decomposition

In Section we showed that our estimate 7" is close to T'. We will now show that the components
03,7, 7, 2 that we obtain by decomposing T” are close to the true components.

Theorem F.4. Consider running the POST-PROCESSING VIA CONVEX OPTIMIZATION algorithm

with parameter
log?n (10rp oy 10
p3 = 2 — .=

n? c o

and input subspaces that satisfy

10
—~ —~ —~ opC
max (a(Vx,Vw),a(Vy,VyLa(VZ, VZ)) < (100171) .
With probability at least 0.95, there exists a permutation 7 : [n] — [n] and €, €, €, € {—1,1} such
that the estimates &;, T;, U, 2; computed in the POST-PROCESSING VIA CONVEX OPTIMIZATION
algorithm satisfy

|Ui*(7/n-a| _— — —
Ta Hxl - ezzﬂ'(i)Hv ||yZ - Eyyw(i)Hv Hzl - 62271’(’i)” <e

20
where € = ( o )

10no,

Proof. By Lemma[FI] we have with probability at least 0.98 that

99
0,C
T-T, < T
17Tl < on (o)

Now by the robust analysis of JENNRICH’S ALGORITHM (see Theorem we know that with
0.97 probability, for the components T4, . . ., T;. that we obtain in the decomposition of T”, there is a
permutation 7 such that

I, Qi ® 2|2 < ore )"
w(i) — Oili @ Y;i & Zif|]2 = O
@) 4 2= %1\ 1000,
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——

forall 1 < i < r. We write Tr(i) = Tn(i)Zr(i) @ Un(s) @ Zn(s) Where T (;), Un (i), Zn(;) are unit
vectors and a/ﬂa is nonnegative. Note that this decomposition is clearly unique up to flipping the
signs on the unit vectors. Then

1520 T (i) @ () D () —0i%: ®Ys @2 |2 > ’ T2 @ T ) © G (i) @ Zmia) ||y~ loiws @ ys @ 2ill, | = loi—Ta)]
Thus

| /\| < orC 40
Oi = 0x(@)| >0
@ "\ 10nay

Now let z; be the projection of :E/ﬂa onto the orthogonal complement of ;. WLOG m ~x; > 0.
Otherwise we can set ¢, = —1. Then

z1 > 0.5]|z; — Tr()ll2
Also

— —

0w Zr i) @ Un(i) @ Zn(a) — 0iti @ Yi @ Zil |2 2 |0 () TL @ Ur(i) @ Zr()|l2 = 0100 ||2s — Ty |2

Thus
20
e = Falle < ( oo
! m(@l2 = 10no;
and similar for g/ (;, Z-(;)» completing the proof. O

From now on we will assume 7 is the identity permutation and €, = €, = €, = 1. Itis clear that
these assumptions are without loss of generality. We now have

Assertion F.5. Foralll <i<r

o, — 0; . = =N
1902 Gl gy — 0l s = Gl 12— B2l < e

20
where € = ( £ ) .

10”0’1

G Exact Completion via Convex Optimization

In the last step of our algorithm, once we have estimates &;, T;, U;, z;, we solve the following
optimization problem which we claim is strongly convex. Let S.. be the set of observed entries

in T.. For each 1 < i < r let y} be the unit vector in span(yi,...,¥,) that is orthogonal to
Yls--+yYio1>Yitls- - -, Ur- Define 2] similarly. We solve
, 2
min (T—Z(@(fz +a;)) @ (9i + b;) ®(2¢+ci)> 7
a;,bi,ci

i=1 S llg

with the constraints

10
0 0 < [|as]]oos [[Bi]]oos llcilloo g( co, ) forall1 <i<r.

10noq

e b -y;=0andc; -z, =0foralll <i<r.

Assume that Assertion[F.5]holds. We will prove the following three lemmas which will imply that the
optimization problem can be solved efficiently and yields the desired solution.

Lemma G.1. Assuming that Assertion[F3| holds, an optimal solution of (7)) is
o3 (yi - y;) (2 - 27) -~

U = <7< = ~Li T
/ !
o (Ui - yi)(zi - 27)
o /
b Yy ~
i = T Yi — Yi
Yi-Y;
Zi - 2 ~
C; = /ZZ'—Zi
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Lemma G.2. Assuming that Assertionholds, with 1 — ﬁ probability over the random sample
10

Lo . . . 02c® log?n (10rp oy
S, the objective function in (|7)) is - =k .
10r n c o

) -strongly convex.

