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Abstract

This paper proposes a practical optimization method for layered
neural networks, by which the optimal model and parameter can
be found simultaneously. We modify the conventional information
criterion into a differentiable function of parameters, and then, min-
imize it, while controlling it back to the ordinary form. Effective-
ness of this method is discussed theoretically and experimentally.

1 INTRODUCTION

Learning in artificial neural networks has been studied based on a statistical frame-
work, because the statistical theory clarifies the quantitative relation between the
empirical error and the prediction error. Let us consider a function (w;2) from
the input space R® to the output space R% with a parameter w. We assume that
training samples {(x;,y;)}Y, are taken from the true probability density Q(z,y).
Let us define the empirical error by

N
1
Eemp(w) = 5 > lvi = o(w; z:)|1%, (1)
R |
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and the prediction error by

Bw) = [ [ Iy - vlw o)l *Q(e.n)izdy. 2
If we find a parameter w™ which minimizes F.,,,(w), then
2F(w*) + 1)
NL
where < - > is the average value for the training samples, o(1/N) is a small term
which satisfies No(1/N) — 0 when N — oo, and F(w*), N, and L are respectively

the numbers of the effective parameters of w*, the training samples, and output
units.

< B(w) >=(1+ ) < Eemp(w") > +o(35), (3)

Although the average < - > cannot be calculated in the actual application, the
optimal model for the minimum prediction error can be found by choosing the
model that minimizes the Akaike information criterion (AIC) [1],

2(F(w*)+1) .
AL ) B (”). (4)
This method was generalized for arbitrary distance [2]. The Bayes information
criterion (BIC) [3] and the minimum description length (MDL) [4] were proposed

to overcome the inconsistency problem of AIC that the true model is not always
chosen even when N — oo.

J(w*) = (1+

The above information criteria have been applied to the neural network model selec-
tion problem, where the maximum likelihood estimator w* was calculated for each
model, and then information criteria were compared. Nevertheless, the practical
problem is caused by the fact that we can not always find the maximum likelihood
estimator for each model, and even if we can, it takes long calculation time.

In order to improve such model selection procedures, this paper proposes a prac-
tical learning algorithm by which the optimal model and parameter can be found
simultaneously. Let us consider a modified information criterion,

2(Faf:
AL () )

where a > 0 is a parameter and F,(w) is a C'-class function which converges
to F(w) when a — 0. We minimize J,(w), while controlling a as a — 0, To
show effectiveness of this method, we show experimental results, and discuss the
theoretical background.

Jo(w) = (1+

2 A Modified Information Criterion

2.1 A Formal Information Criterion

Let us consider a conditional probability distribution,

ly — o(w; 2)|1?

P(w,o;ylz) = 52 % (6)
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where a function p(w;2) = {p;(w;2)} is given by the three-layered perceptron,
i K
pi(w;a) = plwio + Y _ wij plwjo + Y wirwr)), (7)
j=1 k=1
and w = {w;p,w;;} is a set of biases and weights and p(-) is a sigmoidal function.

Let M,,qz be the full-connected neural network model with A input units, H hidden
units, and L output units, and M be the family of all models made from Af,,,. by
pruning weights or eliminating biases. When a set of training samples {(2;,y:)} Y,
is given, we define an empirical loss and the prediction loss by

Lawplinio) = ElogP (w, o3 yi|2;), (8)

L(w,o0) = //Q(': y)log P(w, o; y|x)dzdy. (9)

Minimizing Lemp(w,0) is equivalent to minimizing E.,,,(w), and minimizing
L{w, o) is equivalent. to minimizing E(w). We assume that there exists a parameter
(w}ys,03) Which minimizes L.,,,(w.0) in each model A/ € M. By the theory of
AIC, we have the following formula,

F(wj,;)+1 1

1'\;' + O(N)'
Based on this property, let us define a formal information criterion I(A) for a model
M by

< L(wjy,03) >=< Lemp(wiy.03y) > + (10)

I(M) = 2N Lemp(wiy, 03p) + A(Fo(wiy) + 1) (11)

where A is a constant and Fy(w) is the number of nonzero parameters in w,

Fo(w) = ZZfo(wuH ZZfo(w,n (12)

i=1 j=0 =1 4k=0

where fo(2) is 0 if = 0, or 1 if otherwise. I(A[) is formally equal to AIC if
A =2, or MDL if A = log(N). Note that F(w) < Fy(w) for arbitrary w and that
F(wj};) = Fo(wj,) if and only if the Fisher information matrix of the model A is
positive definite.

2.2 A Modified Information Criterion

In order to find the optimal model and parameter simultaneously, we define a mod-
ified information criterion. For a > 0,

I,(w,o0) = "NLe,,,p(w o)+ A(Fa(w) + 1), (13)
H K

Fa(w) ZZ,‘Q (wij) + > Y falwji), (14)
i=1 j=0 J=1 k=0

where f,(2) satisfies the following two conditions.
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(1) fa(z) = fo(x) when a — 0.
(2) If |2| < |y| then 0 < fo(2) < fa(y) < 1.

For example, 1 — exp(—2%/a?) and 1 —1/(1+ (2/a)?) satisfy this condition. Based
on these definitions, we have the following theorem.
Theorem min I(M) = lim min I, (w, o).

Mem a—0 w,o
This theorem shows that the optimal model and parameter can be found by mini-
mizing I, (w, o) while controlling a as @ — 0 (The parameter a plays the same role
as the temperature in the simulated annealing). As F,(2) — Fp(2) is not uniform
convergence, this theorem needs the second condition on f,(2). (For proof of the
theorem, see [5]).

