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Abstract

We show that linear generalizations of Rescorla-Wagner can perform
Maximum Likelihood estimation of the parameters of all generative mod-
els for causal reasoning. Our approach involves augmenting variables
to deal with conjunctions of causes, similar to the agumented model of
Rescorla. Our results involve genericity assumptions on the distributions
of causes. If these assumptions are violated, for example for the Cheng
causal power theory, then we show that a linear Rescorla-Wagner can
estimate the parameters of the model up to a nonlinear transformtion.
Moreover, a nonlinear Rescorla-Wagner is able to estimate the parame-
ters directly to within arbitrary accuracy. Previous results can be used to
determine convergence and to estimate convergence rates.

1 Introduction

It is important to understand the relationship between the Rescorla-Wagner (RW) algo-
rithm [1,2] and theories of learning based on maximum likelihood (ML) estimation of the
parameters of generative models [3,4,5]. The Rescorla-Wagner algorithm has been shown
to account for many experimental findings. But maximum likelihood offers the promise of

a sound statistical basis including the ability to learn sophisticated probabilistic models for
causal learning [6,7,8].

Previous work, summarized in section (2), showed a direct relationship between the basic
Rescorla-Wagner algorithm and maximum likelihood for e model of causal learning

[4,9]. More recently, a generalization of Rescorla-Wagner was shown to perform maximum
likelihood estimation for both thA P and the noisy-or models [10Throughout the paper,

we follow the common practice of studying the convergence of the expected value of the
weights and ignoring the fluctuations. The size of these fluctuations can be calculated
analytically and precise convergence quantifigd].

In this paper, we greatly extend the connections between Rescorla-Wagner and ML esti-
mation. We show that two classes of generalized Rescorla-Wagner algorithms can perform
ML estimation for all generative models provided genericity assumptions on the causes
are satisfied. These generalizations incladgmenting the set of variables to represent
conjunctive causesnd are related to the augmented Rescorla-Wagner algorithm [2].



We also analyze the case where the genericity assumption breaks down and pay particular
attention to Chengs’ causal power model [4,5]. We demonstrate that Rescorla-Wagner
can perform ML estimation for this model up to a nonlinear transformation of the model
parameters (i.e. Rescorla-Wagner does ML but in a different coordinate system). We sketch
how a nonlinear Rescorla-Wagner can estimate the parameters directly.

Convergence analysis from previous work [10] can be directly applied to these new
Rescorla-Wagner algorithms. This gives convergence conditions and put bounds on the
convergence rate. The analysis assumes that the data consists of i.i.d. samples from the
(unknown) causal distribution. But the results can also be applied in the piecewise iid case
(such as forward and backward blocking [11]).

2 Summary of Previous Work

We summarize pervious work relating maximum likelihood estimation of generative mod-
els with the Rescorla-Wagner algorithm [4,9,10]. This work assumes that there is a binary-
valued event? which can be caused by one or more of two binary-valued callsgs.,.
The A P and Noisy-or theories use generative models of form:
Pap(E = 1]|Cy, Cy,wi,ws) = w1C1 4 waCy 1)
Proisy—or(E = 1|C1, Ca, w1, wa) = w101 + waCs — wiwzC1Cy, 2

where{wy, w, } are the model parameters.

The training data consists of examples*, C1', C4'}. The parameterfw;,w,} are esti-
mated by Maximum Likelihood

{wi,ws} = arg{max} l—IP(E“|Cf7 CYiwi,w)P(CY,CY), 3
m

wi,wW?2

where P(C1, C5) is the distribution on the causes. It is independenfuaf, w, } and does
not affect the Maximum Likelihood estimation, except for some non-generic cases to be
discussed in section (5).

An alternative approach to learning causal models is the Rescorla-Wagner algorithm which
updates weight¥7, 15 as follows:

VIt = Vi AV, VT =1+ AV @
where the update rulAV can take forms like:

A‘/l = alCl(E — Ol‘/l — CQVQ), A‘/Q = OLQCQ(E — C’1V1 — CQVQ), basic rule (5)
AVE = a1C1(1 — Co)(E — V), AVa = ayCy(1 — C1)(E — V3), variant rule.  (6)

It is known that if the basic update rule (5) is used then the weights converge to the ML
estimates of the parametefts;, w» } provided the data is generated by thé> model (1)
[4,9] (but not for the noisy-or model).

