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Abstract

The problem of time series prediction is studied within the uniform con-
vergence framework of Vapnik and Chervonenkis. The dependence in-
herent in the temporal structure is incorporated into the analysis, thereby
generalizing the available theory for memoryless processes. Finite sam-
ple bounds are calculated in terms of covering numbers of the approxi-
mating class, and the tradeoff between approximation and estimation is
discussed. A complexity regularization approach is outlined, based on
Vapnik’s method of Structural Risk Minimization, and shown to be ap-
plicable in the context of mixing stochastic processes.

1 Time Series Prediction and Mixing Processes

A great deal of effort has been expended in recent years on the problem of deriving robust
distribution-free error bounds for learning, mainly in the context of memoryless processes
(e.g. [9]). On the other hand, an extensive amount of work has been devoted by statisticians
and econometricians to the study of parametric (often linear) models of time series, where
the dependence inherent in the sample, precludes straightforward application of many of
the standard results form the theory of memoryless processes. In this work we propose
an extension of the framework pioneered by Vapnik and Chervonenkis to the problem of
time series prediction. Some of the more elementary proofs are sketched, while the main
technical results will be proved in detail in the full version of the paper.

Consider a stationary stochastic process X = {---,X-1, X0, X1,...}, where X is aran-
dom variable defined over a compact domain in R and such that |.X;| < B with probability
1, for some positive constant B. The problem of one-step prediction, in the mean square
sense, can then be phrased as that of finding a function f(-) of the infinite past, such that

E|Xo — f(X:éo)lz is minimal, where we use the notation X? = (Xi, Xip1,...,X;),
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J 2 1. Itis well known that the optimal predictor in this case is given by the conditional
mean, E[Xo| X1 ]. While this solution, in principle, settles the issue of optimal predic-
tion, it does not settle the issue of actually computing the optimal predictor. First of all,
note that to compute the conditional mean, the probabilistic law generating the stochastic
process X must be known. Furthermore, the requirement of knowing the full past, X ~1 |
is of course rather stringent. In this work we consider the more practical situation, where
a finite sub-sequence X{¥ = (X, X,,--+ ,Xn) is observed, and an optimal prediction is
needed, conditioned on this data. Moreover, for each finite sample size N we allow the
predictors to be based only on a finite lag vector of size d. Ultimately, in order to achieve
full generality one may let d — co when N — oo in order to obtain the optimal predictor.

We first consider the problem of selecting an empirical estimator from a class of functions
Fda ¢ R? — R, where n is a complexity index of the class (for example, the number
of computational nodes in a feedforward neural network with a single hidden layer), and
[f| € Bfor f € Fygn. Consider then an empirical predictor fgn, n(X:Z}), i > N,
for X; based on the finite data set XY and depending on the d-dimensional lag vector
X::‘}, where fq, N € Fan. Itis possible to split the error incurred by this predictor into
three terms, each possessing a rather intuitive meaning. It is the competition between these
terms which determines the optimal solution, for a fixed amount of data. First, define the

loss of a functional predictor f : R? — Ras L(f) = E|X; - f(X:':é)]:a, and let f;
be the optimal function in F,4 , minimizing this loss. Furthermore, denote the optimal lag
d predictor by f7, and its associated loss by L. We are then able to split the loss of the
empirical predictor fg , n into three basic components,

L(fd.ﬂ‘hr) = (Ldlﬂ‘N == L;,ﬂ) * (L:i.n = L;) + L;? (I)

where Ly n v = L(fan,~). The third term, L}, is related to the error incurred in using a fi-
nite memory model (of lag size d) to predict a process with potentially infinite memory. We
do not at present have any useful upper bounds for this term, which is related to the rate of
convergence in the martingale convergence theorem, which to the best of our knowledge is
unknown for the type of mixing processes we study in this work. The second term in (1) , is
related to the so-called approximation error, given by E| f3 (X}~ 1) — fi .(X!Z3)|? to which
it can be immediately related through the inequality ||a|? — [b|?| < p|a—b|| max(a, b)[P~!.
This term measures the excess error incurred by selecting a function f from a class of lim-
ited complexity Fy ,, while the optimal lag d predictor f; may be arbitrarily complex. Of
course, in order to bound this term we will have to make some regularity assumptions about
the latter function. Finally, the first term in (1) r]t\:Prcsents the so called estimation error,
and is the only term which depends on the data X" . Similarly to the problem of regression
for i.i.d. data, we expect that the approximation and estimation terms lead to conflicting
demands on the choice of the the complexity, n, of the functional class Fy4 . Clearly, in
order to minimize the approximation error the complexity should be made as large as pos-
sible. However, doing this will cause the estimation error to increase, because of the larger
freedom in choosing a specific function in Fg n, to fit the data. However, in the case of time
series there is an additional complication resulting from the fact that the misspecification
error L} is minimized by choosing d to be as large as possible, while this has the effect
of increasing both the approximation as well as the estimation errors. We thus expect that
some optimal values of d and n exist for each sample size N.