Lemma G.3. Assuming that Assertionholds, with 1 — ﬁ probability over the random sample

) 10
S~ the objective function in (H} is 2002y - g n (10% : ﬂ) -smooth.

n2 o

First we demonstrate why these lemmas are enough to finish the proof of Theorem 3.2}

Proof of Theorem[3.2] Note that for the solution stated in Lemma|[G.1] the value of the objective in
(7) is 0 and thus the solution is a local minimum. Lemma[G.2]implies that the optimization problem
is strongly convex and thus this is actually the global minimum. Also since the ratio of the strong

2.2
convexity and smoothness parameters is 20:; Clﬁr , the optimization can be solved efficiently (see [23[)).

For the solution in Lemma|[G.T] the output of our FULL EXACT TENSOR COMPLETION ALGORITHM
is exactly 7. Thus combining Theorem Corollary and Theorem [F.4] with Lemma [G.1]
Lemma|G.2]and Lemma[G.3] we are done. O

G.1 The True Solution Satisfies the Constraints

First we show that the true solution 7" can be recovered while satisfying the constraints.

Proof of Lemma When

oi (i y)(zi-2)

QG = <7< = L — T
i (i - yi) (% - 2
~
b _ Yy ~
i = T Yi — Yi
Yi " Y;
Zi - 2 ~
C; — I

(3

then the value of the objective is 0 and we exactly recover 7. It remains to show that this solution
satisfies the constraints. It is immediate that the second constraint is satisfied. We now verify that
the first constraint is also satisfied. Note that the smallest singular value of V/, is at least c. Thus the
smallest singular value of the matrix with columns 41, ..., 9, is at least ¢ — er. In particular ; - y/
must be at least ¢ — er. Also the difference between g; - y; and y; - y; is at most e. Thus

g2 Gy g 2
c Yi*Y; c

Combining this with the fact that \a%ﬂ’ [lzi — Zill, llyi — @ills ||z — Zi]| < e, itis clear that the
first constraint is satisfied. O

G.2 The Optimization Problem is Strongly Convex

To show that the optimization problem is strongly convex, we will compute the Hessian of the
objective function. Let m be the magnitude of the largest entry of

T
T-) 660705
i=1

20
Note m < 10rc1€ where € = ( o ) .

10no1

Next, let & = max(o7q,...,0,). Note ¢ < 207. Also define

T
D=3 Giai®% ® % +6ifi ® bi © % + 6,5 © §i ® ¢;
i=1
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Note that the objective function can be written as
1D]s.113 + P(ai, bi, ci) ®)

where P is a polynomial with the following property: all terms of P of degree 2 have coefficients
with magnitude at most (10n7)%ma and all coefficients for higher degree terms have magnitude at
most (10n7)%52. Now to prove strong convexity we will lower bound the smallest singular value of
the Hessian of || D|s_||3 (with respect to the variables a;, b;, ¢;). Since m, a;, b;, c; are all small, we
can ensure that the contribution of P does not affect the strong convexity and this will complete the
proof.

G.2.1 Understanding the Hessian when S.. contains all entries

First we consider Hy, the Hessian of || D||3 i.e. when we are not restricted to the set of entries in S..
Jz CG

Claim G.4. The smallest eigenvalue of Hy is at least =5

Proof. Consider a directional vector v = (Ag,, Ay, Aeyyo ooy Ag,, Ap,, Ar, ). Then

2
T
0" Hovl|3 = || (6ila, ® G ® 5 + Gii ® Ay, @ 5 + G153 @ i ® Ae,)
i=1 2
We now lower bound the RHS. For each 4, let A, be the projection of A, onto span(zy, ..., ;)
and let Aji be the projection of A,, onto the orthogonal complement of span(zy, ..., Z,). Define

Ay, Abﬁ, AL, Aé similarly. We want to lower bound the squared Frobenius norm of
T
D (G, @F © 5 + 6.8 @ Ny, © 5 + Gy 975 © A,) =
i=1
T
Y (GAL OGRHE+GT RN, @5+ 6T QT @A)

=1

+Y GALOGRL+ Y GEHQAL @5+ Y GT: 07 QA
i=1 i=1 i=1
Let the four sums above be A, B, C, D respectively. A, B, C, D are pairwise orthogonal. Thus it
suffices to lower bound the Frobenius norm of each of them individually. First we lower bound the

