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Abstract

Bayesian methods of matrix factorization (MF) have been actively explored re-
cently as promising alternatives to classical singular value decomposition. In this
paper, we show that, despite the fact that the optimization problem is non-convex,
the global optimal solution of variational Bayesian (VB) MF can be computed
analytically by solving a quartic equation. This is highly advantageous over a
popular VBMF algorithm based on iterated conditional modes since it can only
find a local optimal solution after iterations. We further show that the global opti-
mal solution of empirical VBMF (hyperparameters are also learned from data) can
also be analytically computed. We illustrate the usefulness of our results through
experiments.

1 Introduction

The problem of finding a low-rank approximation of a target matrix through matrix factorization
(MF) attracted considerable attention recently since it can be used for various purposes such as
reduced rank regression [19], canonical correlation analysis (8], partial least-squares [27, 21],
multi-class classification [1], and multi-task learning [7, 29].

Singular value decomposition (SVD) is a classical method for MF, which gives the optimal low-
rank approximation to the target matrix in terms of the squared error. Regularized variants of SVD
have been studied for the Frobenius-norm penalty (i.e., singular values are regularized by the /5-
penalty) [17] or the trace-norm penalty (i.e., singular values are regularized by the ¢, -penalty) [23].
Since the Frobenius-norm penalty does not automatically produce a low-rank solution, it should be
combined with an explicit low-rank constraint, which is non-convex. In contrast, the trace-norm
penalty tends to produce sparse solutions, so a low-rank solution can be obtained without explicit
rank constraints. This implies that the optimization problem of trace-norm MF is still convex, and
thus the global optimal solution can be obtained. Recently, optimization techniques for trace-norm
MF have been extensively studied [20, 6, 12, 25].

Bayesian approaches to MF have also been actively explored. A maximum a posteriori (MAP)
estimation, which computes the mode of the posterior distributions, was shown [23] to correspond to
the ¢1-MF when Gaussian priors are imposed on factorized matrices [22]. The variational Bayesian
(VB) method [3, 5], which approximates the posterior distributions by factorized distributions, has
also been applied to MF [13, 18]. The VB-based MF method (VBMF) was shown to perform well
in experiments, and its theoretical properties have been investigated [15].
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Figure 1: Matrix factorization model. H < L < M. A= (a1,...,ay)and B = (by,...,by).

However, the optimization problem of VBMF is non-convex. In practice, the VBMF solution is
computed by the iterated conditional modes (ICM) [4, 5], where the mean and the covariance of the
posterior distributions are iteratively updated until convergence [13, 18]. One may obtain a local
optimal solution by the ICM algorithm, but many restarts would be necessary to find a good local
optimum.

In this paper, we first show that, although the optimization problem is non-convex, the global opti-
mal solution of VBMF can be computed analytically by solving a quartic equation. This is highly
advantageous over the standard ICM algorithm since the global optimum can be found without any
iterations and restarts. We next consider an empirical VB (EVB) scenario where the hyperparam-
eters (prior variances) are also learned from data. Again, the optimization problem of EVBMF is
non-convex, but we still show that the global optimal solution of EVBMF can be computed analyti-
cally. The usefulness of our results is demonstrated through experiments.

Recently, the global optimal solution of VBMF when the target matrix is square has been obtained
in [15]. Thus, our contribution to VBMF can be regarded as an extension of the previous result to
general rectangular matrices. On the other hand, for EVBME, this is the first paper that gives the
analytic global solution, to the best of our knowledge. The global analytic solution for EVBMEF is
shown to be highly useful in experiments.

2 Bayesian Matrix Factorization

In this section, we formulate the MF problem and review a variational Bayesian MF algorithm.

2.1 Formulation
The goal of MF is to approximate an unknown target matrix U (€ RE*M) from its n observations
Vn — {V(l) c RLXM}?:l.

We assume that L < M. If L > M, we may simply re-define the transpose U " as U so that L < M
holds. Thus this does not impose any restriction.

A key assumption of MF is that U is a low-rank matrix. Let H (< L) be the rank of U. Then
the matrix U can be decomposed into the product of A € RM*H and B € REXH a5 follows (see
Figure 1):

U=BAT.
Assume that the observed matrix V is subject to the following additive-noise model:
V=U+¢€,

where £ (€ RE*M) is a noise matrix. Each entry of £ is assumed to independently follow the
Gaussian distribution with mean zero and variance 2. Then, the likelihood p(V"|A, B) is given by

p(V"|4, B) ox exp <_2a2 > IV - BATH%m) :

i=1

where || - || o denotes the Frobenius norm of a matrix.