Up to this point we have not specified how to select the empirical estimator fq ,, n. In this
work we follow the ideas of Vapnik [8], which have been studied extensively in the con-
text of i.i.d observations, and restrict our selection to that hypothesis which minimizes the
empirical error, given by Ly (f) = 7 Z?;H_] |X§ - f(X:_l)i2 . For this function it is
easy to establish (see for example (8]) that (Lg nn—L} ,) < 2supscx,  [L(f)—Ln(f)|
The main distinction from the i.i.d case, of course, is that random variables appearing in
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the empirical error, Ly(f), are no longer independent. It is clear at this point that some
assumptions are needed regarding the stochastic process X, in order that a law of large
numbers may be established. In any event, it is obvious that the standard approach of using
randomization and symmetrization as in the i.i.d case [3] will not work here. To circum-
vent this problem, two approaches have been proposed. The first makes use of the so-called
method of sieves together with extensions of the Bernstein inequality to dependent data [6].
The second approach, to be pursued here, is based on mapping the problem onto one char-
acterized by an i.i.d process [10], and the utilization of the standard results for the latter
case.

In order to have some control of the estimation error discussed above, we will restrict our-
selves in this work to the class of so-called mixing processes. These are processes for which
the ‘future’ depends only weakly on the ‘past’, in a sense that will now be made precise.
Following the definitions and notation of Yu [10], which will be utilized in the sequel, let
o1 = o(X}) and 0, ,,, = o(X[¥,,). be the sigma-algebras of events generated by the ran-
dom variables X{ = (Xy, Xa,... ,X;) and X* = (Xiym, Xi4m+t1,. - . ), respectively.
We then define ﬁm, the coefﬂc:ent of absolute regularity, as

Bm = sup;>, Esup {|P(Bloy) — P(B)| : B € 0},,,}, where the expectation is taken
with respect to o; = a(X!). A stochastic process is said to be -mixing if 8, — 0 as
m — oo. We note that there exist many other definitions of mixing (see [2] for details).
The motivation for using the S-mixing coefficient is that it is the weakest form of mixing
for which uniform laws of large numbers can be established. In this work we consider two
type of processes for which this coefficient decays to zero, namely algebraically decaying
processes for which 8, < Bm~", B,r > 0, and exponentially mixing processes for which
Bm < [J’exp{ bm*}, B,b,k > 0. Note that for Markov processes mixing implies expo-
nential mixing, so that at least in this case, there is no loss of generality in assuming that
the process is exponentially mixing. Note also that the usual i.i.d process may be obtained
from either the exponentially or algebraically mixing process, by taking the limit K — oo
or r — oo, respectively.

In this section we follow the approach taken by Yu [10] in deriving uniform laws of large
numbers for mixing processes, extending her mainly asymptotic results to finite sample
behavior, and somewhat broadening the class of processes considered by her. The basic
idea in [10], as in many related approaches, involves the construction of an independent-
block sequence, which is shown to be ‘close’ to the original process in a well-defined
probabilistic sense. We briefly recapitulate the construction, slightly modifying the nota-
tion in [10] to fit in with the present paper. Divide the sequence X}V into 2ux blocks,
each of size an; we assume for simplicity that N = 2unapn. The blocks are then num-
bered according to their order in the block-sequence. For 1 < j < up define H_,‘ =
{i:2(j-1)an+1<i<(2j—1)an}and T; = {i: (2j — Dan +1 <i < (2j)an}.
Denote the random variables corresponding to the H; and T} indices as X) = {X; :

i € H;j} and X'V = {X; : i € T;}. The sequence of H-blocks is then denoted by
Xay = {XD}EN, . Now, construct a sequence of independent and identically distributed
(ii. d ) blocks {:{5"))}‘”"1 where 219 = {¢; : i € H;}, such that the sequence is indepen-
dent of X{¥ and each block has the same distribution as the block X /) from the original
sequence. Because the process is stationary, the blocks Z(7) are not only independent but
also identically distributed. The basic idea in the construction of the independent block
sequence is that it is ‘close’, in a well-defined sense to the original blocked sequence X, .
Moreover, by appropriately selecting the number of blocks, u, depending on the mixing
nature of the sequence, one may relate properties of the original sequence X1, to those of
the independent block sequence =, ,, (see Lemma4.1 in [10]).