Frobenius norm of A. Since A, is in span(zy, ...,Z,), it can be written as a linear combination of
T1,...,T, say
A =T 4+ aF
Furthermore , , g
() e (o) 2 I

We can use the same argument for A", A~ Also, since in our optimization problem we have the

constraints b; - y, = 0, ¢; - z; = 0, we know that the coefficients bgi), cl(-i) are 0. Thus we can write A
as a sum

T s T T T T
A=Y"N Gl segen+d. Y anetlgen+d. Y sneneds
i=1j=1 i=1 j=1,j%#i i=1 j=1,j7i
Note that the above is a linear combination of terms of the form &; ® §; ® Zj, and each term appears
at most once. Furthermore, the sum of the squares of the coefficients is at least

r PN AR AR (1AZ3
z:min(al,...,ar)2 14, 2—|-H bi 2-1—” c2
P r r r

Next, observe that the smallest singular value of the matrix with columns given by Z; ® §; ® Z;, for
1 <i,j,k <risatleast (c — re)3. Thus

.
14113 = (¢ = re)® Y min(a1, ..., 5;)° (
i=1

r T r

IAIB | IAGIE ||Aci|§>
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Now we lower bound the squared Frobenius norm of B. Each slice of B is a linear combination of
71 ® Z1,...,Yr ® Z. Note the matrix with columns given by 7; ® Z; for 1 <4, j < r has smallest

singular value at least (¢ — r¢)2. Thus if we let Aii[j] be the j™ entry of AL then the sum of the
squares of the entries in the j layer of B is at least

min(ay, ..., o7)%(c — re)* ((Aall[j])Q R (Aiﬁ]f) _

Overall we get

|B|I2 >me 51y 50)(c — re)t ((Aﬂ”)2+'“+ (Aﬂﬂf)

Jj=1

<

> min(oy,...,0, cfre42\|Ai‘i 2
i=1

Similarly
IC][5 > min(aT,...,57)%(c —re)* Y [|AG |5
=1

IDI3 > min(@y, ..., 57)%(c —re)* Y 1A 13-

i=1
Overall we have
T 2 2 2 2 2 min(ay, . . . a‘/ﬁ)Q(C - 7"6)6 2
|[v" Hovll5 = |[A]l5 + (B2 + [|C|] + [| D]z > " [[v]]3 >

G.2.2 Understanding the Hessian when |S..| is small

To prove Lemma |G.2} we want to go from a bound on the Hessian of ||D||3 to a bound on the
Hessian of ||D|g._||5. We will then use the fact that the Hessian of P(a;, b;, ¢;) is small and cannot
substantially affect the strong convexity.

Proof of Lemma Note that || D||3 is a sum of n® terms each of which is the square of a linear
function (corresponding to an entry). Each of these terms contributes a rank-1 term to the Hessian.
Furthermore, since all entries of 7;, 7;, Z; are at most /£~ + ¢, the operator norm of each of these

X N 4 4.2 2
rank 1 terms is at most 95212 ({/E- +¢)” < %.

n C

If we add each entry to S. with probability p = @(mﬂ - Z1)'0 then by Claim
with at least 1 — ﬁ probability, the sum of the rank 1 terms corresponding to entries of .S has

2 6
smallest singular value at leas Ugc

We have shown that with high probability, the smallest eigenvalue of the Hessian of || D|g_ HQ is at

least Z 4 p It remains to note that the Hessian of P(a;, b;, ¢;) has operator norm at most 10m2 for
all a;, b;, c; in the feasible set and thus the optimization problem we formulated is strongly convex
with parameter

02cb o2c log*n < 10ry oy ) 10

10r p 10r n? c oy

G.3 The Optimization Problem is Smooth
The proof that the objective function is smooth will follow a similar approach to that in Section[G.2}

We use the same notation as the previous section. Again, the first step will be to consider the Hessian
Hy of || D||3 when we are not restricted to the set of entries in S...
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Claim G.5. The largest eigenvalue of Hy is at most 5037.

Proof. Consider a directional vector v = (A,,, Ap,, Agyy ooy A, Ay, Ae,). Then

K
D (6ila, ®Fi @ Fi + 61 ® Dy, ® i + 63 O ® Ac,)
=1

[lo" Hovll3 =

2
Thus,

2

.