2.2 Variational Bayesian Matrix Factorization

We use the Gaussian priors on the parameters A = (ay,...,ayg) and B = (by,...,by):
b (Aln(B). where 6 (A ~lanl” s LA
O(U) = 6a(A)om(B), where o (4) oxexp (=3 T8 - | and (1) xxp (-3 55 )

th and cfh are hyperparameters corresponding to the prior variance. Without loss of generality, we

assume that the product c,,, ¢y, is non-increasing with respect to h.

Let (A, B|V") be a trial distribution for A and B, and let Fyp be the variational Bayes (VB) free
energy with respect to (A, B|V"):

r(A,B|Vn)>
Fyg(r|y" =<10g 7
ve(r[V") p(V" A, B) [ (4, Bjvm)

where (), denotes the expectation over p.

The VB approach minimizes the VB free energy Fyp(r|V™) with respect to the trial distribution
r(A, B|V™), by restricting the search space of (A, B|V™) so that the minimization is computation-
ally tractable. Typically, dissolution of probabilistic dependency between entangled parameters (A
and B in the case of MF) makes the calculation feasible:!

H
r(4, BIV") = [] ra, (@n[V")rs, (6aV"). (1
h=1
The resulting distribution is called the VB posterior. The VB solution UV
posterior mean:

is given by the VB

ﬁVB = <BAT>r(A,B\v")-

By applying the variational method to the VB free energy, we see that the VB posterior can be
expressed as follows:
H
T(Aa B‘Vn) = H NM(ah; I‘l’ah7 Eah)NL(bh; ll/bha th)a
h=1
where Ny (+; p, X) denotes the d-dimensional Gaussian density with mean g and covariance matrix
2 g, s By, s 2ay > and Xy, satisfy

= =5 = = _ nﬂh _92
Mah_Eah_‘hubh’ I'Lbh_zbh“h/l'aw Eah_ (?—i—cah

where I; denotes the d-dimensional identity matrix, and
ap = |, I? +t0(Za,)s Br = Iy, I* + tx(Zs,),

_ n /— — 1< i

:hzi(v_zubh’u;‘rh’)’ VZ*ZV().

o n 4
h'#h i=1

The iterated conditional modes (ICM) algorithm [4, 5] for VBMF (VB-ICM) iteratively updates

K, > By, » 2ay,» and 2y, by Eq.(2) from some initial values until convergence [13, 18], allowing one

to obtain a local optimal solution. Finally, an estimator of U is computed as

H
77VB—ICM __ E T
U - th”ah'
h=1

nop,

-1 -1
) s Z= (" ra?) I, @

o2

2

When the noise variance o~ is unknown, it may be estimated by the following re-estimation formula:

1 (1, & S
o= e (SO Sl | S (0 i, 2, 7))
h=1 h=1

i=1
which corresponds to the derivative of the VB free energy with respect to o2 set to zero (see Eq.(4)
in Section 3). This can be incorporated in the ICM algorithm by updating o2 from some initial value
by the above formula in every iteration of the ICM algorithm.

? Hl"bh

Fro

!Although a weaker constraint, (A, B|V™) =74 (A|V")rg(B|V™), is sufficient to derive a tractable itera-
tive algorithm [13], we assume the stronger one (1) used in [18], which makes our theoretical analysis tractable.



2.3 Empirical Variational Bayesian Matrix Factorization

In the VB framework, hyperparameters (c and cb in the current setup) can also be learned from
data by minimizing the VB free energy, which is called the empirical VB (EVB) method [5].

By setting the derivatives of the VB free energy with respect to cah and cbh to zero, the following
optimality condition can be obtained (see also Eq.(4) in Section 3):

ah Ozh/M and Cb; —ﬂh/L (3)

The ICM algorithm for EVBMF (EVB-ICM) is to iteratively update cgh and c%h by Eq.(3), in addi-
tion to p,, , fy, » Xa,» and 2y, by Eq.(2). Again, one may obtain a local optimal solution by this
algorithm.

3 Analytic-form Expression of Global Optimal Solution of VBMF

In this section, we derive an analytic-form expression of the VBMF global solution.

The VB free energy can be explicitly expressed as follows.

L
Fyg(rym) =2

ah

H
M M L 1 ﬂh
log02+z<2logca} log|2ah|+2 5 Elogcﬁh—ilog\ﬂbh\jL ; )
h=
2 H
n 2 2
oo > (b — e, Pl 7).