Let F be a class of bounded functions, such that 0 < f < B forany f € F. In order to
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relate the uniform deviations (with respect to ) of the original sequence X}V to those of
the independent-block sequence =, , use is made of Lemma4.1 from [10]. We also utilize
Lemma 4.2 from [10] and modify it so that it holds for finite sample size. Consider the
block-independent sequence =, and defineE,, f = 1 “”1 f(EYD) where f(20)) =

PN ien; f(&), 1 =1,2,...,un, is a sequence of mdependent random variables such that
|f| < anB. In the remainder of the paper we use variables with a tilde above them to

denote quantities related to the transformed block sequence. Finally, we use the symbol
Exn to denote the empirical average with respect to the original sequence, namely Ex f =

(N-d) 'Y 1_d 1 F(X;). The following result can be proved by a simple extension of
Lemma4.2in [10 ]L

Lemma 1.1 Suppose F is a permissible class of bounded functions, |f| < B for f € F.
Then

P{sup [Exnf — Ef| > E} < QP{sup \Epr— Eﬂ > aNs} +2uNBan.  (2)
feF feF

The main merit of Lemma 1.1 is in the transformation of the problem from the domain of
dependent processes, implicit in the quantity lEN f —Ef|, to one characterized by indepen-
dent processes, implicit in the term Ep ~f —Ef , corresponding to the independent blocks.

The price paid for this transformation is the extra term 2y 3,,, Which appears on the r.h.s
of the inequality appearing in Lemma 1.1.

2 Error Bounds

The development in Section 1 was concerned with a scalar stochastic process X. In order
to use the results in the context of time series, we first define a new vector-valued pro-
cess X' = {-- X X X .} where X = (Xi,Xiz1,...,Xi—a) € R, For
this sequence the [)’-mlxmg coefficients obey the inequality /3, (X ) < Bm-a(X). Let F
be a space of functions mapping R? — R, and for each f € F let the loss function be
given by £;(X}_,) = |X; — f(X:Z})|*. The loss space is given by L = {{; : f € F}.
It is well known in the theory of empirical processes (see [7] for example), that in or-
der to obtain upper bounds on uniform deviations of i.i.d sequences, use must be made
of the so-called covering number of the function class F, with respect to the empiri-
cal [; 5 norm, given by l; n(f,g9) = N~! Zfi; |f(X;) — g(X;)|]. Similarly, we de-
note the empirical norm with respect to the independent block sequence by fl,,m. where
loun (F,9) = unt 48 1F(X @) — §(X V)|, and where f(X D) = 3, ;. X; and simi-
larly for g. Followmg common practice we denote the e-covering number of the functional
space F using the metric p by N (e, F, p).

Definition 1 Let Lr be a class of real-valued functions from RP 5 R D=d+1. For
each by € Ly and R = (£1,52,... ,Fay), Ti € RP, let £(X) = 0% £5(F;). Then
define L7 = {gf 1y € )CJ:} ,where 5 : R*VP 5 RT.

In order to obtain results in terms of the covering numbers of the space £ # rather than Lr,

which corresponds to the transformed sequence, we need the following lemma, which is
not hard to prove.

Lemma 2.1 Foranye >0
N (&, L5, luun) SN (efan, Lz, lin).
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PROOF The result follows by sequence of simple inequalities, showing that [; J- £, <
anly,n(f;9)- 1

We now present the main result of this section, namely an upper bound for the uniform
deviations of mixing processes, which in turn yield upper bounds on the error incurred by
the empirically optimal predictor f4 . n.

Theorem 2.1 Let X = {..., X;, Xo, X1,... } bea bounded stationary 3-mixing stochas-
tic process, with | X;| < B, and let F be a class of bounded functions, f : R — [0, B).
For each sample size N, let f N be the function in F which minimizes the empirical error,
and f* is the function in F minimizing the true error L(f). Then,

: " ' pne’
P{L(fN) - L(f*) > 5} < 8EN(€', F,li,N) EXD{—m} + 2uUNBay—d- ”

where ' = £/128B.

PROOF The theorem is established by making use of Lemma 1.1, and the basic results from
the theory of uniform convergence fgr i.i.d. processes, together with Lemma 2.1 relating

the covering numbers of the spaces L+ and L. The covering numbers of £ and F are
easily related using N'(¢, L+, Ly (P)) < N(¢/2B, F, L, (P)).

Up to this point we have not specified un and ay, and the result is therefore quite general.
In order to obtain weak consistency we require that that the r.h.s. of (3) converge to zero
for each € > 0. This immediately yields the following conditions on ux (and thus also on
ay through the condition 2ayun = N).

Corollary 2.1 Under the conditions of Theorem 2.1, and the added requirements that d =
o(an) and N (e, F,li,N) < 00, the following choices of un are sufficient to guarantee the

weak consistency of the empirical predictor f N:

s N&/(14K) (exponential mixing), Q)
pun ~ N*/0+9) g < s<r (algebraic mixing), ®)

where the notation an ~ by implies that Q(by) < any < O(by).