[[v" Hovlf3 < (Z 1670, ® §i ® Zill, + [|6:Ti @ Av, @ Zill, + [|6:T: @ §i @ Acillz>
=1

- 2
< (aZuAai o+ 180l + A 2>>

i=1

T
2 2 2
< Soir (Z [Aa:lly + 1A I3 + IAcin)

i=1
2
= 50irlvll;
which immediately implies the desired.
O

Now we can complete the proof of Lemma|[G.3]in the same way we proved Lemma[G.2]through a
matrix Chernoff bound and the fact that the Hessian of P(a;, b;, ¢;) is small.

Proof of Lemma[G.3] Note that ||Dg_||3 is a sum of |S.| terms each of which is the square of a
linear function (corresponding to an entry). Each of these terms contributes a rank-1 term to the
Hessian. Furthermore, since all entries of 1z, 4;, Z; are at most 4/ % + €, the operator norm of each
10r* ,u,zcrf

. N 4
of these rank 1 terms is at most 95272 (/EX +¢) < -
n n

If we add each entry to S. with probability p = @(M - 21)10 then by Claim ,

n? c
with at least 1 — ﬁ probability, the sum of the rank 1 terms corresponding to entries of .S has largest
singular value at most 10037p.

We have shown that with high probability, the largest eigenvalue of the Hessian of || D|s_||3 is at
26

most 10027 p. It remains to note that the Hessian of P(a;, b;, ¢;) has operator norm at most 1%;22

for all a;, b;, ¢; in the feasible set and thus the optimization problem we formulated is smooth with

parameter

log?n (1 10
QOUpr = 200%7" o8 N <07’,u . Gl)

n? c o

H Nearly Linear Time Implementation

Now we show how to implement our FULL EXACT TENSOR COMPLETION algorithm with running
time that is essentially linear in the number of observations (up to poly(r,logn, o1 /oy, p, 1/c)-
factors). We will assume that our observations are in a list of tuples giving the coordinates
and value i.e. (i,4,k,T;;5). Throughout this section, we use ¢ to denote a quantity that is

poly(r,logn, o1 /0oy, 1, 1/c).
H.1 Initialization

We will construct B implicitly, i.e. we will store the coordinates of all of its nonzero entries and their
values. To do this we can enumerate over all pairs (j, k) € [n]? such that there is some i € [n] for
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which we observe T;;;,. For each of these pairs (j, k) we take all pairs ¢, " such that T; ;5 and T}y,

are observed (we may have ¢ = ¢’) and update B,y . For each pair (4, k), let X, , be the number of
distinct 4 for which we observe T;;;. Note

n n

B33 <

j=1k=1

so the time complexity of this step and the sparsity of Bis essentially linear in the number of
observations.

Next to compute the top-r singular vectors of B we can use matrix powering (with the im-
plicit sparse representation for ). Note Lemmaimplies that there is a sufficient gap between the

r and r + 1% singular values of B that matrix powering converges within ¢ rounds. It is clear that
the remainder of the steps in the initialization algorithm can be completed in nearly linear time.

H.2 Alternating Minimization

Note that for the least squares optimization problem, it suffices to solve the optimization for each

row separately. For the rows of U, (T;41), let o1, .. ., 0, be the number of observations in each row.
The least squares problems for the rows have sizes oy, . . ., 0, respectively. Instead of constructing
the full matrix B; (which has size n?), we only need to compute the columns of B; that correspond
to actual observations, which can be done using the matrices V, Vyt, V!. Thus, the least squares
problems can be solved in time essentially linear in 0; + - - - 4 0,,. Overall, this implies that all of the
alternating minimization steps can be completed in nearly linear time.

H.3 Post-Processing

Note the projection step can be solved in nearly linear time and from it we obtain a representation of
T’ as a sum of 73 rank-1 tensors (corresponding to the basis given by V,, ® V,, @ V..

H.3.1 Jennrich’s Algorithm

Note we have an implicit representation of the tensor T" that we are decomposing as a sum of 73 rank-
1 components. Thus, we can compute implicit representations of 7(®), T(®) each as a sum of - rank-1
matrices. Next, we can use matrix powering with the implicit representations to compute the top r
principal components for 7@, T(®) (note the analysis in [21]] implies there is a sufficient gap between
the 7" and r + 1% singular values of these matrices). Now, we can compute the pseudo-inverses of the

rank-r matrices Tﬁa), 7Y (written implicitly as the sum of r rank-1 matrices) in npoly (r) operations.