Fro =1

H
=D HuHa,
h=1
where | - | denotes the determinant of a matrix. We solve the following problem:
Given (ci ,c; )ER%, (Vh=1,...,H), 0® € Ry,

min FVB({”’ah’/l’bh,aEah,7Ebh,;h:17"'7H})
st p,, €RY p, eRV X, eS| %, eSk, (Vvh=1,... H),

where S‘fr . denotes the set of d X d symmetric positive-definite matrices. This is a non-convex
optimization problem, but still we show that the global optimal solution can be analytically obtained.

Let v, (> 0) be the h-th largest singular value of V, and let w,, and wy, be the associated right
and left singular vectors:?
L
V=2 mwsw
h=1

Let 7}, be the second largest real solution of the following quartic equation with respect to ¢:
fut) =t + &1 + &2 + &t + & =0, 5)

where the coefficients are defined by

e 2 2\72 1
53:%, 52‘(53’Yh+(L +M)nh+ 20 )» & = &/,

LM LM n%c2, g
2
4 2 o2
~2 (2 o) o°L M 2
S a— = (1-2Z) (1-
€o (nh n263h05h> S ( ”’Y}QL) ( 2 ) Vh-
Let
2
- | (L+M)o? n ot (L+ M)o? ot 3 LMo4 ©)
Th = 2n 271263} cg 2n 2n2c2 c% n?
h h h h

Then we can analytically express the VBMF solution UVB asin the following theorem.

*In our analysis, we assume that V' has no missing entry, and its singular value decomposition (SVD) is
easily obtained. Therefore, our results cannot be directly applied to missing entry prediction.



Theorem 1 The global VB solution can be expressed as

~ 5 if v > ih
VB — h VB _ )Tk #n ’
Z e o WHETE Th 0  otherwise.

Sketch of proof: We first show that minimizing (4) amounts to a reweighed SVD and any minimizer
is a stationary point. Then, by analyzing the stationary condition (2), we obtain an equation with
respect to 7y as a necessary and sufficient condition to be a stationary point (note that its quadratic
approximation gives bounds of the solution [15]). Its rigorous evaluation results in the quartic equa-
tion (5). Finally, we show that only the second largest solution of the quartic equation (5) lies within
the bounds, which completes the proof. |

The coefficients of the quartic equation (5) are analytic, so 7 can also be obtained analytically3 s
e.g., by Ferrari’s method [9] (we omit the details due to lack of space). Therefore, the global VB
solution can be analytically computed. This is a strong advantage over the standard ICM algorithm
since many iterations and restarts would be necessary to find a good solution by ICM.

Based on the above result, the complete VB posterior can also be obtained analytically as follows.

Corollary 2 The VB posteriors are given by

H H
ra(AY") = HNJVI(GIMNahaEa;L)a rg(BIV") = HNM(bM/J'bhvah))

h=1 h=1

where, for %\L]B being the solution given by Theorem I,

ua}z:i\/wTah-wahﬁ th::t\ljy\}\L/B(S}?l'wbhu

s _ (= (ni — 0*(M — L)) + /(nj} — 02(M — L))? + 4Mno?7;, I
o 2nM(AVB(571 +n-1lo2cg?) 7

1

S (nn; + o*( L))+ /(nj} + 0*>(M — L))? + 4Lno?n; I
" 2nL(’yhB(5h +n-lo cbhz) 7

5 n(M — L)(yn —3)°) + \/nQ(M — L) (yy —AYVB)2 + Jg’ifg]}u
" 202 Mcg,? ’

g otherwise.
ncah Cbh

i > Vhs
T 2

When the noise variance o2 is unknown, one may use the minimizer of the VB free energy with
respect to o2 as its estimate. In practice, this single-parameter minimization may be carried out
numerically based on Eq.(4) and Corollary 2.

4 Analytic-form Expression of Global Optimal Solution of Empirical VBMF

In this section, we solve the following problem to obtain the EVBMF global solution:
Given o2 € Ry,
min - Fyp({fa, , By, > Zans Zbn, CopsCosh=1,..., H})
st pg, ERM p, eRF, X, esl | %, esk,, (¢, ¢ )eERL, (Vh=1,...,H),

where R‘i . denotes the set of the d-dimensional vectors with positive elements. We show that, al-
though this is again a non-convex optimization problem, the global optimal solution can be obtained
analytically. We can observe the invariance of the VB free energy (4) under the transform