If the variant update rule (6) is used, then the weights converge to the parafugters }
of the A P modelor the noisy-or model (2) depending on which model generates the data
[10].

3 BasicIngredients

This section describes three basic ingredients of this work: (i) the generative models, (ii)
maximum likelihood, and (iii) the generalized Rescorla-Wagner algorithms.



Representing the gener ative models.

We represent the distributioR( E|C’; @) by the function:

P(E=1|C;a) = > a;hi(C), 7

where the{h;(C)} are a set of basis functions and the; } are parameters. If the dimen-
sion ofC' is n, then the number of basis functionis All distributions of binary variables
can be represented in this form.

For example, ifn = 2 we can use the basis:

— — — —

hi(C) =1,hy(C) = C1, h3(C) = Cy, hy(C) = C1Cy, (8)
Then the noisy-or moddP(E = 1|C1, Cs) = w10 + waCy — wiw2C1 Cs corresponds to
Settinga1 =0,a0 = wi,q3 = Wa, Q4 = —W1W2.

Data Generation Assumption and Maximum Likelihood

We assume that the observed d@it', C* : 1, € A} arei.i.d. samples fron?(E|C)P(C).
Itis possible to adapt our results to cases where the data is piecewise i.i.d., such as blocking
experiments, but we have no space to describe this here.

Maximum Likelihood (ML) estimates th& by solving:
a* = arg min — Z log{ P(E"|C*; @)P(C")} = arg min — Z log P(E*|C*;&). (9)

HEA REA

—

Observe that the estimate &fis independent oP (C') provided the distribution is generic.
Important non-generic cases are treated in section (5).

Generalized Rescor la-Wagner .

The Rescorla-Wagner (RW) algorithm updates weidhfs: ¢ = 1,...,n} by a discrete
iterative algorithm:

V;t+1 =VI+AV! i=1,...n. (10)
We assume a generalized form:
AV = 3 Vi fii(C) + Egi(C), i,j=1,.m (11)
J

for functions{ f;;(C)}, {4:(C)}. It is easy to see that equations (5,6) are special cases.

4 Theoretical Results

We now gives sufficient conditions which ensure that the only fixed points of generalized
Rescorla-Wagner correspond to ML estimates of the param&tefggenerative models
P(E|(7, &). We then obtain two classes of generalized Rescorla-Wagner which satisfy
these conditions. For one class, convergence to the fixed points follow directly. For the
other class we need to adapt results from [10] to guarantee convergence to the fixed points.
Our results assume genericity conditions on the distribuff¢6’) of causes. We relax
these conditions in section (5).

The number of weight§V; } used by the Rescorla-Wagner algorithm is equal to the number
of parameterd«;} that specify the model. But many weights will remain zero unless
conjunctions of causes occur, see section (6).



Theorem 1. A sufficient condition for generalized Rescorla-Wagner (11), to have a unique
fixed point at the maximum likelihood estimates of the parameters of a generative model

P(E|C;d) (7). is that< f;;(C) >pa= — < gi(C)h;(C) >p g Vi, j and the matrix

< fi; (C) > p(c) is invertible.

Proof. We calculate the expectation AV; >, 5 5 p(@)- This is zero if, and only if,

> Vi < fii(C) >pa) + 225 a5 < gi(C)h;(C) > p(z)= 0. The result follows.

We use notation that . > P(C) is the expectation with respect to the probability distri-
bution P(C') on the causes. For example, f;;(C) >pa= Y g P(C)fi;(C). Hence

the requirement that the matrix f;;(C) > p(é) is invertible usually requires thadt(C')

is generic. See examples in sections (4.1,4.2). Convergence may still occur if the ma-
trix < f;;(C) > p(é) is non-invertible. Linear combinations of the weights will remained
fixed (in the directions of the zero eigenvectors of the matrix) and the remaining linear
co,mbinations will converge.