If we choose a differentiable function for f,(w), then its local minimum can be
found by the steepest descent method,

dw 3} do 3}
0= = — %5 {a ) ) —_— ===, ) ’
dt 6wI i5) dt do a(w,0) \18)
These equations result in a learning dynamics,
N .
4] 2, AG?OF,
Aw = -1 g{%”y- = el )ll” + 5 =) (16)

where 62 = (1/NL) Ef\;l lyi — ¢(w;2;)||?. and a is slowly controlled as a — 0.
This dynamics can be understood as the error backpropagation with the added
term.

3 Experimental Results

3.1 The true distribution is contained in the models

First, we consider a case when the true distribution is contained in the model
family M. Figure 1 (1) shows the true model from which the training samples were
taken. Onme thousand input samples were taken from the uniform probability on
[-0.5,0.5] x [-0.5,0.5] x [-0.5,0.5]. The output samples were calculated by the
network in Figure 1 (1), and noizes were added which were taken from a normal
distribution with the expectation 0 and the variance 3.33 x 10~3. Ten thousands
testing samples were taken from the same distribution. We used f,(w) = 1 —
exp(—w?/2a?) as a softener function, and the “annealing schedule” of a was sct
as a(n) = ag(l — n/nmaqz) + €, where n is the training cycle number, ag = 3.0,
Nmaz = 25000, and € = 0.01. Figure 1 (2) shows the full-connected model A,
with 10 hidden units, which is the initial model. In the training, the learning speed
7 was set as 0.1.

We compared the empirical errors and the prediction errors for several cases for A
(Figure 1 (5), (6)). If A = 2, the criterion is AIC, and if A = log(V) = 6.907, it is
BIC or MDL. Figure 1 (3) and (4) show the optimized models and parameters for
the criteria with A =2 and A = 5. When 4 = 5, the true model could be found.
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3.2 The true distribution is not contained

Second, let us consider a case that the true distribution is not contained in the
model family. For the training samples and the testing samples, we used the same
probability density as the above case except that the function was

y = i—{sin(:rr(:a:l + 23)) + tanh(z3) + 2}. (17

Figure 2 (1) and (2) show the training error and the prediction error, respectively.
In this case, the best generalized model was found by AIC, shown in Figure 3. In
the optimized network, 2, and 2, were almost separated from 23, which means that
the network could find the structure of the true model in eq.(17.)

The practical application to ultrasonic image reconstruction is shown in Figure 3.

4 Discussion

4.1 An information criterion and pruning weights

If P(w,o;y|z) sufficiently approximates Q(y|a) and N is sufficiently large, we have

F(wj,;)+1

1
= + 2y +ol%) (18)

Lemp(wiy,03r) = L(wiy, 057) +
where Zny = Lemp(war) = L(war ) and wyy is the parameter which minimizes L(w, o)
in the model Af. Although < Zy >= 0 resulting in equation (10), its standard
deviation has the same order as (1/@) However, if Al; C M, or M; D Ms, then
Wy and w,po expected to be almost common. and it doesn’t essentially affect the
model selection problem [2].

The model family made by pruning weights or by eliminating biases is not a totally
ordered set but a partially ordered set for the order “C”. Therefore, if a model
M € M is selected, it is the optimal model in a local model family M’ = {M' €
M; M’ C M or M’ D M}, but it may not be the optimal model in the global
family M. Artificial neural networks have the local minimum problem not only in
the parameter space but also in the model family.

4.2 The degenerate Fisher information matrix.

If the true probability is contained in the model and the number of hidden units is
larger than necessary one, then the Fisher information matrix is degenerated, and
consequently. the maximum likelihood estimator is not subject to the asymptotically
normal distribution [6]. Therefore, the prediction error is not given by eq.(3), or
AIC cannot be derived. However, by the proposed method, the sclected model has
the non-degenerated Fiher information matrix, because if it is degenerate then the
modified information criterion is not minimized.
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(3) Optimized by AIC(A=2) (4) Optimized by A=5
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Figure 1: True distribution is contained in the models.
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Figure 2: True distribution is not contained in the models.
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(1) An Ultrasonic Imaging System (2) Sample Objects.

Images for Training Iinages for Testing

Reconstructed Image 32X32
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:
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neighborhood

&

Ulrasonic Image  32X32 RC%‘(JI:Q(] usi;;g \IDI; b

(3) Neural Networks (4)Restored Images

Figure 3: Practical Application to Immage Restoration

The proposed method was applied to ultrasonic image restoration. Figure 3 (1), (2),
(3), (4) respectively show an ultrasonic imaging system, the sample objects, and a
neural network for image restoration, and the original restored images. The number
of parameters optimized by LSM. AIC. and MDL were respectively 166. 138. and
57. Rather noizeless images were obtained using the modified AIC or MDL. For
example, the “Tail of R” was clearly restored using AIC.
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4.3 Relation to another generalization methods

In the neural information processing field, many methods have been proposed for
preventing the over-fitting problem. One of the most famous methods is the weight
decay method, in which we assume a priori probability distribution on the parameter
space and minimize

Ei(w) = Eepmp(w) + AC(w), (19)

where A and C(w) are chosen by several heuristic methods [7]. The BIC is the
information criterion for such a method [3], and the proposed method may be
understood as a method how to control A and C(w).

5 Conclusion

An optimization method for layered neural networks was proposed based on the
modified information criterion, and its effectiveness was discussed theoretically and
experimentally.
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