{(Huh)”bh Yans Lo s ahvcb; }—>{ Shilbq,, Sy, th ShEa;aSh Eb;v a,vShQCih)}

3In practice, one may solve the quartic equation numerically, e.g., by the ‘root s’ function in MATLAB®.
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Figure 2: Profiles of the VB free energy (4) when L = M = H = 1, n = 1, and 0% = 1 for
observations V' = 1.5, 2.1, and 2.7. (a) When V =15 <2 = Uy the VB free energy is monotone
increasing and thus the global solution is given by ¢;, — 0. (b) When V = 2.1 > 2 = Ve @ local
minimum exists at ¢, = ¢, ~ 1.37, but Ay ~ 0.12 > 0 so ¢;, — 0 is still the global solutlon (©)
WhenV =2.7>2 = Vpyo Ap =~ —0.74 < 0 and thus the minimizer at ¢;, = ¢, = 2.26 is the global
solution.

for any {s, # 0;h = 1,..., H}. Accordingly, we fix the ratios to ¢, /¢y, = S > 0, and refer to
Ch i= Cq,Cp, also as a hyperparameter.

Let

h

} 1 (L + M)o? (L+ M)o2\”> 4LMo*
2 2 2 _
& =557 | " +\/<v - ol B (M

1, = (VI + Vo /v,

Then, we have the following lemma:

Lemma 3 [f~, > Vi the VB free energy function (4) can have two local minima, namely, c;, — 0
and cp, = Cp,. Otherwzse cp, — 0 is the only local minimum of the VB free energy.

Sketch of proof: Analyzing the region where ¢y, is so small that the VB solution given ¢, is 75, = 0,
we find a local minimum ¢;, — 0. Combining the stationary conditions (2) and (3), we derive a
quadratic equation with respect to ¢; whose larger solution is given by Eq.(7). Showing that the
smaller solution corresponds to saddle points completes the proof. |

Figure 2 shows the profiles of the VB free energy (4) when L =M = H =1,n =1,and 0% =1
for observations V' = 1.5, 2.1, and 2.7. As illustrated, depending on the value of V/, either ¢, — 0
or cp, = ¢y, is the global solution.

Let

Th o Yh o n o o
Ay, = Mlog (M 5B 1) + Llog (L VB 4+ 1) + 5 (<23 + LME) . ®)
where %YB is the VB solution for ¢;, = ¢;,. We can show that the sign of A}, corresponds to that of
the difference of the VB free energy at ¢, = ¢;, and ¢, — 0. Then, we have the following theorem
and corollary.

Theorem 4 The hyperparameter ¢y, that globally minimizes the VB free energy function (4) is given
by ¢y, = Cp if v > 7, and Ay, < 0. Otherwise ¢, — 0.

Corollary 5 The global EVB solution can be expressed as

JEVB _ ZAEVB where FEVB .= B ifm >, and Ay <0,
“a 0 otherwise.

Since the optimal hyperparameter value ¢, can be expressed in a closed-form, the global EVB
solution can also be computed analytically using the result given in Section 3. This is again a strong
advantage over the standard ICM algorithm since ICM would require many iterations and restarts to
find a good solution.



5 Experiments

In this section, we experimentally evaluate the usefulness of our analytic-form solutions using arti-
ficial and benchmark datasets. The MATLAB® code will be available at [14].

5.1 Artificial Dataset

We randomly created a frue matrix V* = Zle bZa;T with L = 30, M = 100, and H* = 10,
where every element of {ay,, b, } was drawn independently from the standard Gaussian distribution.
We set n = 1, and an observation matrix V' was created by adding independent Gaussian noise with
variance 02 = 1 to each element. We used the full-rank model, i.e., H = L = 30. The noise
variance o2 was assumed to be unknown, and estimated from data (see Section 2.2 and Section 3).

We first investigate the learning curve of the VB free energy over EVB-ICM iterations. We created
the initial values of the EVB-ICM algorithm as follows: g, and p;,, were set to randomly created

orthonormal vectors, X, and X, were set to identity matrices multiplied by scalars o2, and Jgh ,

respectively. o2, and o7 as well as the noise variance o were drawn from the x*-distribution with
degree-of-freedom one. 10 learning curves of the VB free energy were plotted in Figures 3(a). The
value of the VB free energy of the global solution computed by our analytic-form solution was also
plotted in the graph by the dashed line. The graph shows that the EVB-ICM algorithm reduces the
VB free energy reasonably well over iterations. However, for this artificial dataset, the convergence
speed was quite slow once in 10 runs, which was actually trapped in a local minimum.