T
We can compute the eigendecompositions of U = 7' (Tr(b))Jr and V = ((T,ga))J“Tr(b))

using implicit matrix powering again (the analysis in [21] implies that with 0.99 probability,
the eigenvalues of these matrices are sufficiently separated). These operations all take n( time.
Finally, we show that once we have (u1,v1),..., (ur,v,), we can solve for wy,...,w,. To
do this, instead of solving the full least squares problem, we will choose a random subset of
poly(r,logn,o1/0, i1, 1/c) entries within each layer of the tensor 7" and solve the least squares
optimization restricted to those entries.

To see why this works, first note that the subspaces spanned by uq,...,u, and vy,...,v,
are 2pu-incoherent (the proof of Theorem implies that uq,...,u, and vq,...,v, are close
to the true factors up to some permutation). Next, let A be the matrix with columns given by
up ® vy,...,u @ v.. Note that if A’ is a matrix constructed by selecting a random subset of
poly(r,logn, o1 /0., i, 1/c) rows of A, then with 1 — —L; probability, A" is well-conditioned (by
incoherence and the matrix Chernoff bound in Claim|[C.9). Since A’ is well-conditioned, the solution
to the restricted least squares optimization problem must still be close to the true solution.

Thus, the entire least-squares optimization can be completed in n{ time. Overall, we con-
clude that the tensor decomposition step can be completed in n( time.
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H.3.2 Convex Optimization

It remains to show that the final optimization problem can be solved in nearly linear time. Note
the size of the optimization problem is npoly(r, log n, 1 /0, p, 1/¢). Lemma|G.2)and Lemma
imply that the condition number of this convex optimization problem is poly(r,logn, o1 /o, 1, 1/c
so it can be solved in n( time.

I Code for Experiments

import numpy as np
from sklearn.decomposition import TruncatedSVD
from sklearn.linear_model import LinearRegression

#size of temsor

n = 200
#CP rank of tensor
r =4

#number of observations
num_samples = 50000
p = min(float(num_samples/ (n*n*n)), 1)

#Whether initialization s random or computed using initialization step
randominit = True

#Whether the underlying tensor will have correlated components
correlated = True

#Whether observations are exact or noisy
noisy = True
noise_size = 0.1

#which algorithm to rTun
#can be "Matrixz Alt Min, Tensor Powering, Subspace Powering, all"”
which_alg = "Tensor Powering"

save_file = "tensorpowering+noisy200_4_50000.csv"

#Number of different tensors to run on
num_runs = 100

#Number of iterations per run
num_iter = 400

#min error threshold
threshold = 10**(-13)

#generate random uncorrelated tensor

def gen(n,r):
coeffs = np.ones(r)
x_vecs = np.random.normal(0,1, (r,n))
y_vecs = np.random.normal(0,1, (r,n))
z_vecs = np.random.normal(0,1, (r,n))
return (coeffs, x_vecs,y_vecs,z_vecs)
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#generate random correlated tensor
def gen_biased(n,r):

coeffs =
X_vecs
y_vecs =
zZ_vecs =
for i in

np.zeros(r)

= np.zeros((r,n))

np.zeros((r,n))
np.zeros ((r,n))
range (r) :

coeffs[i] = 0.5%*i
if (i==0):

x_vecs[i] = np.sqrt(n) *
normalize(np.random.normal(0,1,n))
y_vecs[i] = np.sqrt(n) *
normalize(np.random.normal(0,1,n))
z_vecs[i] = np.sqrt(n) *
normalize(np.random.normal(0,1,n))

else:

x_vecs[i] = np.sqrt(n) =*
normalize (np.random.normal (0,0.5,n) + x_vecs[0])
y_vecs[i] = np.sqrt(n) =*
normalize(np.random.normal(0,0.5,n) + y_vecs[0])
z_vecs[i] = np.sqrt(n) *
normalize(np.random.normal(0,0.5,n) + z_vecs[0])

return (coeffs, X_vecs,y_vecs,z_vecs)