Additional conditions to ensure convergence to the fixed point, and to determine the con-
vergence rate, can be found using Theorems 3,4,5 in [10].

4.1 Generalized RW class|

We now give prove a corollary of Theorem 1 which will enable us to obtain our first class
of generalized RW algorithms.

Coroallary 1. A sufficient condition for generalized RW to have fixed points at ML esti-
mates of the model parametersfig(C) = —h;(C)h;(C), g:(C) = h;(C) V i, j and the

matrix < hi(C)hj((?) > p(@) is invertible. Moreover, convergence to the fixed point is
guaranteed.

Proof. Direct verification. Convergence to the fixed point follows from the gradient descent
nature of the algorithm, see equation (12).

These conditions define generalized RW class | (GRW-I) which is a natural extension of
basic Rescorla-Wagner (5):

- - 0
AV; = hi(O){E = > hi(C)V;} = ~5v

j 1
This GRW-I algorithm ia guaranteed to converge to the fixed point because it performs

stochastic steepest descent. This is essentially the Widrow-Huff algorithm [12,13].

(E=) h(O)W;)? i=1,..n (12

To illustrate Corollary 1, we show the relationships between GRW-1 and ML for three
different generative models: (i) thd P model, (ii) the noisy-or model, and (iii) the most
general form ofP(E|C) for two causes.It is important to realize that these generative
models form a hierarchy and GRW-I algorithms for the later models will also perform ML
on the simpler ones.

1. The AP model.

Setn = 2, hy(C) = C; andhy(C) = C,. Then equation (12) reduces to the basic
RW algorithm (5) with two weightd/, V5. By Corollary 1, we see that it performs ML
estimation for the\ P model (1). This rederives the known relationship between basic RW,
ML, and theA P model [4,9].

. L <Ci>pa <CiCy>p5
() P(C)
Observe that Corollary 1 requires that the ma@x< 0,0, Spoy < Oy > o) )



be invertible. This is equivalent to the genericity conditien C;C5 >f3@7é<
01 >P(C*)< 02 >P(6)'

2. The Noisy-Or model.

— — —

Setn = 3 with hy(C) = C1,he(C) = Cs, h3(C) = C1Cs. Then Corollary 1 proves that
the following algorithm will converge to estimat§* = wy, Vo' = wo andVy' = —wqws
for the noisy-or model.

AV1 = C1(E — 01V1 — CQVQ — Clcz‘/g) = C1(E — Vl — CQVQ — CQVg)
AVQ = CQ(E — 01V1 — CQVQ — Clcg‘/g) = CQ(E — C’1V1 — VQ — 01V3)
AVs = C1Co(E — C1Vi — CoViy — C1CoV3) = C1Co(E — Vi — Vo — V). (13)

This algorithm is a minor variant of basic RW. Observe that this has more weights3jn
than the total number of causes. The first two weightand V5 yield w;, wy while the
third weightV; gives a (redundant) estimate ofw,. The matrix< h;(C)h;(C) > p )
has determinant< C1Cy > — < C; >)(< C1Cy > — < Oy >) < C1Cy > and is
invertible provided< C; ># 0,1, < Cy ># 0,1 and< C1Cs >#< C; >< Oy >.
This rules out the special case in Cheng’s experiments [4,5] whiere- 1 always, see
discussion in section (5).

Itis known that basic RW is unable to do ML estimation for the noisy-or middieére are
only two weight$4,5,9,10]. The differences here is that three weights are used.