Next, we compare the computation time. Figure 3(b) shows the computation time of EVB-ICM over
iterations and our analytic form-solution. The computation time of EVB-ICM grows almost linearly
with respect to the number of iterations, and it took 86.6 [sec] for 100 iterations on average. On the
other hand, the computation of our analytic-form solution took only 0.055 [sec] on average, includ-
ing the single-parameter search for o2. Thus, our method provides the reduction of computation
time in 4 orders of magnitude, with better accuracy as a minimizer of the VB free energy.

Next, we investigate the generalization error of the global analytic solutions of VB and EVB, mea-
sured by G = || U — V*||4,,/(LM). Figure 3(c) shows the mean and error bars (min and max)
over 10 runs for VB with various hyperparameter values and EVB. A single hyperparameter value
was commonly used (i.e., ¢c; = --- = cpg) in VB, while each hyperparameter c;, was separately
optimized in EVB. The result shows that EVB gives slightly lower generalization errors than VB
with the best common hyperparameter. Thus, automatic hyperparameter selection of EVB works
quite well.

Figure 3(d) shows the hyperparameter values chosen in EVB sorted in the decreasing order. This
shows that, for all 10 runs, ¢y, is positive for h < H* (= 10) and zero for h > H*. This implies that
the effect of automatic relevance determination [16, 5] works excellently for this artificial dataset.

5.2 Benchmark Dataset

MEF can be used for canonical correlation analysis (CCA) [8] and reduced rank regression (RRR)
[19] with appropriately pre-whitened data. Here, we solve these tasks by VBMF and evaluate the
performance using the concrete slump test dataset [28] available from the UCI repository [2].

The experimental results are depicted in Figure 4, which is in the same format as Figure 3. The
results showed that similar trends to the artificial dataset can still be observed for the CCA task with
the benchmark dataset (the RRR results are similar and thus omitted from the figure). Overall, the
proposed global analytic solution is shown to be a useful alternative to the popular ICM algorithm.

6 Discussion and Conclusion

Overcoming the non-convexity of VB methods has been one of the important challenges in the
Bayesian machine learning community, since it sometimes prevented us from applying the VB meth-
ods to highly complex real-world problems. In this paper, we focused on the MF problem with no
missing entry, and showed that this weakness could be overcome by computing the global optimal
solution analytically. We further derived the global optimal solution analytically for the EVBMF
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Figure 3: Experimental results for artificial dataset.
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Figure 4: Experimental results of CCA for the concrete slump test dataset.

method, where hyperparameters are also optimized based on data samples. Since no hand-tuning
parameter remains in EVBMEF, our analytic-form solution is practically useful and computationally
highly efficient. Numerical experiments showed that the proposed approach is promising.

When ¢, cp, — 00, the priors get (almost) flat and the quartic equation (5) is factorized as

M 0'2 02 0'2 02
om0 = (3 (=) ) (¢ (=53 90) (= (= 538) o) (1= (=55 ) = o

Theorem 1 states that its second largest solution gives the VB estimator for v, > limcah cyy, —00 Yh =

v Mo?/n. Thus we have
~ Mo?
lim 'y,YB = max <O, <1 — 02 >> Yh-
Cay, Cbj, =00 n’yh

This is the positive-part James-Stein (PJS) shrinkage estimator [10], operated on each singular com-
ponent separately, and this coincides with the upper-bound derived in [15] for arbitrary c,, cp, > 0.
The counter-intuitive fact—a shrinkage is observed even in the limit of flat priors—can be explained
by strong non-uniformity of the volume element of the Fisher metric, i.e., the Jeffreys prior [11], in
the parameter space. We call this effect model-induced regularization (MIR), because it is induced
not by priors but by structure of model likelihood functions. MIR was shown to generally appear in
Bayesian estimation when the model is non-identifiable (i.e., the mapping between parameters and
distribution functions is not one-to-one) and the parameters are integrated out at least partially [26].
Thus, it never appears in MAP estimation [15]. The probabilistic PCA can be seen as an example
of MF, where A and B correspond to latent variables and principal axes, respectively [24]. The
MIR effect is observed in its analytic solution when A is integrated out and B is estimated to be the
maximizer of the marginal likelihood.

Our results fully made use of the assumptions that the likelihood and priors are both spherical Gaus-
sian, the VB posterior is column-wise independent, and there exists no missing entry. They were
necessary to solve the free energy minimization problem as a reweighted SVD. An important fu-
ture work is to obtain the analytic global solution under milder assumptions. This will enable us to
handle more challenging problems such as missing entry prediction [23, 20, 6, 13, 18, 22, 12, 25].
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