#evaluate tensor given coordinates
def T(i,j,k, coeffs, x_vecs, y_vecs, z_vecs):

ans = 0
for a in

range(r):

ans += coeffs[a] * x_vecs[al[i] * y_vecs[al [j] * z_vecs[a] [k]
return ans

#sample observations, a s num_samples
#returns 3 lists of coordinates

def sample(a):

samples =

x_coords
y_coords
z_coords

np.random. choice(n**3, a, replace=False)

= samples’n

= (((samples - x_coords)/n)%n) .astype(int)

= (((samples - n*y_coords - x_coords)/(n*n))%n).astype(int)

return (x_coords, y_coords, z_coords)

#Given samples and tensor T, construct dictionary z_dict that stores the

observations
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def fill(x_coords, y_coords, z_coords, coeffs, x_vecs, y_vecs, z_vecs,
x_dict):
num_samples = x_coords.size
for i in range(num_samples):
#For z_dict coordinates are in order z,Yy,2z
if (x_coords[i] in x_dict.keys()):
if (y_coords[i] in x_dict[x_coords[i]].keys()):
if(z_coords[i] in x_dict[x_coords[i]] [y_coords
[i1] .keys () :
pass
else:
x_dict[x_coords[il] [y_coords[il][
z_coords[i]] = T(x_coords[i] ,
y_coords[i] , z_coords[i], coeffs,
X_vecs, y_vecs, z_vecs)
else:
x_dict[x_coords[il] [y_coords[il] = {2
x_dict[x_coords[i]] [y_coords[i]] [z_coords[i]]
= T(x_coords[i] , y_coords[i] , z_coords[i
1, coeffs, x_vecs, y_vecs, z_vecs)
else:
x_dict[x_coords[il] = {}
x_dict[x_coords[il] [y_coords[il] = {2}
x_dict[x_coords[i]] [y_coords[i]] [z_coords[i]] = T(
x_coords[i] , y_coords[i] , z_coords[i], coeffs,
X_vecs, y_vecs, z_vecs)

#normalize vector

def normalize(v):
u = v/np.linalg.norm(v)
return u

#given rzn array, output orthonormal basis
def orthonormalize(V):
a = len(V)
b = len(V[0])
for i in range(a):
for j in range(i):
V[i] = V[i] - np.dot(V[i],V[j1)*V[j]
V[i] = normalize(V[i])
return V

#implicit sparse matriz multiplication where M ts stored as a dictionary
def mult(M,v):
u = np.zeros(n)
for coordl in M.keys():
for coord2 in M[coordl] .keys():
ulcoord1l] += M[coordl] [coord2] * v[coord2]
return u

#Compute initial subspace estimates
def initialization(x_dict):
M_x = np.zeros((n,n))
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for x in x_dict.keys():
for y in x_dict[x].keys():
for z1 in x_dict[x][y].keys():
for z2 in x_dict[x][y].keysQ):
val = x_dict[x][y][z1] * x_dict[x][y]l[

z2]
if(zl == z2):
val = val/p
else:
val = val/(p*p)

M_x[z1] [z2] += val
svd = TruncatedSVD(n_components=r)
svd.fit(M_x)
return(svd.components_)

#Unfold and perform matriz completion via altmin
def matrix_altmin(V_x, V_yz):
#Solve for next iteration of z
lsq_solution = []
for i in range(n):
features = []
target = []
for y_coord in x_dict[i].keys():
for z_coord in x_dict[i] [y_coord] .keys():
features.append(V_yz[n*y_coord + z_coord])
target.append(x_dict[i] [y_coord] [z_coord])

features = np.array(features)
target = np.array(target)

reg = LinearRegression(fit_intercept = False).fit(features,
target)
lsq_solution.append(reg.coef_)

x_solution = np.array(lsq_solution)

#Solve for next iteration of yz
lsq_solution2 = []
for i in range(n):
for j in range(n):
features = []
target = []
if i in y_dict.keys() and j in y_dict[i].keysQ:
for x_coord in y_dict[i] [j].keysQ:
features.append(x_solution[x_coord])
target.append(y_dict[i] [j] [x_coord])
features = np.array(features)
target = np.array(target)

reg = LinearRegression(fit_intercept = False).
fit(features, target)
1lsq_solution2.append(reg.coef_)
else:

1sq_solution?2.append(np.zeros(r))

newV_x = x_solution
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newV_yz =np.array(lsq_solution2)
return(newV_x, newV_yz)