PROOF Consider first the case of exponential mixing. In this case the r.h.s. of (3) clearly
converges to zero because of the finiteness of the covering number. The fastest rate of
convergence is achieved by balancing the two terms in the equation, leading to the choice
pun ~ N#®/(+5) I the case of algebraic mixing, the second term on the r.h.s. of (3) is
of the order O(unay") where we have used d = o(an). Since uyany ~ N, a sufficient
condition to guarantee that this term converge to zero is that uy ~ N¥/(1+9) 0 < 5 < 7,
as was claimed.

In order to derive bounds on the expected error, we need to make an assumption concerning
the covering number of the space F. In particular, we know from the work Haussler [4]
that the covering number is upper bounded as follows

2B Pdim(r)
€

N(e, F,Li(P)) < e(Pdim(F) + 1) (

for any measure P. Thus, assuming the finiteness of the pseudo-dimension of F guarantees
a finite covering number.
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3 Structural Risk Minimization

The results in Section 2 provide error bounds for estimators formed by minimizing the em-
pirical error over a fixed class of d-dimensional functions. It is clear that the complexity of
the class of functions plays a crucial role in the procedure. If the class is too rich, mani-
fested by very large covering numbers, clearly the estimation error term will be very large.
On the other hand, biasing the class of functions by restricting its complexity, leads to poor
approximation rates. A well-known strategy for overcoming this dilemma is obtained by
considering a hierarchy of functional classes with increasing complexity. For any given
sample size, the optimal trade-off between estimation and approximation can then be de-
termined by balancing the two terms. Such a procedure was developed in the late seventies
by Vapnik [8], and termed by him structural risk minimization (SRM). Other more recent
approaches, collectively termed complexity regularization, have been extensively studied
in recent years (e.g. [1]). It should be borne in mind, however, that in the context of time
series there is an added complexity, that does not exist in the case of regression. Recall
that the results derived in Section 2 assumed some fixed lag vector d. In general the op-
timal value of d is unknown, and could in fact be infinite. In order to achieve optimal
performance in a nonparametric setting, it is crucial that the size of the lag be chosen adap-
tively as well. This added complexity needs to be incorporated into the SRM framework,
if optimal performance in the face of unknown memory size is to be achieved.

Let g4 n, d,n € N be a sequence of functions, and define F = |J32, Up—, Fa,». For any
Fd,ﬂ le[
Nl (51 -;Ed,ﬂ) = SuNpN(€$ -?:d.n: ll.N),
T

which from [4] is upper bounded by ce~PdiIM(Fa.n) We observe in passing that Lugosi and
Nobel [5] have recently considered situations where the pseudo-dimension Pdim(Fg ) is
unknown, and the covering number is estimated empirically from the data. Although this
line of thought is potentially very useful, we do not pursue it here, but rather assume that
upper bounds on the pseudo-dimensions of Fg ,, are known, as is the case for many classes
of functions used in practice (see for example [9]).

In line with the standard approach in [8] we introduce a new empirical function, which
takes into account both the empirical error as well as the complexity costs penalizing overly
complex models (large complexity index n and lag size d). Let

LannN(f) = LN(f) + AgnN(E) + AgN, (6)

where Ly (f) is the empirical error of the predictor f and the complexity penalties A are
given by

un /64(2B)4

AN =\ T6AEE 4

The specific form and constants in these definitions are chosen with hindsight, so as to
achieve the optimal rates of convergence in Theorem 3.1 below. The constants ¢, and cq
are positive constants obeying Zf:’:l e °" < 1 and similarly for c4. A possible choice is
¢n = 2logn + 1and ¢g = 2logd + 1. The value of ux can be chosen in accordance with
Corollary 2.1.

Adnn(e) = \/ e )

Let fd,n'N minimize the empirical error Lx(f) within the class of functions Fg,. We
assume that the classes Fgq ,, are compact, so that such a minimizer exists. Further, let fn
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be the function in F minimizing the complexity penalized loss (6), namely

LanN(fN) = el LinN(fan,N) ©)
The following basic result establishes the consistency of the structural risk minimization
approach, and yields upper bounds on its performance.

Theorem 3.1 Let Fgqn, d,n € N be sequence of functional classes, where f € Fyp is

a mapping from R 10 R. The expected loss of the function fN, selected according to the
SRM principle, is upper bounded by

EL(fn) < min { inf L(f) + ¢ 4| 122 logunten [ | 4(2B) N Bay j2-
dn |dn HN HN (10)

The main merit of Theorem 3.1 is the demonstration that the SRM procedure achieves an
optimal balance between approximation and estimation, while retaining its nonparametric
attributes. In particular, if the optimal lag d predictor f; belongs to Fy ,, for some ng, the
SRM predictor would converge to it at the same rate as if ny were known in advance. The
same type of adaptivity is obtained with respect to the lag size d. The nonparametric rates
of convergence of the SRM predictor will be discussed in the full paper.
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