3. Thegeneral two-cause model.

Thirdly, we consider the most general mod¥lE|C) for two causes. This can be written
in the form:
P(E = 1|Cl, 02) =y + axC1 + a3Cy + asC1 0. (14)

— — — —

This corresponds th, (C) = 1, ho(C) = C1, h3(C) = Cq, ha(C) = C1Cy. Corollary 1
gives usthe most general algorithm:

AVi = (E = Vi1 = C1Va = CoV3 — C1CoVy) = (B = Vi — C1Va — CoV3 — C1C2 Vy)
AV =Ci(E -V — C1 Vo — CoVs — C1CVy) = C1(E — Vi — Vo — CoVs — Ca Vi)
AVy =Co(E -V — C1 Vo — CoVs — C1C5Vy) = Co(E — Vi — C1Vo — V3 — C1 Vi)
AVy = C1Cy(E -V — C1 Vo — OV — C1CyVy) = C1Cy(E — Vi — Vo — Vs = V).
By Corollary 1, this algorithm will converge to}* = aq, V5" = a9, V5 = a3, V) = au,
provided the matrix is invertible. The determinant of the matrihi((j)hj((?) >p(dy IS

<C10y > (< C1Cy > =< Cr1 >)(< C10y > — < Oy >)(1—- < Cy > — < Cy >
+ < C1C3 >). This will be zero for special cases, for exampl€'if = 1 always.

It is important to realize that the most general GRW-I algorithm will converge(i£|C)
is the AP or the noisy-or model. FOAP it will converge toVy* = 0, V5 = wy, V5 =
we, V¥ = 0. For noisy-or, it converges to}" = 0, V5" = wq, V5" = we, V) = —wqws.

The learning system which implements the GRW-I algorithm will not kreovpriori
whether the data is generated ByP, noisy-or, or the general model fd?(E|C, Cs).

It is therefore better to implement the most general algorithm because this works whatever
model generated the data.

Note: other functiongh;(C)} will lead to different ways to parameterize the probability

distribution P(E|C). They will correspond to different RW algorithms. But their basic
properties will be similar to those discussed in this section.



4.2 Generalized RW Classl|

We can obtain a second class of generalized RW algorithms which perform ML estimation.

Coroallary 2. A sufficient condition for RW to have unique fixed point at the ML estimate
of the generative moddP(E|C) is that f;;(C) = —g;(C)h;(C), provided the matrix

— —

< hi(C)h;(C) > p s is invertible.
Proof. Direct verification.
Corollary 2 defines GRW-II to be of form:

AV; = gi(C){E - Z hi(C)V;}. (15)

We illustrate GRW-II by applying it to the noisy-or model (2). It gives an algorithm very
similar to equation (6).

Sethl((j‘) = Cl_’,hg(c_;) = Cg,hg,(c_:) = 0102 andgl((:") = Cl(l — 02)792(6) =
02(1701)793(0) :0102.

Corollary 2 yields the update rule:

AVy = C1(1 — Co){E — C1Vi — CoVi — C1CoVs} = Oy (1 — Co){E — Wi },
A‘/Q = 02(1 — Cl){E — 01V1 — CQVQ — 0102V3} = 02(1 — Ol){E — VQ},
AVs = C1Co{E — C1Vy — C3Vy — C1C5V3} = C1C{E — Vi — Vo — V3}. (16)

The matrix< h;(C)h;(C) > p s, has determinant C1Cy > (< Cy > — < C1Cy >)(<

Cy > — < (10 >) and so is invertible for generie(C'). The algorithm will converge
to weightsV}* = wq, V5 = wq, V5" = —wqws. If we change the model ta P, then we get
convergence t&" = wq, V5" = wo, V5" = 0.

Observe that the equations (16) are largely decoupled. In particular, the upddtesiufor
V5 do not depend on the third weigh. It is possible to remove the update equationifor

—

by settinggs(C') = 0. The remaining update equations #6r& V> will converge tow, , weo
for both the noisy-or and thA P model.

These reduced update equations are identical to those given by equation (6) which were

proven to converge toq, ws [10]. We note that the matrix h,»(@)hj(@) > p(@) Now has
a zero eigenvalue (becau@ﬂé) = 0) but this does not matter because it corresponds to
the third weightl’s. The matrix remains invertible if we restrict it toj = 1, 2.

A limitation of GRW-II algorithm of equation (16) is that it only updates the weights if
only one cause is active. So it would fail to explain effects such as blocking where both
causes are on for part of the stimuli (Dayan personal communication).