#Normalized MSE for unfolded matrixz completion
def eval_error_matrix(V_x,V_yz):
#take random sample of entries to speed up evaluation
num_trials = 1000
total_error = 0
total_norm = 0
for i in range(num_trials):
x = np.random.randint (n)
y = np.random.randint (n)
z = np.random.randint (n)

prediction = 0
for j in range(r):
prediction += V_x[x]1[j]l * V_yz[n * y + z][j]

true_val = T(x,y,z, coeffs, x_vecs,y_vecs, z_vecs)

total_norm += np.square(true_val)
total_error += np.square(prediction - true_val)
return np.sqrt(total_error/total_norm)

#altmin for maive tensor powering
def power_altmin(V_x, V_y, V_z , x_dict):

lsqg_solution = []
for i in range(n):
features = []
target = []
for y_coord in x_dict[i].keys():
for z_coord in x_dict[i] [y_coord] .keys():

#subsample to speed up and get "unstuck"”
check = np.random.randint(2)
if (check == 0):
features.append(np.multiply(V_y[y_coord
1, V_z[z_coord]))
target.append(x_dict[i] [y_coord] [
z_coord])

features = np.array(features)
target = np.array(target)

reg = LinearRegression(fit_intercept = False).fit(features,

target)
lsq_solution.append(reg.coef_)

1lsq_solution = np.array(lsq_solution)
return(lsq_solution)
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#Normalized MSE for naive temsor powering
def eval_error_direct(V_x,V_y,V_z, x_dict):

num_trials = 1000

total_error = 0

total_norm = 0

for i in range(num_trials):
x = np.random.randint (n)
y = np.random.randint (n)
z = np.random.randint (n)

prediction = 0
for j in range(r):
prediction += V_x[x][j] * V_y[yl[j] * V_z[z][j]

true_val = T(X,y,z, coeffs, x_vecs,y_vecs, z_vecs)

total_norm += np.square(true_val)
total_error += np.square(prediction - true_val)
return np.sqrt(total_error/total_norm)

#altmin for our algorithm
def subspace_altmin(V_x, V_y, V_z , x_dict):

lsq_solution = []
for i in range(n):
features = []
target = []
for y_coord in x_dict[i] .keys():
for z_coord in x_dict[i] [y_coord] .keys():

#subsample to speed up and get "unstuck"”
check = np.random.randint(2)
if (check == 0):
features.append(np.tensordot (V_y[
y_coord], V_z[z_coord] , axes = 0).
flatten())
target.append(x_dict[i] [y_coord] [
z_coord])

features = np.array(features)
target = np.array(target)

reg = LinearRegression(fit_intercept = False).fit(features,

target)
1sq_solution.append(reg.coef_)

lsq_solution = np.transpose(np.array(lsq_solution))
svd = TruncatedSVD(n_components=r)
svd.fit(1lsq_solution)

return(np.transpose(svd.components_))

39



#Normalized MSE for our algorithm
def eval_error_subspace(V_x,V_y,V_z, x_dict):

features = []

target = []

#Find coefficients in V.z =z V_y = V_z basis

for x_coord in x_dict.keys():

for y_coord in x_dict[x_coord].keysQ:
for z_coord in x_dict[x_coord] [y_coord].keysQ:

#speed up by using less entries
check = np.random.randint(10)
if (check == 0):
target.append(x_dict [x_coord] [y_coord] [
z_coord])
part = np.tensordot(V_x[x_coord], V_yl[
y_coord], axes = 0).flatten()
full = np.tensordot(part, V_z[z_coord],
axes = 0).flatten()
features.append(full)

features = np.array(features)

target = np.array(target)

reg = LinearRegression(fit_intercept = False).fit(features, target)
solution_coeffs = reg.coef_

#print (reg.score(features, target))

#print (solution_coeffs)

#Evaluate RMS error

num_trials = 1000

total_error = 0

total_norm = 0

for i in range(num_trials):
X = np.random.randint (n)
y = np.random.randint(n)
z = np.random.randint (n)

part = np.tensordot(V_x[x], V_yl[yl, axes = 0).flatten()
feature = np.tensordot(part, V_z[z], axes = 0).flatten()
prediction = np.dot(feature, solution_coeffs)

true_val = T(x,y,z, coeffs, x_vecs,y_vecs, z_vecs)
total_norm += np.square(true_val)

total_error += np.square(prediction - true_val)
return np.sqrt(total_error/total_norm)