5 Non-generic, coordinate transfor mations, and non-linear RW

Our results have assumed genericity constraints on the distrib&ti6h of causes. They
usually correspond to cases where one cause is always present. We now briefly discuss
what happens when these constraints are violated. For simplicity, we concentrate on an
important special case.

Cheng’s PC theory [4,5] uses the noisy-or model for generating the data butCaise
a background cause which is on all the time (i@ = 1 always). This implies that



< Oy >=< (C1C3 > and so we cannot apply RW algorithms (13), the most general
algorithm, or (16) because the matrix determinant will be zero in all three cases. Since
C1 = 1 we can drop it as a variable and re-express the noisy-or model as:

P(E =1|C) = w1 + wa(1 — w;)Cs. 17)

Theorem 1 shows that we can define generalized RW algorithms to find ML estimates of
w1 andws(1 — wy) (assumingu; # 1). But, conversely, it is impossible to estimate
directly by any linear generalized RW.

The problem is simply a matter of different coordinate systems. RW estimates the param-
eters of the generative model in a different coordinate system than the one used to specify
the model. There is a non-linear transformation between the coordinates systems relating
{wi,wa} to {wy,wa2(1 —wi)}. SO RW can estimate the ML parameters provided we allow
for an additional non-linear transformation. From this perspective, the inability to RW to
perfrom ML estimation for Cheng’s model is merely an artifact. If we reparameterize the
generative model to bB(E = 1\5) = w1 + w204, Wwherews = wo(1 — wy), then we can
design an RW to estimatev;, w- }.

The non-linear transformation breaks dowwif = 1. In this case, the generative model
P(E|C') becomes independent©f and so it is impossible to estimate it.
But suppose we want to really estimateandw, directly (for Cheng’s model, the value of

wq Is the causal power and hence is a meaningful quantity [4,5]). To do this we first define
alinear RW to estimate; andw, = ws(1 — wy). The equations are:

VI = VI 4 AV, VT = VY 4 AV (18)

with < Vi >— w; and< V5 >— w, for larget. The fluctuations (variances) are scaled
by the parameters,, v, and hence can be made arbitrarily small, see [10].

To estimatev,, we replace the variabl&; by a new variabld’; = V5 /(1 — V4 ) which is
updated by a nonlinear equation, (I8 updated as before):
vi AV
-V 1-Vv
where we us&; = V,/(1—V7) to re-expresé\V; andA V5 in terms of functions o¥; and

V3. Provided the fluctuations are small, by controlling the size okhteewe can ensure
thatVs converges arbitrarily close t, /(1 — w;) = wo.

Vit =V + SV + (19)

6 Conclusion

This paper shows that we can obtain linear generalizations of the Rescorla-Wagner algo-
rithm which can learn the parameters of generative models by Maximum Likelihood. For
one class of RW generalizations we have only shown that the fixed points are unique and
correspond to ML estimates of the parameters of the generative models. But Theorems
3,4 & 5 of Yuille (2004) can be applied to determine convergence conditions. Conver-
gence rates can be determined by these Theorems provided that the data is generated as
i.i.d. samples from the generative model. These theorems can also be used to obtain con-
vergence results for piecewise i.i.d. samples as occurs in foreward and backward blocking
experiments.

These generalizations of Rescorla-Wagner require augmenting the number of weight vari-
ables. This was already proposed, on experimental grounds, so that new weights get created
if causes occur in conjunction, [2]. Note that this happens naturally in the algorithms pre-
sented (13, the most general algorithm,16) — weights remain at zero until we get an event



C1Cs = 1. Itis straightforward to extend the analysis to models with conjunctions of many
causes. We conjecture that these generalizations converge to good approaximation to ML
estimates if we truncate the conjunction of causes at a fixed order.

Finally, many of our results have involved a genericity assumption on the distribution of

—

causesP(C). We have argued that when these assumptions are violated, for example in
Cheng’s experiments, then generalized RW still performs ML estimation, but with a non-

linear transform. Alternatively we have shown how to define a nonlinear RW that estimates
the parameters directly.
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