#Keep track of errors for all runs
all_errors = []
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for run in range(num_runs):
#store error over time for this run
error = []
curr_error = 1.0

#Construct random tensor
if (correlated):

coeffs, x_vecs,y_vecs,z_vecs = gen_biased(n,r)
else:

coeffs, x_vecs,y_vecs,z_vecs = gen(n,r)
x_coords,y_coords,z_coords = sample(num_samples)

#x_dict,y_dict, z_dict each stores all observed entries
#x_dict has coordinates in order T,y,z
#y_dict has coordinates in order y,z,T
#z_dict has coordinates in order z,z,y

x_dict = {}

y_dict = {}

z_dict = {}

fill(x_coords, y_coords, z_coords, coeffs, x_vecs, y_vecs, z_vecs,
x_dict)

fill(y_coords, z_coords, x_coords, coeffs, y_vecs, z_vecs, x_vecs,
y_dict)

fill(z_coords, x_coords, y_coords, coeffs, z_vecs, x_vecs, y_vecs,
z_dict)

#4dd Noise
if (noisy):
for x_coord in x_dict.keys():
for y_coord in x_dict[x_coord].keys():
for z_coord in x_dict[x_coord] [y_coord] .keysQ):

x_dict[x_coord] [y_coord] [z_coord] += np.
random.normal (O,noise_size)

y_dict[y_coord] [z_coord] [x_coord] += np.
random.normal (0,noise_size)

z_dict[z_coord] [x_coord] [y_coord] += np.
random.normal (O,noise_size)

#Initialization
if (randominit) :

V_x = np.random.normal(0,1, (r,n))
= np.random.normal (0,1, (r,n))
= np.random.normal (0,1, (r,n))
= orthonormalize(V_x)
orthonormalize (V_y)
= orthonormalize(V_z)
= np.transpose(V_x)
= np.transpose(V_y)
= np.transpose(V_z)

<<<<:I<<<<:
N< M N< X N<
I

else:
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<|<<
N < ™
I

= np.transpose(initialization(y_dict))
np.transpose(initialization(z_dict))
np.transpose(initialization(x_dict))

#For unfolding and matrixz completion
V_xmat = np.random.normal(0,1, (r,n))
V_yzmat = np.random.normal(0,1, (r, n*n))
V_xmat = orthonormalize (V_xmat)

V_yzmat = orthonormalize(V_yzmat)

V_xmat = np.transpose(V_xmat)

V_yzmat = np.transpose(V_yzmat)

V_x2 = np.copy(V_x)
V_y2 = np.copy(V_y)
V_z2 = np.copy(V_z)

print(n)
print(r)
print (num_samples)

#AltMin Steps

for i in range(num_iter):

print (i)

if (which_alg == "Matrix Alt_ Min" or which_alg == "all"):
print ("Matrix, ,Alt Min")
V_xmat, V_yzmat = matrix_altmin(V_xmat, V_yzmat)
curr_error = eval_error_matrix(V_xmat, V_yzmat)
print (curr_error)
error.append(curr_error)

if (which_alg == "Tensor Powering" or which_alg == "all"):
print ("Tensor Powering")
if (curr_error > threshold):

V_x = power_altmin(V_x,V_y,V_z, x_dict)

V_y = power_altmin(V_y,V_z,V_x, y_dict)

V_z = power_altmin(V_z,V_x,V_y, z_dict)

curr_error = eval_error_direct(V_x,V_y,V_z,
x_dict)

print (curr_error)
error.append(curr_error)

if (which_alg == "Subspace Powering" or which_alg == "all"):
print ("Subspace Powering")
if (curr_error > threshold):

V_x2 = subspace_altmin(V_x2,V_y2,V_z2, x_dict)

V_y2 = subspace_altmin(V_y2,V_z2,V_x2, y_dict)

V_z2 = subspace_altmin(V_z2,V_x2,V_y2, z_dict)

curr_error = eval_error_subspace(V_x2,V_y2,
V_z2, x_dict)

print (curr_error)
error.append(curr_error)
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all_errors.append(error)
to_save = np.transpose(np.array(all_errors))

avg_errors = np.mean(to_save, axis = 0)
np.savetxt(save_file, to_save, delimiter=",6")
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